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I. COMPUTATIONAL METHODS

Our electronic structure calculations employ the Vienna ab
initio simulation package (VASP) code[l] with the projec-
tor augmented wave (PAW) method[2]. The Perdew-Burke-
Ernzerhof (PBE)[3] exchange-correlation functional is used
in our calculations. The kinetic energy cutoff is set to be
600 eV for the expanding the wave functions into a plane-
wave basis in VASP calcuations. For body centered tetrag-
onal La;N;Ni,B, and Ba;Cu,S5, we employ their primitive
cells to perform calculations. In the calculations of the forma-
tion energy, the energy convergence criterion is 10~% eV and
the force convergence criterion is 0.01 eV/A. The I'-centered
Kk-meshes are 16 x 16 X8, 6 X6 X 6, 16 x 16 x 16, 18 x 18 x 4,
18x18x22,20x20x12 and 8 x 8 x 8 for BaCuS,, Ba;Cu,Ss;,
BaS, CuS, CaCuO,, FeSe and La;N;Ni,B,, respectively.

We employ Wannier90[4, 5] to calculate maximally lo-
calized Wannier functions in BaCuS,, CaCuO,, FeSe and
La;N;Ni,B,. In the calculations of the d-p models, the initial
projectors are transition metal atoms’ d-orbitals and anions’
p-orbitals in BaCuS,, CaCuO, and FeSe. For La;N;Ni,B,,
the Ni(d)-B(p) valence manifold strongly entangles with other
bands, so La’s d-orbitals and B’s s-orbitals are added in its ini-
tial projectors to reproduce DFT-calculated band structures. In
the calculation of the d-p o* MLWFs, the initial projectors are
Cu’s dy2_ 2 +d 2 orbitals in BaCuO, and Cu’s d,>_ > orbital
in CaCuQ,, respectively.

We employ EPW package[6] to calculate the electron-
phonon coupling properties of BaCuS,. The MLWFs are
calculated by Wannier90[4, 5] interfacing with Quantum
ESPRESSO[7]. We take the 16 x 16 x 8 k-mesh and 4 x 4 x 2
g-mesh as coarse grids and then interpolate to the 64 x 64 x 32
k-mesh and 8 x 8 x 4 q-mesh. The kinetic energy cutoff is
set to 80 Ry. The Gaussian smearing method with the width
of 0.005 Ry is used for the Fermi surface broadening. The
energy convergence criterion is 10712 eV. In the highly accu-
rate structural optimization, the lattice constants and atomic
coordinates are relaxed and the force convergence criterion
is 0.000001 Ry/Bohr. The exchange-correlation functional is
also PBE and the norm-conserving SG15 pseudopotentials are
used[8-10].
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II. ELECTRON-PHONON PROPERTIES OF BaCuS;
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FIG. S1. (a) Eliashberg spectral function a? F(w) (red line) and
Phonon density of states F'(w) (black line) for BaCuS,. (b) Eval-
uated T as a function of p* for BaCuS,. (c) The phonon dispersion
for BaCusS,.

The phonon density of states F'(w) and the correspond-
ing Eliashberg spectral function a?F(w) are plotted in
FIG.S1.(a). By intergating o?F(w), we get a moderate
EPC strength A = 0.59. We estimate the superconduct-
ing transition temperature 7. with the McMillan-Allen-Dynes
formula[11, 12],

u*} ’

where p* is the effective screened Coulomb repulsion con-
stant and the logarithmic average of the Eliashberg spectral
function wj,g is denfined as

d
Wiog = €XP [ / ~ 2F

As p* is an input parameter, we plot 7 as a function of y* in
FIG.S1.(b). The phonon-mediated 7} for BaCuS, should be
less than 4 K.
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III. BazCu3Ss: SEPARATION BY THREE ROCK

