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I. HAMILTONIAN IN MOMENTUM SPACE

In this section, let’s derive the momentum space Hamiltonian in Heisenberg picture as the start point. In real space,
the Hamiltonian reads

H(t) :/dx\iﬁ(x, tYH, [P + SA(X, 0] W(x,t) +%/dxdx’\iﬁ(x,t)\i/T(x’,t’)V(|x—x'|)\il(x’,t)\if(x, t)

+ Zhw i, (Darp (1), (1)

where Hq(p) is the 2D single electron Hamiltonian
132
2m*

The real space Hamiltonian Eq. (1) contains four parts

H(t) = Ho(t) + Hy,(t) + HP(t) + H(2), (3)

Hs(f)) =

(G2py — OyDz) + hos — p. (2)

Hy(t) is the Hamiltonian without magnetic field A(x,t), H #p(t) is the Hamiltonian for free photons,

Ho(t) :/dx\iﬁ(x, HH,(p)W(x,t) + %/dxdx'\iﬁ(x,t)\il(x, HV (jx — x|, 6)B(x', t)
Hy,(t) Zm%p () (4)

and H?(t) and H?(t) are electron photon interacting Hamiltonian
1 p ~
() - —f/ (x,0) Alx, )i,
1 / 1) - A(x, )dx (5)

the paramagnetic and diamagnetic currents can be expressed as
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5 (x. 1) = B (x, )]
o) = ¥ ) L

~ e2A
) 6)

(V = V) + ehv(o,i— 0,§)]¥(x, 1)

where Uf(x,t)VU¥(x,t) means [VU1(x,)]¥(x,t), and i, j are unit vectors in z and y direction.
We can expand the operators in momentum space,

U(x,t) = T (2 )Z T (t),

it = fzww%@ (1) + Ex(-p)al,_, (1), (™)
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where wp = ¢p is the free photon’s frequency. Because we only consider the situations for the chemical potential
not very high, we can safely ignore the topological trivial term h2k2/2m* for electrons (quite small compared to the
spin-orbit coupling terms). Then the Hamiltonian without magnetic field

Ho(t) = Y Wl [hwy(onky — oyks) + ho. — p] Uy + 55 Z Vol Wl e Uy (8)
k kk/

Note that fip/m* << hky/m* << vy (p is the momentum of vector field), which means we can only keep the
spin-orbit coupling terms in j?(x, t), jg(x, t). Together with the fact that ¢(z) is well localized around z = 0, and

/ i (%, 1) A (x, 1) %~ (147 (x, )] _odr / Bt (x, 0. (x, )dz = 0 )
We have
evy AT T
7 Z ox A qu) — 0y (q,pz)]\llk (10)
kqp.

The diamagnetic term
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o e R ~ ~ ne ~ N
HY(t) = Z W/drdz|¢(z)\2n(r,t)Al(x,t)Al(x,t)z Z W/dr[Al(x,t)Al(x,t)]\zzo
l=x,y,z l=z,y,z
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ne
“om*L, Z quz A( a-pL)’ (11)

.pz,pL =T,y

Finally, the total electron light interaction Hamiltonian now reads (from now on we omit ¢ in the k space operators)

H= Z\I/ [hwp(oky — oyks) + hoo — p] Uy + 55 Z V0l Bl e B + 82 Z Ul low o)~ Ty Al W
kk’ kqu
i 1
+ Z hwplpap + oL, Z A(q,pz A( q,—p.) (12)
Ap Q,p=,Phl=2,y,2
where IT; = ﬁez
It is well known that the eigen functions of Hy = BRE hwy(ozky — oyks) + ho, — p read
K) = 350k | Usk® 2 13
sk = e (—isvske20k 13)

corresponding to eigen energies s, = —p + sEy, where ugg, v = ,/%(1 + sh/Ey), s =+1, Ex, = , /hQU?kQ + h2.

Now, by the following operator transformation ’ysk = <sk|\i/k, we have

H = Z EorThchon + Z heoqt)qlng = NG ZJq Aatag D Ve gt aire i (14)
S i
where
Viea ! = Vi(sk + als'k) Ik — q|l'K'), (15)

and V, = 2me?/q is the two dimensional Coulomb potential. The current operator j(q) =j° (q) +jd(q) contains two
parts, and

i*(q) = Z(sk +alJiggl + Jils'k) = ehvg Z(sk +qloy,i — 0.j|s'k) (16)
Kk Kk

The diamagnetic current arising from the topological trivial term in H, mentioned previously reads

