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This supplementary material includes the information about the convergence of Krylov subspace
and Chebyshev expansion of Fermi-Dirac operator for different materials systems including H2O
and Si clusters at different temperatures.

I. CONVERGENCE OF KRYLOV SUBSPACE
WITH DIFFERENT TEMPERATURE

Based on the v × v Krylov subspace, with the overlap
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j ⟩ are the eigenvalues and eigenvec-
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with which the integration within Eq.7 in the main text
can be calculated analytically.
In Fig.1, we present the deviation of Eorbit versus the size
of Krylov subspace v, to test the convergence of Krylov
subspace for (H2O)526, Si1024H384 and Si1024H384 clus-
ters at different temperatures (kBT ). The chemical po-
tential µ is set at the center of band gap (for comparing
with the calculations with Chebyshev expansion).

II. CONVERGENCE OF CHEBYSHEV
EXPANSION WITH DIFFERENT

TEMPERATURES

We have also implemented the Chebyshev expansion to
compare with the Krylov projected rGF method. The
Chebyshev polynomial expansion of Fermi-Dirac opera-
tor is given as1

f(H ′, µ, T ) =

NC∑
i=0

ci(µ, T )Ti(H ′) (3)

where H ′ = O−1H and NC is the total number of poly-
nomials. Ti(H ′) is the i-th Chebyshev polynomial, which

FIG. 1. Deviation of Eorbit versus v (the dimension of
the Krylov subspace) for (H2O)526 (a), Si1024H384 (b), and
Si1024H384 (c) with different temperatures.

obeys the recursive relation

T0(H ′) = 1, T1(H ′) = H ′,

Ti+1(H
′) = 2H ′Ti(H ′)− Ti−1(H

′), i ≥ 1
(4)



ci is Chebyshev expansion coefficient, which can be ob-
tained numerically by,

ci(µ) =

∫ 1

−1

f(ϵ, µ, T )Ti(ϵ)dϵ (5)

Where ϵ = (E − E)/∆E, and E = (Emax + Emin)/2,
∆E = (Emax−Emin)/2 (Emax and Emin is the maximum

and minimum eigenvalue of Ĥ.).
Fig.2 presents Eorbit versus NC for (H2O)526 in (a),
Si1024H384 in (b) and Si1024H384 in (c) clusters at dif-
ferent temperatures(kBT ). For different systems, we can
find the Chebyshev expansion and Krylov projected rGF
can converge to the same results.

FIG. 2. Deviation of Eorbit versus NC (the number of Cheby-
shev polynomials) for (H2O)526 (a), Si1024H384 (b), and
Si1024H384 (c) with different temperatures.
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