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I. HAMILTONIAN IN MOMENTUM SPACE

In this section, let’s derive the momentum space Hamiltonian in Heisenberg picture as the start point. In real space,
the Hamiltonian reads

Ĥ(𝑡) =

∫︁
𝑑xΨ̂†(x, 𝑡)𝐻𝑠[p̂+

𝑒

𝑐
Â(x, 𝑡)]Ψ̂(x, 𝑡) +

1

2

∫︁
𝑑x𝑑x′Ψ̂†(x, 𝑡)Ψ̂†(x′, 𝑡′)𝑉 (|x− x′|)Ψ̂(x′, 𝑡)Ψ̂(x, 𝑡)

+
∑︁
𝜆p

~𝜔p�̂�
†
𝜆p(𝑡)�̂�𝜆p(𝑡), (1)

where 𝐻𝑠(p̂) is the 2D single electron Hamiltonian

𝐻𝑠(p̂) =
p̂2

2𝑚* + ~𝑣𝑓 (�̂�𝑥𝑝𝑦 − �̂�𝑦𝑝𝑥) + ℎ𝜎𝑧 − 𝜇. (2)

The real space Hamiltonian Eq. (1) contains four parts

Ĥ(𝑡) = Ĥ0(𝑡) + Ĥ𝑓𝑝(𝑡) + Ĥ𝑝(𝑡) + Ĥ𝑑(𝑡), (3)

Ĥ0(𝑡) is the Hamiltonian without magnetic field Â(x, 𝑡), Ĥ𝑓𝑝(𝑡) is the Hamiltonian for free photons,

Ĥ0(𝑡) =

∫︁
𝑑xΨ̂†(x, 𝑡)𝐻𝑠(p̂)Ψ̂(x, 𝑡) +

1

2

∫︁
𝑑x𝑑x′Ψ̂†(x, 𝑡)Ψ̂(x, 𝑡)𝑉 (|x− x′|)Ψ̂†(x′, 𝑡)Ψ̂(x′, 𝑡)

Ĥ𝑓𝑝(𝑡) =
∑︁
𝜆p

~𝜔p�̂�
†
𝜆p(𝑡)�̂�𝜆p(𝑡) (4)

and Ĥ𝑝(𝑡) and Ĥ𝑑(𝑡) are electron photon interacting Hamiltonian

Ĥ𝑝(𝑡) =− 1

𝑐

∫︁
ĵ𝑝(x, 𝑡) · Â(x, 𝑡)𝑑x,

Ĥ𝑑(𝑡) =− 1

2𝑐

∫︁
ĵ𝑑(x, 𝑡) · Â(x, 𝑡)𝑑x (5)

the paramagnetic and diamagnetic currents can be expressed as

ĵ𝑝(x, 𝑡) = Ψ̂†(x, 𝑡)[
𝑖𝑒~
2𝑚* (∇− ∇́) + 𝑒~𝑣𝑓 (𝜎𝑦i− 𝜎𝑥j)]Ψ̂(x, 𝑡)

ĵ𝑑(x, 𝑡) = − 𝑒2

𝑚*𝑐
Â(x, 𝑡) (6)

where Ψ̂†(x, 𝑡)∇́Ψ̂(x, 𝑡) means [∇Ψ̂†(x, 𝑡)]Ψ̂(x, 𝑡), and i, j are unit vectors in 𝑥 and 𝑦 direction.
We can expand the operators in momentum space,

Ψ̂(x, 𝑡) =
1√
𝑆
𝜓(𝑧)

∑︁
k

𝑒𝑖k·rΨ̂k(𝑡),

1

𝑐
𝐴(x, 𝑡) =

1√
𝜈

∑︁
p

𝑒𝑖p·x

√︃
2𝜋~
𝜔p

[𝜉𝜆(p)�̂�𝜆p(𝑡) + 𝜉𝜆(−p)�̂�†𝜆,−p(𝑡)], (7)
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where 𝜔p = 𝑐𝑝 is the free photon’s frequency. Because we only consider the situations for the chemical potential
not very high, we can safely ignore the topological trivial term ~2𝑘2/2𝑚* for electrons (quite small compared to the
spin-orbit coupling terms). Then the Hamiltonian without magnetic field