N 1 /5 A
JZ(CI) = ) fnd Z Aq,pz+p; (17)
j 28



II. OPERATOR DYNAMIC EQUATIONS

In this section, we will calculate the operator dynamic equations with random phase approximation (RPA). Let’s

firstly define the electron density oscillation operator ﬁls,kq = &;)k +q s k, note that pssig = ﬁl,sk +q,—q and we have
the following communication relation

[ﬁss’kqv ﬁ;rl/k/q/] = :Y‘I')kﬂ/l’,k’ésl(sk—&-q,k’—&-q’ - ;YlT)kurq/:Ys,k-&-q(ss’l’ak,k’ (18)
If we replace the operators in the right hand by their average values when q,q’ # 0 (RPA), we can find
[osias Plinear) = Anigdsdsbiacdaar, (19)

and the time evolution 8,0 = i/h[H, O] for electrons reads

o Vg
atpss’kq 7A§liq pis/kq + 7(‘9 k|5k + q Z A?’L lk/ + q|l kl>pll/k/
Wk

—iey/T Z,/ o A K 9+ ) 01— )

\/(ZQZTP /kl qu ‘Sk + q>(a2 ( Cl,*pz) + d;,(qJ)z))} (20)
For photons, we can set
&1(q,pz) = (—sinfgy, cosfq, 0),
&2(q, p2) = (— cos g €08 O, — COS g sin by, sin ¢q) (21)

Because the single electron Hamiltonian has rotation symmetry, once we have chosen an in-plane wave vector q, we
can use its direction as the x axis, now 0(q ;) =0, 0(_q,—p.) = 7, and

§2(d,p2) = &2(—q, —p2) = — €08 P(q,p.)1 + sin P(qp. )k
§i(q,pz) = =& (—a,—p.) =] (22)

then the time evolution for photons read

(sk + a| Sy K) A g

e . ~ . ™
101, (—q,—p.) = — Wap,A1(—q,—p,) T 1€ o E :
ss'k
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and
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4 A ~
(CL27_ —p! +a /)
hwgp. /¢ +p2 L ; hwop, \/q2 + p2 = 0P R

III. COLLECTIVE MODES

The collective modes can be expressed as the summation of electron density oscillations, photon creations and
annihilations,

5o ot X ot
QII - Z Z ¢Sslkqp33/kq + Z Z @i»pz aAv(_qv_pz) + ég\qu a)\,(q,pz) (25)
s, k A=1,2 ps

Like Nambu spinor, let’s define (I)Tl =[- 'ﬁLiqSisg,Ani:O T [)LqSis(i»AnﬁéO T d/\(*%*:ﬂzi) U CALTA‘(q,pz” ' “}T’ where

A=1,2, 8;8, = ++,+—, —+, ——. And we can rewrite the collective mode with
Ql, = 0] (26)

q a4~ q

Qg =[Py, skiq,8n=0 ** PostlsquAni 0+ S, D5, -] is then the wave function. For convenience, we put

density oscillation operators that satisfy An; = Anf(;; = 0 in the head, which followed by [)L qsis! with An; # 0.

Then we can compare the coeflicients of different operators in the time evolution 8tQL = quQL7 and get

’ . V ’
B P ssrieq = 2[51551,5,5kk, (A& — 10) g + 2 (sk + a|s'k) (UK |IK + @) Anfl o Puriq]

! o
27 27 P
+ he(sk + q|J},|s'k) ———(®f, + D7, ) + he(sk + q|Jig,|s'k) (@5, — 5 )
kq ; hwqu v 1p. 1p. q ; hwqu v \/m 2p. 2p.
(27)
For photons, we have
u N ra 2rhe’lly | 1 [ 1 “ .
M7, = — Z Op. . (hwqp:, +16)®T , — . \Mw Z w (1, + 1)
pl, z qp=z P, qp/z
_ 2T A (R |R(Y. )sk + @)
Fiw v kq kq q)Pss'kq
ss’k qp=z
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p/z z wqu P’ qu'z
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and

27rh62Hd
10695, == Op. . (hwap, +i0)®5 ,, — ,/ Sy — 05 )
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IV. PROPERTIES OF THE EIGEN EQUATIONS

