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I. LINEAR DIPOLE ARRAY (LDA) MODEL

The linear dipole model used in the simulation of the terahertz (THz) wave generation has

been reported previously1,2. In this section, we will give a brief introduction of this model. The

core idea of the linear dipole array (LDA) model is to treat the THz emissions as the coherent

superposition of the THz wave from an array of point sources.

The combined electric field parallel to the polarization of the incident fundamental wave (FW)

can be written as

Ecom(t) = Eω(t)+E2ω(t), (Eq. S1)

where ω is the frequency of the FW, Eω and E2ω are the amplitude of the FW and its second

harmonic (SH). For each point source of the linear arrays in the filament, it can be considered as

the localized dipole formed by the spatial separation between the ionized electrons and the left

ions, as shown in FIG. S1.

Each localized dipole dP(z, t ′, t;ωT Hz) can be written as

dP(z, t, t ′;ωTHz) = rmdq(z, t ′)exp(− jωTHzt), (Eq. S2)

where rm is the spatial separation between positive and negative charge center, dq(z, t ′) is the

localized charge at z, j is the imaginary unit and ωTHz is the corresponding THz frequency. As is

mentioned in Ref.3, the estimated average velocity is of the order of ∼ 106 m/s, and the plasma

frequency ωp is about 1 THz, which can be applied to deduce that rm ∼ 1 µm. The corresponding

emission of THz wave from each localized dipole can be expressed as

dETHz
dipole(z, t, t

′;ωTHz) ∝
∂ 2

∂ t2 [dP(z, t, t ′;ωTHz)]exp[ jΦ(z)]. (Eq. S3)

Here, we consider the one dimensional (1D) generation and propagation of the THz waves from

each localized dipole. The coherent superposition of THz waves from the whole filament can

FIG. S1. Sketch of the localized dipole array along the filament. The blue and red spheres indicate the

spatial separation of the ionized electrons and the left ions.
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FIG. S2. One typical filament fluorescence and the corresponding integrated intensity

therefore be written as

ETHz(ωTHz, t) =
∫

τ

0

∫
f ilament

dETHz
dipole(z, t, t

′;ωTHz), (Eq. S4)

where the integration ranges cover the whole pulse duration and the filament length.

II. LASER ENERGY- AND CHIRP- DEPENDENT PLASMA FLUORESCENCE

By using a commercial charge-coupled device (CCD) camera arranged on a stereomicroscope,

the plasma fluorescence can be traced from the CCD image. Each CCD image is acquired from 2

s exposure time, which corresponds to about 2000 shoots of laser pulses.

We use the chirp parameter β to value the degree of chirp, which can be expressed as4

β ,
√
(τp/τ0)2−1, (Eq. S5)

where τp is the pulse duration of the chirped pulse, and τ0 = 99 fs is the Fourier-limited pulse dura-

tion (β = 0). The plasma fluorescence obtained by the CCD exhibits a shining line of filament, as

shown in FIG. S2. To be applicable to our 1D-LDA model, the fluorescence images are integrated

along the vertical direction of the z axis. In the bottom of FIG. S2, we show one typical result of

the integrated fluorescence when β = 0 and the input laser energy = 2 mJ.

FIG. S3 show the laser energy- and chirp-dependent plasma fluorescence. The intensity of

each horizontal line in FIG. S3 corresponds to the plasma fluorescence along the z axis. Since the
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FIG. S3. Fluorescence of the filament along z axis at different laser energies under the pulse duration of (a)

99 fs, (b) 102 fs, (c) 108 fs, (d) 123 fs and (e) 138 fs.

fluorescence intensity of the filaments is positively correlated with the plasma density, the obtained

line fluorescence intensity can be used to estimate the spatial distribution of the plasma density.

Actually, during the process of filamentation, laser pulse will exhibit non-linear effects such as

the Kerr effect and self-focusing effect, which usually requires large computational resources to

calculate the temporal and spatial evolution of the focusing pulse5. The fluorescence intensity of

the filament captured by the CCD camera can offer the realistic picture of the density distribution

of the spatial plasma.