Ĥ0(𝑡) =
∑︁
k

Ψ̂†
k[~𝑣𝑓 (𝜎𝑥𝑘𝑦 − 𝜎𝑦𝑘𝑥) + ℎ𝜎𝑧 − 𝜇]Ψ̂k +

1

2𝑆

∑︁
kk′q

𝑉𝑞Ψ̂
†
k+qΨ̂

†
k′−qΨ̂k′Ψ̂k (8)

Note that ~𝑝/𝑚* << ~𝑘𝑓/𝑚* << 𝑣𝑓 (𝑝 is the momentum of vector field), which means we can only keep the
spin-orbit coupling terms in ĵ𝑝𝑥(x, 𝑡), ĵ𝑝𝑦(x, 𝑡). Together with the fact that 𝜓(𝑧) is well localized around 𝑧 = 0, and∫︁

𝑑x�̂�𝑧(x, 𝑡)𝐴
𝑧(x, 𝑡) ≈ − 𝑖𝑒~

𝑚*𝑐

∫︁
[𝐴𝑧(x, 𝑡)]𝑧=0𝑑r

∫︁
Ψ̂†(x, 𝑡)𝜕𝑧Ψ̂(x, 𝑡)𝑑𝑧 = 0 (9)

We have

Ĥ𝑝(𝑡) ≈ 𝑒𝑣𝑓√
𝜈

∑︁
kq𝑝𝑧

Ψ̂†
k+q[𝜎𝑥𝐴

𝑦
(q,𝑝𝑧)

− 𝜎𝑦𝐴
𝑥
(q,𝑝𝑧)

]Ψ̂k (10)

The diamagnetic term

Ĥ𝑑(𝑡) =
∑︁

𝑙=𝑥,𝑦,𝑧

𝑒2

2𝑚*𝑐2

∫︁
𝑑r𝑑𝑧|𝜓(𝑧)|2�̂�(r, 𝑡)𝐴𝑙(x, 𝑡)𝐴𝑙(x, 𝑡) ≈

∑︁
𝑙=𝑥,𝑦,𝑧

�̄�𝑒2

2𝑚*𝑐2

∫︁
𝑑r[𝐴𝑙(x, 𝑡)𝐴𝑙(x, 𝑡)]|𝑧=0

=
�̄�𝑒2

2𝑚*𝐿𝑧

∑︁
q,𝑝𝑧,𝑝′

𝑧,𝑙=𝑥,𝑦,𝑧

𝐴𝑙
(q,𝑝𝑧)

𝐴𝑙
(−q,−𝑝′

𝑧)
. (11)

Finally, the total electron light interaction Hamiltonian now reads (from now on we omit 𝑡 in the k space operators)

�̂� =
∑︁
k

Ψ̂†
k[~𝑣𝑓 (𝜎𝑥𝑘𝑦 − 𝜎𝑦𝑘𝑥) + ℎ𝜎𝑧 − 𝜇]Ψ̂k +

1

2𝑆

∑︁
kk′q

𝑉𝑞Ψ̂
†
k+qΨ̂

†
k′−qΨ̂k′Ψ̂k +

𝑒𝑣𝑓√
𝜈

∑︁
kq𝑝𝑧

Ψ̂†
k+q[𝜎𝑥𝐴

𝑦
(q,𝑝𝑧)

− 𝜎𝑦𝐴
𝑥
(q,𝑝𝑧)

]Ψ̂k

+
∑︁
𝜆p

~𝜔𝜆p�̂�
†
𝜆p�̂�𝜆p +

Π𝑑

2𝐿𝑧

∑︁
q,𝑝𝑧,𝑝′

𝑧,𝑙=𝑥,𝑦,𝑧

𝐴𝑙
(q,𝑝𝑧)

𝐴𝑙
(−q,−𝑝′

𝑧)
(12)

where Π𝑑 = �̄�𝑒2

𝑚* .
It is well known that the eigen functions of 𝐻k = ~2𝑘2

2𝑚* + ~𝑣𝑓 (𝜎𝑥𝑘𝑦 − 𝜎𝑦𝑘𝑥) + ℎ𝜎𝑧 − 𝜇 read

|𝑠k⟩ = 𝑒
𝑖
2 𝑠𝜃k

(︂
𝑢𝑠𝑘𝑒

− 𝑖
2 𝜃k

−𝑖𝑠𝑣𝑠𝑘𝑒
𝑖
2 𝜃k

)︂
(13)

corresponding to eigen energies 𝜉𝑠𝑘 = −𝜇+ 𝑠𝐸𝑘, where 𝑢𝑠𝑘, 𝑣𝑠𝑘 =
√︁

1
2 (1± 𝑠ℎ/𝐸𝑘), 𝑠 = ±1, 𝐸𝑘 =

√︁
~2𝑣2𝑓𝑘2 + ℎ2.