Before solving these coupled linear equations Eq. (27-29), we will firstly prove some general properties for them.
These equations are equivalent to a Schrédinger like equation Hq®q = (Af2q + i0)Pq, where

ng Ergth Hgtw ];[561 ﬁg@
Ha1p Halal 0 Hcllllcl 0
Hq _ Hazp 0 E[gzaz 0 Hg202 (30)
Hclp Hcclull 0 _HCCIICI 0
chp 0 Hég asz 0 E[gf c2

where
— s V S
[HEYij = 655,051, 01t (AE ;i) + §<51k + afsik) (sik; |s;k; +q>A”quJ
[Hp‘“] [H”Cl] = he(s;k; + q|JY|sik;) 2m
o st hwqp. ;v
B _ 2w Dz
[HP2);5 = —[HP®);; = he(sik; + q|JZy |s/k;) —_——
a a q ha]qujl/ q2 +p§]
(31)
and
aip c1p 27 A SiS5 1
[H lij [H lij = —e — nkq< k| h( kq) ls;jk; +q)
aqpPz;
_ _ 2heIl, 1
Hore]. . — _[[ac].. — _§ i 0) —
[Hg " Ji [Hg i Pzipzj( aps; T ) L, Wap., Wap-

_ _ 2rhe?lly | 1
Ho ) = —[HS )5 = — 32
[ a } ! [ 4 ] ! LZ wqui wquj ( )



epz, 2m

HP) = [HS )iy = — AR (63 | B( fls;k;j +q
[q ]J [q}J \/m hwquiy k]q<] J|(kq)|jJ >
_ _ 27T7:L€2Hd 1 Dz, €Pz;
H2% . = —[HSZ?;: = —0,p, 5. (hwgp. +10) — 2 1
[ 4 b [ 4 b pzlpz]( P23 ) L. Wap:, Wap:, \/q2 +p§i \/q2 -l—pz]-
2
[HGICI]ij _ —[Hclal]ij _ 2mhe“Ily 1 Pz; €Pz;
4 4 L Wap., Wap., NS \/q2 + pgj
(33)
we can prove that
_ Ithglp — Hgaﬂ“]e, _Iphggzp _ I_{gazTJ67
LpHGP = HET ., LyHRP? = HET L, (34)

where I, is the unit matrix with the same size of H$** or HG“ (i = 1,2), and J, = diag(...Anizz...). Note that

Ani’;j [HEP) 55 = Ani’;ﬁ' [H£¢);; which means HEPYJ, = J.HEP, we find

q
HiJ =JHq (35)
where
Jo 0 0 0 O
0 —I,n O 0 O
J=10 0 —-ILi, 0 O (36)
0 0 0 Iy, O
0 0 0 0 Ipn

Note that Hy isn’t hermitian, with the help of Eq. (35), we can prove iQyuq(®mqlJ|Png) = (Pmqld Hgq|Pnq) =
(g HET|Prg) = B, (Prng|J|Prq). Immediately, one find

(Prng|I|Prg) =0, m#n (37)

when the spectrum is none degenerate. For convenience, we can put states satisfying Ani: = 0 in the front of ®4
(suppose their total number is 2M). It is easily to check that the first 2M eigenstates are just the first 2M basis
states. And we have

<(I>mq"]|¢)mq> =0, |ml<M (38)

Then we can define two matrix, R.; with the same size of ngp exchanging k;, s;, s; with k; + q, s}, s; in the wave
function ®f, and

Ry 0 0 0 0
0 0 0 Iy 0
R=| 0 0 0 0 Iy (39)
0 L, 0 0 0
0 0 I, 0 0

One can easily check R~' = Rf = R and

R'H,R=—-H* (40)

q’

this relation means Hq has the particle-hole symmetry that if ®,q is a wave function with 7i{2,,q, then R®} is the
wave function of H_q with —h€27 . So, we have R®}, = cP_,, _q, where —n means the real part of quasi particle
energy is negative, and c is a constant satisfying |c|? = 1, and can be chosen to 1. Now

an,fq = Q;‘-’L,q (41)



Because RTJR = —J, we have (®_,, 4|J|®__q) = —(Ppngl/|Pnq)*, and one can prove the requirement of

[an,anq] = Onm (quasi particles should be bosons) equals to the orthogonalization (Eq. (37, 38)) requirements
together with the following normalization conditions

<<I)nq|J|(I)WQ> = 1a |7’L| > M7 Qn > 0
<(I)n(I|J|(I)nq> = _1a ‘TL| > M7 Qn <0 (42)

If we find all the eigen values A1,q and wave functions ®i,q (n = 1,2,..M + N, total dimension of Hq is
2(M+N)). One have the following matrix

(I)T
U= gr Mq _ (I2M><2M 0 > (43)

(the superscript T means transpose), we have
0 0 0 0 0
UJUT = [0 —Inxy 0 | = ( ) . (44)

1| = det|Jy,| x |det|U,.||? = 1 (J,.. is the none zero sub-matrix of
Je). And because det|J,,.| > 0, we have det|U,.| # 0 and get

If choosing an even N, one can prove det|U,,, Jn UL

Ul =—-J,.Ul o3®1Iy. (45)