SALT-TYPE BAS LAYERS

As shown in FIG.S2, the crystal structure of Ba;Cu,S5 is
similar to that of BaCuS,: The inverse a-PbO-type Cu,S,
layer is separated by 3 rock salt-type BaS layers in Ba;Cu,S;
but separated by 2 BaS layers in BaCuS, (Ba,Cu,S,). It also
shares a similar electronic structure with BaCuS,, as shown in
FIG.S2.(b). Ba;Cu,S; is not thermodynamically stable, but it
is possible to synthesized Ba;Cu,S5 under external pressure
due to Cu’s five-coordination, as shown in FIG.??.(a).
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(b) 2 TABLE S1. The hopping parameters and on-site energies for
1 BaCuS,, CaCuO,, FeSe and La;N;Ni,B,. Here S, represents the
= apical S atoms while Sy, represents the horizontal S atoms.
BaCuS,
-1 ECurdan 221
o ECudy o 223
- ECu,dy, y- -2.32
-3f= ECu,dyy -2.48
€Sp,ps -2.58
-4f Snpa)y -3.08
5| €Sa.ps 2.17
Y K 5 Esa,pm/y -1.40
-6 "'\1,;1: | e |tCu,dI2 _y2=Sh:Pz | 0.37
7 ltoud,o_ 2 —Snpayy] 0.69
r 1,00 ILILO TIZ TOIOILILIT  Z [tcu,d o —sh .| 0.39
‘tcu’dzz,_sh’pw/ﬂ 0.11
FIG. S2. (a) The crystal structure of Ba;Cu,Ss. (b) The band struc- |tCu,d22 —Sa.ps] 0.82
ture of BaCuS, with its primitive cell from DFT calculation. The |tS0,pe—Sa,pe | 0.09
sizes of dots represent the weights of the projection. Here S, repre- CaCuO,
sents the apical S atoms while S, represents the horizontal S atoms. ECu,dyo -2.42
The choice of the k-path is same as the literature’s[13]. ECudya_ o -1.92
€0.p. -2.58
€0.p, -3.83
IV. WANNIERIZATION PROJECTED BY d-ORBITALS \tCu,dmz,yz —0.,p, ) 1.24
AND p-orbitals FeSe
EFe,d,n_ -0.88
Our Wannierization results successfully reproduce DFT- €Fe,dy. ;. -0.78
calculated band structures, as shown in FIG.S3. The rele- ESe,p, -3.07
vant representative hopping parameters and on-site energies ESepa/y -3.09
are listed in TABLE.S1. Here we use the conventional nota- ltred,s_,»—Sep,,,l 0.25
tions of the local crystal field coordinations. \tFe,deyz —Se,ps] 0.72
|tFe,dg_,2/,yzf.S’e,pw/y| 1.00
\tpe,dw27y2,567pz 0.16
La,N;Ni,B,
ENi,d o -2.11
ENi’dz2—y2 -2.26
ENiydys/yn -2.11
ENiydyy -2.24
€B,s 0.23
€B,p. 2.17
€B,p, 0.28
|tNisd12,y2—Niva/y| 0.55
[tNid,>_ 2~ Nip.| 0.78
\th',d“/yszi,pw/J 0.85
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FIG. S3. The band structures of (a) BaCuS,, (b) CaCuO,,
(c) FeSe and (d) La;N3;Ni,B,. The red/blue lines represent
DFT/Wannierization results, respectively. The choice of the k-path
in (d) is same as the literature’s[13].



V.  WANNIERIZATION OF THE d-p ¢*-BONDING BANDS
AND THE EFFECTIVE TIGHT-BINDING MODEL

As mentioned above, the in-plane d-p o*-bonding bands
are isolated around the Fermi surface. In order to con-
struct the effective minimal model to describe the in-plane
electronic physics in BaCuS,, we downfold the full d — p
model into an effective minimal model[14] by only Wannier-
izing the d,2_2-like and d.2-like MLWFs in BaCuS, with

J

a smaller energy window. Our Wannierization results cap-
ture the main characters of BaCuS,’s electronic structure, as
shown in FIG.S4.(a). This is an analogy to the Zhang-Rice
singlet in cuprates[15], so we also calculate the d2_2-like
MLWF in CaCuO, for comparison, as shown in FIG.S4.(b).
We construct the effective tight-binding (TB) model in the
basis of d,>_,> orbital and d > orbital to describe the in-plane
electronic physics. Since there are two Cu atoms in one unit
cell, the TB model can be written as a 4 x 4 Hermitian matrix:

Hy1 = Hzz =1 + 2t7, (cos(ky) + cos(ky)) + 271 (cos(2ky) + cos(2ky)) + 4t77YY (cos(ky)cos(ky)),
Hiy = Hgy = 2t7,(cos(ky) — cos(ky)) + 2t75 (cos(2k,) — cos(2ky)),

Hys = 4t75cos(ky /2)cos(ky /2) 4+ 48757 (cos (ks /2) * cos(3ky /2) + cos(3ky,/2)cos(ky/2)),

Hyy = Hog = 4t7;Y (cos(3ky /2)cos(ky /2) — cos(ky/2)cos(3k,/2)),

Hyy = Hyy = 9 + 2t5,(cos(ky) + cos(ky)) + 2t55 (cos(2ky) + cos(2ky)) + 4ty 7Y (cos(ky)cos(ky)),
Hoy = 4ty cos(ky/2)cos(ky/2) + 4t5yY (cos(ky/2) * cos(3ky /2) + cos(3ky/2)cos(ky/2)).

