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Text A: Hawking radiation and THO

In this section, we show that the equation of motion of a scalar field near the event horizon of Schwarzschild black
hole (BH) is of the same form as the stationary Schrodinger equation of the inverted harmonic oscillator (IHO). Near
the event horizon, the Schwarzschild metric can be reduced to the Rindler metric which describes the spacetime of a
uniformly accelerating system. To this end, we define
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Near the event horizon, p can be approximated by
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and the Schwarzschild metric can be written as
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Due to the rotational symmetry, we could only consider the radial part. By defining a dimensionless time 7 = ct/(2r;),
we have the Rindler metric in the 1+ 1 spacetime,

ds* = p*dr? — dp?, (S4)

which can also be written into a conformally flat form by choosing a new spatial coordinate ¢ = k= !In(kp) and
rescaling 7 — 7/k. Then we have the following metric

ds® = "¢ (dr? — dg?). (S5)

Then equation of motion of scalar field near the event horizon can be written as
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The eigen modes are
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which satisfy i0,¢1 = Q¢4 and can be understood as the right/left-moving modes. If we define
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Eq.(S6) becomes
SuSpd(u,v) = 0. (S10)

Noticing that 9, = ik(S, + S,), the two independent solutions ¢1(u,v) = ¢1(u) and ¢o(u,v) = ¢o(v) thus satisfy
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and
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which can also be obtained from Eq.(S7) using Eq.(S8). Eq. (S12) as eigenfunctions of 9, and the scaling operators

S,/ underlie the Hawking-Unruh radiation [1, 2].
On the other hand, The Hamiltonian of the inverted harmonic oscillator is written as
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We define a new set of variables
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and it can be check that [4",4~] = ¢h. Then, the ITHO Hamiltonian can be rewritten as
o = 5 (ata™ +a~a*). (S15)
Now we consider the solutions to the Schrédinger equation in two distinct representations:
e In the uT-space, we have
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and the solution to the Schrédinger equation Higow(u™) = Ev(u™) reads ¢(ut) = (£ut)we 2.
e In the u~-space, we have
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and the solution to the Schridinger equation Hiyot(u™) = Ev(u~) reads ¢(ut) = (du~) %oz,
Comparing Eq.(S11) with Eq.(S16), (S17), we find that near the event horizon, the dynamic of a scalar field, up to a
constant energy shift, can be reduced to that of IHO.

Text B: Imperfect event horizon

The reflection and transmission with a generic “quantum defect” parameter y can be obtained by studying multiple
scatterings between an imperfect event horizon and potential barrier, as shown in Fig. S1. The imperfect event
horizon partially reflects the incoming waves and thus corresponds to a reaction rate less than unity. According to
the quantum defect theory (QDT), the short range asymptotic behavior of the radial wave function is written as
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where K is the (-th wave K-matrix [3]. We define the “quantum-defect” parameter y in the following way
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FIG. S1. A schematic of multiple scatterings caused by an imperfect event horizon. Rgr(r)-r(r) and Tr(r)—r(r) indicate
the reflection and transmission amplitude for the “right(left) to left(right)” scattering. Ryoi(y) denotes the total reflection
amplitude with generic “quantum parameter” y. It can be obtained by summing over such an infinite series of scatterings.
Blue and red arrows denote the left and right moving waves. The solid and dashed curves depict the interaction between two
molecules with high partial-wave scatterings (or dipole-dipole interactions) and the IHO approximation, respectively.

where 7 is the scattering phase shift. For the case that y = 1, K = —i, and the second term in Eq.(S18) vanishes,
which corresponds to complete absorption. For the case that y = 0, K, = *ﬁ> which corresponds to a complete
reflection, i.e., a perfect event horizon. For the generic case, the K-matrix is y-dependent via,
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The long-range asymptotic behavior of the radial wave function is written as
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where Zyg, Zy¢, Ztq, Zgs are the element of the Z-matrix which is defined in Ref. [3]. Then we find the reflection

amplitude is written as

KW Zag — Zgy + 1 (KY0)Z0s — Z1))
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We would like to point out that this result can be explained by taking into account an infinite series of bounces between

the potential barrier and the imperfect event horizon. To this end, we distinguish the “right-to-left scattering” and
“left-to-right scattering” through the potential barrier.

R(y) (522)

e Right to left scattering; In such case, the short range boundary condition is written as
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which means K9 = —i, and then we have
Up—1, (1 — 00) o (Zgs — Zpg — iy — iZgg) ei(kr_%ﬂ) + (ifo — g9 — Zgf — ng) e_i(kr_%r) ) (524)
and the corresponding reflection and transmission amplitude are
Loy — Lrg — (4 Z 2v/2
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respectively. Using the fact that ZpZ,, — Zy,Z4r = —2, it is readily to verify |Rr_r|> + |[Tr—r|? = 1.
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FIG. S2. Reflection rate |r¢|* and log(|t¢|*/|r¢|) of reactive molecule under imperfect absorbing boundary condition for p-wave

(a,b) and d-wave (c,d) scattering.The solid curves depict the results of van der Waals potential and the dashed curves show the
results of THO.

e Left to right scattering; In such case, the long range boundary condition is written as

urp(r — 00) o ((nggg - ng) +1 (Kngf - fo)) 61'(]”7%()
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Since the second term is required to vanish, we have
(KPZog — Z1q) =i (K} Zgs — Zys) =0, (527)
i.e.,
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Then the short range boundary condition can be written as
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and the corresponding reflection and transmission amplitude are written as
_ (Zgg — gf) — Z'(Zgg + fo). \/§<ngng - foZgg) (S30)
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respectively. It can also be checked that |Rr _,gr|? + |Trr|*> = 1.



We use Ry = —};—ze%w to characterize the reflection amplitude near the event horizon, where 7, is the phase shift of
the elastic scattering. Then the total reflection amplitude can be written as

Riot(y) =Rp—1 +TrrRoTR—1 + TrrRoRLrRRoTR~1 + T rRoRLrRoRLRROTR-L + ...
Ry
=R T, —T . S31
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By substituting Eq.(S25) and Eq.(S30) into Eq.(S31), we immediately find Riot(y) = R(y). As a result, the thermal-
like tunneling can be extracted from the decay rate of any y.
In the same spirit, we can obtain the scattering amplitude of THO by implementing an imperfect absorbing boundary
condition at the imperfect event horizon. Considering the reflection symmetry of the IHO potential, we have
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where R = S11 and T' = S5 are the reflection and transmission amplitude of IHO, as shown in Eq.(5) of the main text.
In Fig. S2, we show the reflection rate of van der Waals potential under the partial absorbing boundary condition
provided by an imperfect event horizon. It is clear that the IHO provides a good approximation for a generic y.

[1] S. W. Hawking, Black hole explosions? Nature 248, 30 (1974).
[2] W. G. Unruh, Notes on black-hole evaporation, Phys. Rev. D 14, 870 (1976).
[3] B. Gao, Quantum-defect theory of atomic collisions and molecular vibration spectra, Phys. Rev. A 58, 4222 (1998).


http://dx.doi.org//10.1038/248030a0
http://dx.doi.org//10.1103/PhysRevD.14.870
http://dx.doi.org//10.1103/PhysRevA.58.4222

	Supplementary Materials: Analogue Black Holes in Reactive Molecules
	References