For the whole matrix U, we have

I 0
-1 _ 2M x2M
v <_anU7TLz0'3 ®InU, —JnZU):ZO';; ® IN) ' (46)



Finally, we can derive the following inverse transformation

QrM+N,—q

V. ENERGIES AND WAVE FUNCTIONS OF QUASI PARTICLES

In this section, let’s solve the coupled linear equations Eq. (27-29). To do so, we can firstly define

1 /
Siq = fz Z (q)a,pz + & pz)
SQq Z /q +p H ,Pz - 7pz)

1 q 1
S3q = — (<I>§ z_q)g z)
i ngmvwz o

One can easily check
1

1
Siq =— — 21he*114S
ML qupz|: — hwgp, — 0 th+thpz+i5]{7re la
2
+eyf 7rZAn ("KI(TL) |5k + @) Posricq)
ss'k
note that
1 1 1 1 ! /00 1 PR
5| c2rh ) @ +q?—Q%/c? b= = he2q'

L. ; 2 [th —hwgp, =10 MSdq + hwgp, +10

[2m
( ) Slq C2 FLZ/ Z /k| Jy )T|Sk + q>q)ss’kq

so, we have

ss'k

where
¢t = 2wy /2, ¢ =,/q® — Q2/c?

(48)



Also, one can find S3q = 0 and

1 1 p? 1 1 2
So =— z — 2mhe“I14S
2 Lz ~ Wap. a*+p2 [th—hwqu—ié Mg + hwgp, + 10 t2nheTladq
2
+eyf o T =D A (kIR sk + @) @aica)
s*s’k
= hCQ(q g ){27Th6 11452 + 6\/ &&Z,I(A (s k|h qu)T|Sk +q)® SS’kq}

which means

d
q ’
1+ Soq = \/ Angs (s'k|(J] k + 55’
( quq’) 2q quq Z I( kq) |S q> kq

Then we have

1 v, ,
Pssrkq = ; —(sk 'k UK |IK 4 q)Anl @y
ka thA§§;+'5{S<5 +als >”Zk/< K" + @) Anig g Purieq

2me?
(sk + q|‘]17iq|5 k)< Z Any k1q S k1 lei q) sk + q>(I)ss/k1q

T2 d
¢ (q +q ) ss’k
e (sk + q|JE,|s'K) = ZA K| (JE )| sky + q)®
T2 oy VS kqlS nkqs 11(Ji, )" |ska ss'kiq
Aq+q +q%) S& T '
Let’s define
2me? 2me?
Vofla:_z gy Vala = T3 no
A(q+q +4q) (g +q')
2 2e?
Vqlb = %an Vql = Vqlq + Vqlb = Fq/
q q
VP o— 2e? Voy = _27re2
qt 02(q’ _|_qd)’ q ch’
and
Vq ss’ /.1
=4 > A (s'K|sk + Q) Pk
ss’k
LT = qza > Angs (S'K| (it Tlsk + @) Pasricqs
ss'k
Lg= ZA (SK|(TE) sk + @) Pasricq
ss’k
We have
1
{{sk +als'K) L8 + (sk + al T |s'k) Ly + (sk + al g |s'K) L, }

(I)g/ = i
TR, — A + 16

which means

Ly =

< g — AL +

=Y Z Te[G (iwn + iQq, k + Q) (L + JiqLe + Jig Ly) G (iwn, K)]

=Vq [HPPLq +1pe Ly + prLy]

v Angs (s'k|sk + q
gq (s'k| >{<5k+q|s’k>Lg+ <sk—|—q|ng|S’k>Ly + <Sk+q|Jféq‘5,k>Lx

(53)

(54)

(55)

(57)



Similarly, we can prove

VP
L :% > Te[JigGliwn + iQq, k + @) (L8 + JiqLa + JioLy)Gliwn, k)]
1Wn,k
=V} ey LY + T2, Ly + Ty, Ly

and

LY :ngt [M,, LG + My, L, + 105 L,

vy

Replace 117, I1¥ with II;, — 114, Iy, — ¢, we have

T

Lg =ValllppLg + Mpo L + Ty Ly |
L =Vaqialllyp L + 1y Ly + Tl Ly |

Finally, we can find the quasi particle energy is determined by

L=V,  =Vllp, — VI,
_‘/qlanp 1- ‘/qlaHa:;E _V;]lany =0
_Vthyp _Vqtnyﬂc 1- Vqtnyy

—Vllpe =Vl
1— Vqlanac _V:]laH;Ey

1- Vqup _V:szr
_‘/qlaHzp 1- VqlaH:L’x

= = Ve Vollyplly — Vi Virally, 1ey + (1 - Vqtnyy)(l — Vollpp — VqlaHm) =0
=V Var Wy [P = (1= VuILea) (1 = VieIlyy)