The hopping parameters are truncated to the fifth-nearest-
neighbour site. We get hopping parameters and on-site en-
ergies by fitting to the Wannierization result in k, = 0 plane,
as shown in FIG.S6. The corresponding parameters and their
notations are listed in TABLE.S2. The major hopping param-
eter is t{, the intra-orbital hopping between two SNN d2_ 2
orbital, which is in the same energy scale with the dominat-
ing intra-orbital hopping between two NN d,2_,> orbital in
cuprates (tl]i\i 12\/ 2 is about -0.47 in CaCu0,).

As mentioned in our main text, we can transfer the 4 x4 TB
model into a block-diagonalized matrix with using the glide
symmetry:

H 0
Herr(k) = < 0 Hk+@) : 4)

here H, is the effective two-band model in our main text and
Q = (m, 7). The explict form of Hy, is

H, — <H11 + Hs1 Hiz + H32> )
Hoy + Hyy Hoo + Hao )’
where H g are matrix elements in Eq.3.
Visually, we plot these d-p o* Wannier functions in BaCuS,
and CaCuQ,, as shown in FIG.S4.(c-e). These Wannier func-
tions are composed of Cu’s d-orbitals and coordinated S/O’s
p-orbitals symmetrically. As the isovalues of isosurfaces in
FIG.S4.(c-e) are same, the d-p o*-bonding bands are more
delocalized in BaCuS, than that in CaCuO,. As a result, the
correlation strength in BaCuS, should be weaker.
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FIG. S4. (a-b) The band structures of (a) BaCuS, and (b) CaCuO,
calculated by DFT (gray lines) and Wannierizaiton (red/blue dots).
The sizes of dots represent the weights of the projection of the d-p
o Wannier functions. (c-d) The isosurface of (c) the dzz,yz—like
MLWEF and (d) the d2-like MLWF in BaCuS,. (e) The isosurface of
the d,2_,2-like MLWF in CaCuO,.




FIG. S5. The Fermi surfaces of BaCuS, by Wannier fitting with 4
MLWFs from (a) top view and (b) oblique view.
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FIG. S6. Comparision of the band structures of BaCuS, by Wannier-
izaiton (red lines) and fitted TB model (blue lines).

TABLE S2. The hopping parameters and on-site energies of in-
plane TB model for BaCuS,. The energy unit is eV. Here superscript
x labels the hopping between two second-nearest-neighbour (SNN)
sites along X direction, superscript zz labels the hopping between
two forth-nearest-neighbour sites along x direction, superscript xy
labels the hopping between two nearest-neighbour (NN) sites along
y = x direction, superscript zxyy labels the hopping between two
third-nearest-neighbour (TNN) sites along y = x direction, super-
script zzy labels the hopping between two fifth-nearest-neighbour
sites along y = /3 direction; subscript 1-4 represent Cu,’s d 2 _
orbital, Cu,’s d,2 orbital, Cug’s d,2
bital, respectively.

y2

_y2 orbital and Cug’s d,2 or-

€1 g2 tgfl tgff tﬁ“ﬂ/
-0.31 -0.82 -0.28 -0.07 0.15
22 35 tay"” T2 12
0.09 0.003 -0.05 -0.08 0.01
tzy t:vzy tcvy tzzy tzzy