Now, by the following operator transformation 𝛾𝑠k = ⟨𝑠k|Ψ̂k, we have

Ĥ =
∑︁
𝑠k

𝜉𝑠k𝛾
†
𝑠k𝛾𝑠k +

∑︁
𝜆q

~𝜔q�̂�
†
𝜆q�̂�𝜆q − 1√

𝜈

∑︁
q

ĵq · Â−q +
1

2𝑆

∑︁
𝑠𝑠′𝑙𝑙′kk′q

𝑉 𝑠𝑠′𝑙𝑙′

kq 𝛾†𝑠k+q𝛾
†
𝑙k′−q𝛾𝑙′k′𝛾𝑠′k (14)

where

𝑉 𝑠𝑠′𝑙𝑙′

kq = 𝑉𝑞⟨𝑠k+ q|𝑠′k⟩⟨𝑙k′ − q|𝑙′k′⟩, (15)

and 𝑉𝑞 = 2𝜋𝑒2/𝑞 is the two dimensional Coulomb potential. The current operator ĵ(q) = ĵ𝑝(q) + ĵ𝑑(q) contains two
parts, and

�̂�𝑝(q) =
∑︁
k

⟨𝑠k+ q|𝐽𝑥
kqi+ 𝐽𝑦

kqj|𝑠′k⟩ = 𝑒~𝑣𝑓
∑︁
k

⟨𝑠k+ q|𝜎𝑦i− 𝜎𝑥j|𝑠′k⟩ (16)

The diamagnetic current arising from the topological trivial term in �̂�𝑠 mentioned previously reads

ĵ𝑑𝑦(q) =
1

2

√︂
𝑆

𝐿𝑧
Π𝑑
∑︁
𝑝′
𝑧

𝐴q,𝑝𝑧+𝑝′
𝑧

(17)
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II. OPERATOR DYNAMIC EQUATIONS

In this section, we will calculate the operator dynamic equations with random phase approximation (RPA). Let’s
firstly define the electron density oscillation operator 𝜌†𝑠𝑠′kq = 𝛾†𝑠,k+q𝛾𝑠′,k, note that 𝜌𝑠𝑠′kq = 𝜌†𝑠′𝑠k+q,−q and we have
the following communication relation

[𝜌𝑠𝑠′kq, 𝜌
†
𝑙𝑙′k′q′ ] = 𝛾†𝑠′,k𝛾𝑙′,k′𝛿𝑠𝑙𝛿k+q,k′+q′ − 𝛾†𝑙,k′+q′𝛾𝑠,k+q𝛿𝑠′𝑙′𝛿k,k′ (18)

If we replace the operators in the right hand by their average values when q,q′ ̸= 0 (RPA), we can find

[𝜌𝑠𝑠′kq, 𝜌
†
𝑙𝑙′k′q′ ] = Δ𝑛𝑠𝑠

′

kq𝛿𝑠𝑙𝛿𝑠′𝑙′𝛿kk′𝛿qq′ , (19)

and the time evolution 𝜕𝑡�̂� = 𝑖/~[�̂�, �̂�] for electrons reads

𝜕𝑡𝜌
†
𝑠𝑠′kq =

𝑖

~
Δ𝜉𝑠𝑠

′

kq 𝜌
†
𝑠𝑠′kq +

𝑖𝑉𝑞
~𝑆

⟨𝑠′k|𝑠k+ q⟩
∑︁
𝑙𝑙′k

Δ𝑛𝑙𝑙
′

k′q⟨𝑙k′ + q|𝑙′k′⟩𝜌𝑙†𝑙𝑙′k′q

− 𝑖𝑒

√︂
𝜋

𝜈

∑︁
𝑝𝑧

√︃
2

~𝜔q𝑝𝑧

Δ𝑛𝑠𝑠
′

kq{⟨𝑠′k|(𝐽𝑦
kq)