1- Vqup _Vquy

= — V;;tHyp _‘/qlaHa:p —‘/qlany

+ ‘/thyz

+(1 _Vqtnyy) =0

Once getting the excitation energy, we have

‘ 1- ‘/(IHPP ‘/(IHPZJ

Lz _ _V:]laHzp V:]lasz Lg _
Vollpe Vollpy

‘/qlaHr:r -1 ‘/qlaHmy

‘/qlaHa:y P — q/ - qu

‘/q]-_-[py 4 Qq 4

1-V,I,, Vi, ’
_ _‘/qlaHaL‘p ‘/qlaHaL'a: -1 P — 1-— Vqumx Lp,
4 %pr 4

Ly
Vol Vollyy
V;]lanw -1 V:]laHa:y

which means, for a pure longitudinal mode, LY = 0 because 1 — V1, = 0. Now,

Lg 1- ‘/quxz

q —q
}

Dogkg = - k 'k k JY |s'k k JZE |s'k
=y PR AR G R TR a0
and
“ . elY 2rS 1
(I)l,pz?(DLpz = :FQ + 4 - -
q T wap., +i6/h\ hwge. L. Vi
P e — wqlLf Dz 27S
3 =

P2 720 T oWy + Weap, + 06/1) V@& +p2\ hwgp, L

Note that in the wave functions, we can use either Lg or L which average determined by [Qq, QL,} = dqq’-

10
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VI. INTERACTION WITH EMITTERS

In this section, we will add an emitter in our system, and calculate the interactions between emitters with SPPs.
Suppose we have a 3D or 2D emitter (e.g. hydrogen like atoms) localized near the 2D electron gas, the total
Hamiltonian reads

H :/drdz\iﬁ(r,z) [
x Ut(e, 2) 0t (¢, 2" )0 (x', 2)U(r, 2) (68)

5 (p— gfl(r, 2))? 4 Vap(r, 2) + Ve, z)} \il(r, 2) + % /drdr’sz(|r —r'|,z—2)

where V,; is the emitter potential, and the electron creation operator can be expanded to
Wl (x) = W (x) + Wy fZe“”w 2)Wf +Z¢z (69)

here (Z)I is the i*" creation operator of emitter. Note that ¢;(x) is well localized, one reasonable assumption is its
total electron number is conserved when interacting with SPPs, and we can only keep the emitter electron conserved
terms in the total Hamiltonian

H:ﬁet+gee+H2D7 (70)

where the last term Hap is the Hamiltonian of 2D electron gas interacting with light defined previously, H,, is the
emitter Hamiltonian under vector field A (x) (note that emitter SPPs can interact through this photon field.). The last
term H.. is electron electron interaction Hamiltonian, generally, it can be expressed as the emitter electron interacting
with fields generated by the 2D electron gas. Now

oo = [ [ WL G0V, G s i (71)

The effective potential ‘7e(x, x') contains two parts, one originates from the direct Coulomb interaction §(x—x’ )Vec (x),
and the other one comes from electron exchanging effect V., (x,x’), where

Vee) = [ Vil =)y, () B ()i (72
Veu (%, %) = =V (|jx = ') 1, (x') W2 (x). (73)
For the direct Coulomb potential Eq. (72), we have

77,qr
/V [x —x'|) \I/;D( )\I]2D "Ndx' = Z / \/|r_ i 2|¢(z’)|2<sk+q|3'k>¢y£+qsﬂ/ksldr’dz/

ssqk Z_Z)

(74)
The function ((q, z) is defined by

e~C@alel = / ey () Pd2, (75)

note that the typical momentum we’ve considered in SPP is in the range 102 — 10* cm~!, and the envelop function
width bs ~ 1 nm, one immediately find gb; < 1 and (g, 2) ~ 1. As an example, consider the Gaussian type envelop

function by /2 (2r)~1/4 exp(—2z2/4b%), we have

1

—¢(a,2)qlz| — —qlz—2'| 2b

e = e e dz
V2mb, /

z

1 b bsaq ) |: 1 z :| 1 ( bsa | = ) |: 1 z :|
=—¢ 2 b5 /Erfe | — (b, Y| 4+ 2eb 15 Erfe bsqg + —

2|

=e—a=l{] — (% - —E fo [\/fb } \/Ee;”%)bsq +0(b2¢%)} (76)
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Note that the maximum value of Z;—!Zl - g Brfe[Z-] + \/26753 is \/2/m when z = 0, and it quickly decreases to

zero when z/b, > 5. So, the error of replacing e~¢(¢2)412| with e=9/%| is smaller than /2/7wbyq, which means we can
safely ignore (g, z) in our formulas.