To compare the detailed intensities on the plasma fluorescence, we provide the spatial distri-

butions of the fluorescence under different laser chirps for three typical laser energies, as shown

in FIG. S4(a)-(c). It can be found that the peaks and general spatial shapes of fluorescence are

quite similar for different chirps, implying the similar plasma properties. Therefore, we can avoid

the complex calculations for various nonlinear processes on the field strength (e.g., by using the

unidirectional pulse propagation equation (UPPE)6 or other complicated method to calculate the

evolution of the electric field), and instead use the real plasma properties for simulation.

As is described in FIG. 2 of the main text, the THz wave generation will exhibit a yield min-

imum under the suitable laser chirp and laser energy. In FIG. S4(d), the plasma fluorescence for

4



(a) (b)

(c) (d)

FIG. S4. The detailed intensities of the plasma fluorescence along the z axis at different laser chirps are

compared when the laser input is 1 mJ (a), 1.5 mJ (b) and 2 mJ (c). (d) show the plasma properties for the

THz generation minima under different laser chirps.

the THz yield minima are compared to demonstrate the difference between the plasma length and

shapes. This result gives a strong clue that the laser-chirp controlled THz wave generation not only

dependents on the plasma length7, but also should include the relative phase difference between

the two colors. Each fluorescence curve under a fixed laser energy contains 3072 data points. In

order to filter out the noise, a moving average filter is adopted to smooth the data with the span for

the moving average of 20. As an example, the comparison of fluorescence intensity distribution

before and after filtering under the laser energy of 0.5 mJ is show in FIG. S5.

III. PHASE MATCHING BETWEEN TERAHERTZ WAVE AND LASER

In this section, we will discuss the phase matching between the THz wave and laser pulse.

When the THz wave propagate through a laser-prepared filament, the screening of the charging

carriers (mainly electrons) will introduce a broadband resonant absorption of the THz wave8. This

screening effect can modify the relative dielectric constant from a Drude line to a Lorentz type,

5



FIG. S5. The comparison of fluorescence intensity distribution before and after filtering under the laser

energy of 0.5 mJ. The blue curve is the original data and the red curve is the filtered data using the moving

average filter with the span of 20.

which can be written as

ε(Ω) = 1−
ω2

p

Ω2−ω2
p/2+ iΓΩ

, (Eq. S6)

where Ω is the THz frequency, ωp =
√

(Nee2)/(ε0me) is the plasma frequency, and Γ is the colli-

sion frequency.

Then, the complex refractive index of the filament is defined as

ñΩ =
√

ε(Ω) = nΩ + iκΩ, (Eq. S7)

where the real part nΩ is the refractive index and the imaginary part κΩ is the extinction coefficient

of the plasma media.

The refractive indexes difference ∆n′ between the THz wave and laser can be written as

∆n′ = nω0−nΩ ' 1−
(√

1−
ω2

p

Ω2−ω2
p/2+ iΓΩ

)
Re
, (Eq. S8)

where ω0 indicates the 800 nm pulse, Ω is the THz frequency, ωp is the plasma frequency and Γ

is the collision frequency. The coherent buildup length Lc can be expressed as

Lc(Ω) =
2πc

∆n′Ω
. (Eq. S9)

As shown in FIG. S6, we show the calculated collision-frequency-dependent coherent buildup

length for three different THz frequencies by using Eq. S9. The plasma frequency ωp is set to

be 1 THz. Obviously, Lc grows with increasing collision frequency, suggesting the importance of
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(a) (b)

FIG. S6. (a) The collision frequency Γ dependent coherent length Lc for 0.9 THz (red line), 1.0 THz (purple

line), and 1.8 THz (blue). (b) One calculated coherent length Lc for different THz frequencies.

plasma relaxation in phase matching of THz waves. It is worth noting that the growth speed at 0.9

THz is much faster than that at 1.0 THz and 1.8 THz.

We have also calculated the coherence lengths for different frequencies of THz wave under one

collision frequency of 0.5 THz, as shown in FIG. S6(b). It can be found that the coherence length

of the THz wave peaks at 0.85 THz, corresponding to a coherence length of about 2.75 cm. This

length is larger than the typical length of the filament produced by the commercially available fem-

tosecond laser under the major experimental conditions. Meanwhile, for the other THz frequency

point that is away from the peak frequency, the coherence length will decrease very rapidly, re-

sulting in a coherent suppression of THz radiations at these frequency points. This phenomenon

introduces the asynchronous variation of the generating spectrum, which can be found in FIG. 6

of the main text.
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