†|𝑠k+ q⟩(�̂�1,(−q,−𝑝𝑧) − �̂�†1,(q,𝑝𝑧)
)

+
𝑝𝑧√︀
𝑞2 + 𝑝2𝑧

⟨𝑠′k|(𝐽𝑥
kq)

†|𝑠k+ q⟩(�̂�2,(−q,−𝑝𝑧) + �̂�†2,(q,𝑝𝑧)
)} (20)

For photons, we can set

𝜉1(q, 𝑝𝑧) = (− sin 𝜃q, cos 𝜃q, 0),

𝜉2(q, 𝑝𝑧) = (− cos𝜑q cos 𝜃q,− cos𝜑q sin 𝜃q, sin𝜑q) (21)

Because the single electron Hamiltonian has rotation symmetry, once we have chosen an in-plane wave vector q, we
can use its direction as the x axis, now 𝜃(q,𝑝𝑧) = 0, 𝜃(−q,−𝑝𝑧) = 𝜋, and

𝜉2(q, 𝑝𝑧) = 𝜉2(−q,−𝑝𝑧) = − cos𝜑(q,𝑝𝑧)i+ sin𝜑(q,𝑝𝑧)k

𝜉1(q, 𝑝𝑧) = −𝜉1(−q,−𝑝𝑧) = j (22)

then the time evolution for photons read

𝜕𝑡�̂�1,(−q,−𝑝𝑧) =− 𝑖𝜔𝑞𝑝𝑧 �̂�1(−q,−𝑝𝑧) + 𝑖𝑒

√︂
𝜋

𝜈

∑︁
𝑠𝑠′k

√︃
2

~𝜔𝑞𝑝𝑧

⟨𝑠k+ q|𝐽𝑦
kq|𝑠′k⟩𝜌

†
𝑠𝑠′kq

−
√︃

1

~𝜔𝑞𝑝𝑧

2𝜋𝑖~Π𝑑

𝐿𝑧

∑︁
𝑝′
𝑧

√︃
1

~𝜔𝑞𝑝′
𝑧

(�̂�1,−q,−𝑝′
𝑧
− �̂�†1q𝑝′

𝑧
)

𝜕𝑡�̂�2,(−q,−𝑝𝑧) =− 𝑖𝜔q𝑝𝑧
�̂�2,(−q,−𝑝𝑧) + 𝑖𝑒

√︂
𝜋

𝜈

∑︁
𝑠𝑠′k

√︃
2

~𝜔q𝑝𝑧

𝑞𝑧√︀
𝑞2 + 𝑞2𝑧

⟨𝑠k+ q|𝐽𝑥
kq|𝑠′k⟩𝜌†𝑠𝑠′kq

−
√︃

1

~𝜔𝑞𝑝𝑧

𝑝𝑧√︀
𝑞2 + 𝑝2𝑧

2𝜋𝑖~Π𝑑

𝐿𝑧

∑︁
𝑝′
𝑧

√︃
1

~𝜔𝑞𝑝′
𝑧

𝑝′𝑧√︀
𝑞2 + 𝑝′2𝑧

(�̂�2,−q,−𝑝′
𝑧
+ �̂�†2q𝑝′

𝑧
)

−
√︃

1

~𝜔𝑞𝑝𝑧

𝑞√︀
𝑞2 + 𝑝2𝑧

2𝜋𝑖~Π𝑑

𝐿𝑧

∑︁
𝑝′
𝑧

√︃
1

~𝜔𝑞𝑝′
𝑧

𝑞√︀
𝑞2 + 𝑝′2𝑧

(�̂�2,−q,−𝑝′
𝑧
+ �̂�†2q𝑝′

𝑧
) (23)
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and

𝜕𝑡�̂�
†
1,(q,𝑝𝑧)

=𝑖𝜔𝑞𝑝𝑧
�̂�†1(q,𝑝𝑧)