It should be emphasized here that, we want to derive the interaction between emitter and SPPs, instead of the
interaction between emitter and 2D electron gas. To do so, we can transfer to momentum space and utilize the inverse
transformation, and only keep the contribution from SPPs in V,(x,x’). The inverse transformation gives

o 2me? e~tar—ez . A .
VP (x) :ﬂS Z q Angg (sk + als'k) [(Psska) QZ — Psrsktq,—q@—dl

ss’qgk
1 P L
T Zke T2y () Angs (sk + qls'k) @y Qb + hc.
ss'q
=D LY QL + he (77)

qa

the superscript *P? means only considering the contribution of SPPs. In dipole approximation, it is convenient to
study the interaction through electric field, and the static part comes from VPP reads

- 1_-~ 1 ) A
BY(x) = S V() = - 3 (i, ~q)e T LQ] + e (78)
q

For the radiation part, the contribution of SPP to vector field reads

~ _ ax At c A
ax,—q,—p: = ~Fxp. Qq + q)/\—sz_q

il qp. = 5, QL — 25,0 o (79)

Now, the vector potential

VWap, V@ + p?

2mhc? L —p, coslq , . . . . .
= — Z( )1/2e iqr—ip.z [ z q(ClQ,—q,—pz + Cl;qu) + Slneq(a17_q7_pz — aiqu)]

2 2
ap- VWqp. \Vq° +ps

2
c —iar—in.» | D:cosOq 2 1 1 A R
= Y ear-in: {z a Qq < _ (L QL — 12 Q)
qp

- 2mhc? , . cosly . . . N N
Ay(r,z) = 2(7)1/2ezq~r+mzz [pzq(agqu + a;_q,_pz) + sin Og(G1qp, — ai,_%_pz)]
qp=

eL, P2+ wap. \Qq+wgp. Qg — Wap.
C2q/ < 1 1 ) R N
— sin 0 — (Ly*QT - LY Q- )]
Wap. TN\ Qg +wgp, Qg —wap. 4 e
) —qz lo—q'z ’ A
=-: Z e "I LET cos fg qu -1 eQ — Lre™ " sinfg | Qf + hec. (80)
e g q q

and

q.sinfy .

T gz e+ mg.) €05 a(lran. - &i,q,q)]
z

<27rh62>1/2 o q. sin 6 t i
= e ATz . = (g —ay—q. T Abqq.) T €08 0q(a1,—q,—q. — Glqq.)
aq VWqq., /q2 + qg q9= qaqz

QL + h.c. (81)

e wWq wWq

c ) e 1% ,eiqlz ¢
q
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the z direction

. onhc2\ /2 i . N

ag. \YWag: V@ + ¢?
—iqr—ig.z_ 49z w 1 1 * A
Z e tar—ig: - q < _ ) (Lg QT " 4@ Q)

el aq ?+¢° wqq. \WqtWag. Wq — Wag.
) . Lp* / A

= e*““iq(e*qz — e 1%)Q! + h.c. (82)
e % Wq 4

Now, the electric field from vector field reads E"(r, z) = —8;A(r, z) /¢ and

E7 (r, 2) :é Z e*iq'r[Lfl* cosfq(ge™ %" — de %) — QqL(yl*e*q/Z sin Qq]QL + h.c
q

E;(r, 2) :2 Z e " UT[LE* sin Og(qe” " — qe %) + Qng*e_q,Z cos HQ]QL + h.c.
q

E7(r, 2) Ze‘zqu”* (e79% —e qZ)QT + h.c. (83)

where q is a in-plane vector perpendicular to q (64 = 04 + /2, illustrated in Figure 1lc in the main text), and q’
means the magnitude of q reduced from ¢ to ¢’ = |/¢* — Q2 /c?. Finally, the total electric field reads

~ ~ 1 ) ’ Q ~
B(x) = B*(x) + E"(x) = — Z e~ =% ((iq, q)LL* + quLg*}Qg the. (84)

Now, the interaction Hamiltonian through electric field H, mt =—[jx x)dx reads

il =e [ WL, B (x)dx

~> g7 ()l6;Ql + hec., (85)
ijq
with the interaction strength
ij «  Slq *
97 (a) = —i(q’ - a4+ qdf) e~ ;4 q-dlrv, (86)

where d;; = [ ¢F(x)x¢;(x)dx is the transition dipole moment, the superscript Il - means the parallel and vertical
parts.
The Hamiltonian originates from exchanging effect reads