13 24 24 14

13
0.25 -0.03 -0.26 0.02 -0.01




VI. U/J PARAMETERS CALCULATED BY LOCAL
SCREENED COULOMB CORRECTION (LSCC)
APPROACH

The U/J parameters represent the correlation strength in
DFT+U calculations and are often chosen empirically. Here
we employ the first-principle LSCC approach[16] to calcu-
late the U/J parameters in layered transition metal com-
pounds CaCuQO,, FeSe, La;N;Ni,B,, BaNiS, and BaCuS,. In
LSCC method, the local Coulomb interactions are calculated
by using the Yukawa potential, so the U/J should decrease
when the system becomes more metallic. Since the U/J is
strongly dependent on the muffin-tin radium R, we should
only compare the U/J with the same pseudopotential. As
shown in TABLE.S3, the U/J is larger when AFM order ex-
ists in CaCuO,/FeSe. The U/J in BaNiS, is larger that in
La;N;Ni, B, because the correlation effect are non-negligible
in BaNiS,[17, 18] and La;N;Ni,B, is a typical metal. From
this point of view, our results also demonstrate that the corre-
lation in BaCuS, is weaker than in cuprate CaCuQO,.

TABLE S3. The U/J parameters and moments calculated by LSCC
method.

LSCC U (eV) J (eV) moment (uR)

CaCuO,(AFM) 5.78 1.16 0.478
CaCuO,(NM) 5.74 1.16 0

FeSe(CAFM) 4.88 0.91 3.05
FeSe(NM) 475 0.89 0
La3N3Ni2B2 5.49 0.99 0
BaNiS, 5.61 1.01 0
BaCuS, 5.7 1.15 0

VII. METHOD OF RPA CALCULATION

In this section, we explain the formalism of the multiorbital
RPA approach[19-23], adopted in the main text. The multi-
orbital susceptibility is defined as,

1
Xlilalzly <q7 T) :N Z(TTC;-;gO'(k: +q, T) (6)

kk’

clw(k,r)c};g,(k' —q,0)c;,/(K',0)).
In momentum-frequency space, the multi-orbital bare suscep-
tibility is given by
0 . 1 Iy lox 15t
Xiyia151, (@5 iwn) = — N 2 (k)a,:" (k)a, (k+ q) 7
kupv
nr(Eu(k)) —nr(E(k+ q))
iwn + Eu(k) —E,(k+q) '

a?* (k+q)

where 1 and v are the band indices, ng is the usual Fermi

distribution, I; (i = 1,2, 3,4) are the orbital indices, aﬁ; (k) is

the I; orbital component of the eigenvector for band p result-
ing from the diagonalization of the tight-binding Hamiltonian
Hy and E,,(k) is the corresponding eigenvalue. With interac-
tions, the RPA spin and charge susceptibilities are given by

X q) = X" (@1 - U*X°(q)] 7,

_ i ®)
xe" M a) = X (@)1 + UX(9)) 7,
where U® (U°) is the spin (charge) interaction matrix,
U h=lh=I3=1,
= Ul =l3# 1y =1y,
03 = 9
hiatsts (9) J =l #Fly =y, ®
J =l #ly =1,
U l1 =1y =13 =y,
_ U2 b=y £l =L,
Uf = . (10
HEPIC Rl P S A N L
J o=y £y = I,

In the main text, we plot the largest eigenvalues of the suscep-
tibility matrix Xi111a0s (g,0) and Xt (g, 0). Within RPA
approximation, the effective Cooper scattering interaction on

Fermi surfaces is,
Ty, k') = Y az*(k)al*(—k) (11
l1l2l3ly

Re [Fllzzl3l4<k, Ko = 0)|alt (K)als (<),

where the momenta k and k’ is restricted to different FSs with
k € C; and K’ € C;. The orbital vertex function I';,;,;,;, in
spin singlet channel[24, 25] is

3 U
Fﬁlgl3l4 (k, k/,w) = |:§USX§PA(’€ — k/,W)US + EUS (12)
1 rrc. RPA / Fre 1 Fre
--U Xe (k_k7w)U + ;U )
2 2 l1lalsly
RPA

where Y#P4 and xZP4 are the RPA spin and charge sus-
ceptibility, respectively. The pairing strength functional for a
specific pairing state is given by,

dk k|
2ij Yo, wi Jo, wwy8(R)Lis (R, K)g(K)

dk 2
(2m)? 3, 5601- v,;(k‘l) 8(k)]
(13)
where vp(k) = |V E;(k)| is the Fermi velocity on a given
Fermi surface sheet C;. The pairing vertex function in spin
singlet and triplet channels are symmetric and antisymmetric
parts of the interaction, that is, I‘fj/ Tk, k) = 20y (k, k') +
Lk, —K)].

Ae(k)] =

b
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