+ 𝑖𝑒

√︂
𝜋

𝜈

∑︁
𝑠𝑠′k

√︃
2

~𝜔𝑞𝑝𝑧

⟨𝑠k+ q|𝐽𝑦
kq|𝑠′k⟩𝜌

†
𝑠𝑠′kq

−
√︃

1

~𝜔𝑞𝑝𝑧

2𝜋𝑖~Π𝑑

𝐿𝑧

∑︁
𝑝′
𝑧

√︃
1

~𝜔𝑞𝑝′
𝑧

(�̂�1,−q,−𝑝′
𝑧
− �̂�†1q𝑝′

𝑧
)

𝜕𝑡�̂�
†
2,(q,𝑝𝑧)

=𝑖𝜔q𝑝𝑧
�̂�†2,(q,𝑝𝑧)

− 𝑖𝑒

√︂
𝜋

𝜈

∑︁
𝑠𝑠′k

√︃
2

~𝜔q𝑝𝑧

𝑞𝑧√︀
𝑞2 + 𝑞2𝑧

⟨𝑠k+ q|𝐽𝑥
kq|𝑠′k⟩𝜌†𝑠𝑠′kq

+

√︃
1

~𝜔𝑞𝑝𝑧

𝑝𝑧√︀
𝑞2 + 𝑝2𝑧

2𝜋𝑖~Π𝑑

𝐿𝑧

∑︁
𝑝′
𝑧

√︃
1

~𝜔𝑞𝑝′
𝑧

𝑝′𝑧√︀
𝑞2 + 𝑝′2𝑧

(�̂�2,−q,−𝑝′
𝑧
+ �̂�†2q𝑝′

𝑧
)

+

√︃
1

~𝜔𝑞𝑝𝑧

𝑞√︀
𝑞2 + 𝑝2𝑧

2𝜋𝑖~Π𝑑

𝐿𝑧

∑︁
𝑝′
𝑧

√︃
1

~𝜔𝑞𝑝′
𝑧

𝑞√︀
𝑞2 + 𝑝′2𝑧

(�̂�2,−q,−𝑝′
𝑧
+ �̂�†2q𝑝′

𝑧
) (24)

III. COLLECTIVE MODES

The collective modes can be expressed as the summation of electron density oscillations, photon creations and
annihilations,

�̂�†
q =

∑︁
𝑠,𝑠′

∑︁
k

Φ𝑠𝑠′kq𝜌
†
𝑠𝑠′kq +

∑︁
𝜆=1,2

∑︁
𝑝𝑧

Φ𝑎
𝜆,𝑝𝑧

�̂�𝜆,(−q,−𝑝𝑧) +Φ𝑐
𝜆,𝑝𝑧

�̂�†𝜆,(q,𝑝𝑧)
(25)

Like Nambu spinor, let’s define Φ̂†
q = [· · ·𝜌†k𝑖q𝑠𝑖𝑠′𝑖,Δ𝑛𝑖=0 · · · 𝜌

†
k𝑖q𝑠𝑖𝑠′𝑖,Δ𝑛𝑖 ̸=0 · · · �̂�𝜆(−q,−𝑝𝑧𝑖) · · · �̂�†𝜆(q,𝑝𝑧𝑖)

· ··]𝑇 , where
𝜆 = 1, 2, 𝑠𝑖𝑠′𝑖 = ++,+−,−+,−−. And we can rewrite the collective mode with

�̂�†
q = ΦqΦ̂

†
q (26)

Φq = [· · ·Φ𝑠𝑖𝑠′𝑖k𝑖q,Δ𝑛𝑖=0 · · · Φ𝑠𝑖𝑠′𝑖k𝑖q,Δ𝑛𝑖 ̸=0 · · · Φ𝑎
𝜆,𝑝𝑧

· · · Φ𝑐
𝜆,𝑝𝑧

· ··] is then the wave function. For convenience, we put

density oscillation operators that satisfy Δ𝑛𝑖 = Δ𝑛
𝑠𝑖𝑠

′
𝑖

k𝑖q
= 0 in the head, which followed by 𝜌†k𝑖q𝑠𝑖𝑠′𝑖

with Δ𝑛𝑖 ̸= 0.