.. / dxdx' 31 (x)$(x')V (|x — %) (x') & (x)
= Z DR Sy / drdr!dzdz'(2)0* ()7 (x) oy (x) e ™ DXy (g — 1| 2 — 21

q ijk
=> g5 (a)dld;Ql + h.c. (87)
ijq

where the interaction strength reads

() = 5 Y A sk + alsK) (o) [ i’ dzds" ()0 ()6 (1) ()0 (e w2 < )
kes’
1 A SS q q/ , ,
= 758,@’3\ |2 + L? (Wiq ) Yieq vy + LE(WiG VXS )
Szhw A a0, kq /) 'kq Uf T ~q\ Wk kq Vf

ss'k

X /drdr'dzdz’@b(z)zb* ()5 (x) s (x))ek T =ikt Ty (1p _p!| 5 — ) (88)
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For convenience, we have defined

Wi = (sk + qls'k),
X3 = (sk + qlog|s'k),
Vs = (sk + qloy|s'k) (89)

The exchange strength is quite complicated and should be calculated numerically.
1 Anfj; q

V=5 2 G T agy

(LGIWg 1* + L

(W VY v+ LY (WS ) X5 vy

X /drdr'dzdzlw(z)d)* (2" (r, 2)p;(r, z')eik'r*i(kJrq)'r,V(\r —1'|,z—2)

1 Anf{s, ss’ q q ss’\* ss’ *
=527 Aqggg/ LGS + LT (Wi Y g+ LYW ) X vy

ss'k

X / drdr'dzdz'"y(2)0" (/)] (r, 2)6; (', 2/ )eler it / dpdp.

ezp- (r—r")+ip,(z—2")

2+pg
e’ Angy ) y VIl ,
i wis 1= Vally,j. wes *
oy Z fioa — gy Vi P+ L (W) o + o, W) X v
kf d d /d d / * / * / ! ei(k+p)'r7i(k+p+q)~r elpz(ziz/) 90
< [ dnatdede o200 ()65 21655, ) — (90)

Now, let’s define

iJ kf / / YN * ;7 ei(k+p)-r7i(k+p+q)-r’ eipz (Zi’z/)
Theg = — /drdr dzdz"(2)* (") (r, 2)p; (', 2") SR , (91)
P +p;
y Moy Aniy / q—q — VIl
L3/ qa q . Wss 2 WSS \*y,ss gl gz ja W * 92
nq S ;( Agss H kq | + Qq ( k ) kq f + VH]yp ( ) kq Uf] ( )
We can express the exchange interaction strength in a simpler form
ex q)\fL* ii
9ij (q) = 871_30177(1] (93)

Suppose the envelop function ¥(z) is a Gaussian function b;1/2(27r)_1/4 exp(—z2/4b%), and the emitters are 2D

hydrogen like atoms with envelop function by */2(27)~1/4 exp(—(z — d)?/4b2), we have
iJ kf ! APE: o eip~r—i(p+q)~r’ eipz (===
Mq = dp.drdr’ dzdz"y(2))* ()¢5 (r, 2) 5 (r', 2')

p? + k? — 2pk cos (6 — k) + p?

eiP'r—i(P"rq)'r/ e_i(é+é)z2+(ﬁ+ipz)ze—i( blg b2 )2/2+( 2b2 ipZ)zledz/
p? + k? — 2pk cos (6p — k) + p?

kfe—(ﬁ/zbﬁ
_m /dpdpzdrdr/qb: (I‘)¢] (I‘l>

kpbyboed"/2(02+60)
272(b2 + b2)

'dp. dpdrdr’ d0,,d0,d0, e~ ™® im0 . ePrcos (Op—0x) —ilptalr’ cos (Oprqa—0,) zﬁbsbﬁ p
e viVr * 3% . +bg z
/prr PxCPATAr CrpGle@bre di(r)e ¢(r') p? + k2 — 2pk cos (0p — bk) + p?

kfbsbee—dz/Z(bﬁerE) / , 0001 ()60 /)ez‘prcose;—i\mq\r’ cos 0L, —im; (0,+0)+0i) +im; (0%, +0p-q) o oz
= prr'dp,dpdrdr'df,do.,.do,, ¢} (r)p;(r e vivezle
2(H2 2 prr J 2 2 2
272(b2 + b2) p? + k? — 2pk cos 0}, + p?
—d?/2(b2+b? i 50! —ipr’ cos 0, —im; (0.0, 4601 )+im; (0%, +0.,+6 232
%kfbsbee /2(b2+02) eipr cos 0, —ipr’ cos 0, im; (6,4 bt K)+im;( 0o+ k)e be:b pz

/ prr'dp.dpdrdr’ dfy,d0,d0, ¢; (r)d;(r")

272(b2 + b2) p? + k? — 2pk cos 0}, + p?