Then we can compare the coefficients of different operators in the time evolution 𝜕𝑡�̂�†
q = 𝑖Ωq�̂�

†
q, and get

~ΩqΦ𝑠𝑠′kq =
∑︁
𝑙𝑙′k′

[𝛿𝑙𝑠𝛿𝑙′𝑠′𝛿kk′(Δ𝜉𝑙𝑙
′

k′q − 𝑖𝛿)Φ𝑙𝑙′k′q +
𝑉𝑞
𝑆
⟨𝑠k+ q|𝑠′k⟩⟨𝑙′k′|𝑙k′ + q⟩Δ𝑛𝑙𝑙′k′qΦ𝑙𝑙′k′q]

+ ~𝑒⟨𝑠k+ q|𝐽𝑦
kq|𝑠′k⟩

∑︁
𝑝𝑧

√︃
2𝜋

~𝜔q𝑝𝑧
𝜈
(Φ𝑎

1𝑝𝑧
+Φ𝑐

1𝑝𝑧
) + ~𝑒⟨𝑠k+ q|𝐽𝑥

kq|𝑠′k⟩
∑︁
𝑝𝑧

√︃
2𝜋

~𝜔q𝑝𝑧
𝜈

𝑝𝑧√︀
𝑞2 + 𝑝2𝑧

(Φ𝑎
2𝑝𝑧

− Φ𝑐
2𝑝𝑧

)

(27)

For photons, we have

~ΩqΦ
𝑎
1,𝑝𝑧

=−
∑︁
𝑝′
𝑧

𝛿𝑝𝑧,𝑝′
𝑧
(~𝜔q𝑝′

𝑧
+ 𝑖𝛿)Φ𝑎

1,𝑝′
𝑧
− 2𝜋~𝑒2Π𝑑

𝐿𝑧

√︃
1

𝜔q𝑝𝑧

∑︁
𝑝′
𝑧

√︃
1

𝜔q𝑝′
𝑧

(Φ𝑎
1,𝑝′

𝑧
+Φ𝑐

1,𝑝′
𝑧
)

− 𝑒
∑︁
𝑠𝑠′k

√︃
2𝜋

~𝜔q𝑝𝑧𝜈
Δ𝑛𝑠𝑠

′

kq ⟨𝑠′k|~(𝐽𝑦
kq)

†|𝑠k+ q⟩Φ𝑠𝑠′kq

~ΩqΦ
𝑐
1,𝑝𝑧

=
∑︁
𝑝′
𝑧

𝛿𝑝𝑧,𝑝′
𝑧
(~𝜔q𝑝′

𝑧
+ 𝑖𝛿)Φ𝑐

1,𝑝′
𝑧
+

2𝜋~𝑒2Π𝑑

𝐿𝑧

√︃
1

𝜔q𝑝𝑧

∑︁
𝑝′
𝑧

√︃
1

𝜔q𝑝′
𝑧

(Φ𝑎
1,𝑝′

𝑧
+Φ𝑐

1,𝑝′
𝑧
)

+ 𝑒
∑︁
𝑠𝑠′k

√︃
2𝜋

~𝜔q𝑝𝑧
𝜈
Δ𝑛𝑠𝑠

′

kq ⟨𝑠′k|~(𝐽𝑦
kq)

†|𝑠k+ q⟩Φ𝑠𝑠′kq (28)
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and

~ΩqΦ
𝑎
2,𝑝𝑧

=−
∑︁
𝑝′
𝑧

𝛿𝑝𝑧,𝑝′
𝑧
(~𝜔q𝑝′

𝑧
+ 𝑖𝛿)Φ𝑎

2,𝑝′
𝑧
− 2𝜋~𝑒2Π𝑑

𝐿𝑧

√︃
1

𝜔q𝑝𝑧

𝑝𝑧√︀
𝑞2 + 𝑝2𝑧

∑︁
𝑝′
𝑧

√︃
1

𝜔q𝑝′
𝑧

𝑝′𝑧√︀
𝑞2 + 𝑝′2𝑧

(Φ𝑎
2,𝑝′

𝑧
− Φ𝑐

2,𝑝′
𝑧
)

− 2𝜋~𝑒2Π𝑑

𝐿𝑧

√︃
1

𝜔q𝑝𝑧

𝑞√︀
𝑞2 + 𝑝2𝑧

∑︁
𝑝′
𝑧

√︃
1

𝜔q𝑝′
𝑧

𝑞√︀
𝑞2 + 𝑝′2𝑧

(Φ𝑎
2,𝑝′

𝑧
− Φ𝑐

2,𝑝′
𝑧
)