(94)

where we have applied the limit ¢/k; — 0 (expanding e’ and only keep the constant term), when m; = m; = 0,
! J
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we have ¢; ;(r) = 1/v2m¢; j(r), and can get a simple expression

ipr cos O, —ipr’ cos 6., b2p2

—d?/2(b2+b>
i kpbsbee /2(b5+b2) 2b2+b2pz

T T T 4 )

kfbsbee—d2/2(b§+b§)
N (b2 + b2)

kfbsbee—d2/2(b§+b§)
(03 +b2)

x Erfc ( bsbe \/p2 + k2 — 2pk cos 9;,)

e
e
p? 4 k2 — 2pk cos 0}, + p?

/ prr'dp., dpdrdr’deiade;deé' 7 (r)e;(r')

b2p2

Jo (pT)JO(pT/) e 2b2+b2 P2
p? + k? — 2pk cos 0}, + p?

/ prv’dp. dpdrdr’ 6, 6% (r) b, (')

Jo(pr)Jo(pr’) 2 bl;ib:z (p%+k>—2pk cos 0),)
\/p2 + k2 — 2pk cos 0},

/prr’dpdrdr'd%qb;‘ (r)p; (')

/b2 + b2
kfbsbee—d2/2(b§+b§
GRS

Jo(pr)Jo(pr’)
\/p2 + k? — 2pk cos 0},

/prr dpdrdr'd,¢; ()¢, (r")

x |1—2 2/71'&\/])24-162—2]7166089/ +0 ﬂ(pQ—l—kQ—kacosH')
NGESS P b2 + b2 i
Nkfbsbee*f/z(bz*bg) Jo(pr)Jo(pr’)

(b2 4 b2) / prdpdrdr dbpdi(r)6ir) \/pz + k2 — 2pk cos 6,
K(—4kp/(k —p)*) | K(4kp/(k +p)2)]
|k —p k+p

Qkfbsbee—d2/2(b§+b§)
B b2 + b2

/prr’dpdrdr’@*(r)@ (r")Jo(pr)Jo(pr') [ (95)

which means ’71?;;; is independent with the direction of k, and from now on, we write it as n,i]é. Note that Anfj{ is
none zero only when k ~ ky at the limit of ¢/ky — 0, so we have

*

1 q_q/ ss’\*xy 55" 1 Vlea.
J ~ nqu S Z hw AESS |:| |2 + (qu) qu v + #(W ) kqvf

Oq VI,
= nqu (96)
As examples, we calculate 100:10
00,10
qu
Qkfb b e—d2/2(b§+b§) , 16 4! 2r _ 2r! K(—4k}fp/(k‘f —p)Q) K(4k‘fp/(]€f —|—p)2)
_ JYsYe d d d / 1 o a 3a J J / J J
FEuE /pﬂ“ pdrdr’ S 30, ) ¢ " o(pr)Jo(pr’) k7 — ] + ky+p
e 16 108a3 (9a3p? — 4) K(—4ksp/(ks —p)?)  K(4ksp/ (ks + p)?)
= pdp +
b2 + 2 3V3 (a3p? + 4)** (9a3p? + 1) ey =l byt
27.2 2
_ 2hybee= /20D 16 108afk} (9udka’ —4) K(—Ar/(1—2)) | K(4r/(+2)%) (97)
b2 4 b2 1—z| 1+2

xg\/g (a%k;:ﬁ + 4) i (Qa%k;:ﬁ + 4) o2

For b; = b, and d = 0, we’ve plotted 790,10 in Fig. 1 at the typical parameters ag € (1,5) nm, ky ~ 3 x 108 m
(when vy ~ 5 x 10° m/s, p &~ 100 meV), we have agky € (0.3,1.5), and n(kf)oo,10 € (—0.87,0.12).
Finally, we can calculate the exchange interaction to field interaction ratio

-1

ij ij :.m‘j(kf) qAs
gex(@)/97 (@) =173 ER (98)

Note that

32r?cos® 0 _ s 3 8, _ 27

32
e 30 =g dr——=x"e = a 99
9v/6mad 0/ 9v/6 64v/6 (%9)

dOO,ll :/rdrdﬂ

|
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Uoo,lo(aoké) —
Uoo,lo(aﬂkf)/ao f

2 2.5 3 3.5 4 4.5 )
aol{?f

FIG. 1. (Color online) 700,10 and 7oo,10/aoks as functions of agky.

we can find

00,10 00,10 s
ger'%(a) _ -16\/677qu q _i16\/677qu ﬂ

=1 = =
g?ovll(q) 2772 aoks ¢ 2712 aoky E),

(100)
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