− 𝑒𝑝𝑧√︀
𝑞2 + 𝑝2𝑧

√︃
2𝜋

~𝜔q𝑝𝑧𝜈

∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq ⟨𝑠′k|~(𝐽𝑥
kq)

†|𝑠k+ q⟩Φ𝑠𝑠′kq

~ΩqΦ
𝑐
2,𝑝𝑧

=
∑︁
𝑝′
𝑧

𝛿𝑝𝑧,𝑝′
𝑧
(~𝜔q𝑝′

𝑧
+ 𝑖𝛿)Φ𝑎

2,𝑝′
𝑧
− 2𝜋~𝑒2Π𝑑

𝐿𝑧

√︃
1

𝜔q𝑝𝑧

𝑝𝑧√︀
𝑞2 + 𝑝2𝑧

∑︁
𝑝′
𝑧

√︃
1

𝜔q𝑝′
𝑧

𝑝′𝑧√︀
𝑞2 + 𝑝′2𝑧

(Φ𝑎
2,𝑝′

𝑧
− Φ𝑐

2,𝑝′
𝑧
)

− 2𝜋~𝑒2Π𝑑

𝐿𝑧

√︃
1

𝜔q𝑝𝑧

𝑞√︀
𝑞2 + 𝑝2𝑧

∑︁
𝑝′
𝑧

√︃
1

𝜔q𝑝′
𝑧

𝑞√︀
𝑞2 + 𝑝′2𝑧

(Φ𝑎
2,𝑝′

𝑧
− Φ𝑐

2,𝑝′
𝑧
)

− 𝑒𝑝𝑧√︀
𝑞2 + 𝑝2𝑧

√︃
2𝜋

~𝜔q𝑝𝑧
𝜈

∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq ⟨𝑠′k|~(𝐽𝑥
kq)

†|𝑠k+ q⟩Φ𝑠𝑠′kq (29)

IV. PROPERTIES OF THE EIGEN EQUATIONS

Before solving these coupled linear equations Eq. (27-29), we will firstly prove some general properties for them.
These equations are equivalent to a Schrödinger like equation �̄�qΦq = (~Ωq + 𝑖𝛿)Φq, where

�̄�q =

⎛⎜⎜⎜⎜⎝
�̄�𝜌𝜌

q �̄�𝜌𝑎1
q �̄�𝜌𝑎2

q �̄�𝜌𝑐1
q �̄�𝜌𝑐2

q

�̄�𝑎1𝜌
q �̄�𝑎1𝑎1

q 0 �̄�𝑎1𝑐1
q 0

�̄�𝑎2𝜌
q 0 �̄�𝑎2𝑎2

q 0 �̄�𝑎2𝑐2
q

�̄�𝑐1𝜌
q �̄�𝑐1𝑎1

q 0 �̄�𝑐1𝑐1
q 0

�̄�𝑐2𝜌
q 0 �̄�𝑐2𝑎2

q 0 �̄�𝑐2𝑐2
q

⎞⎟⎟⎟⎟⎠ (30)

where

[�̄�𝜌𝜌
q ]𝑖𝑗 = 𝛿𝑠𝑖𝑠𝑗𝛿𝑠′𝑖𝑠′𝑗𝛿k𝑖k′

𝑗
(Δ𝜉

𝑠𝑗𝑠
′
𝑗

k𝑗q
− 𝑖𝛿) +

𝑉𝑞
𝑆
⟨𝑠𝑖k𝑖 + q|𝑠′𝑖k⟩⟨𝑠′𝑗k𝑗 |𝑠𝑗k𝑗 + q⟩Δ𝑛𝑠𝑗𝑠

′
𝑗

k𝑗q

[�̄�𝜌𝑎1
q ]𝑖𝑗 = [�̄�𝜌𝑐1

q ]𝑖𝑗 = ~𝑒⟨𝑠𝑖k𝑖 + q|𝐽𝑦
kq|𝑠′𝑖k𝑖⟩

√︃
2𝜋

~𝜔q𝑝𝑧𝑗
𝜈

[�̄�𝜌𝑎2
q ]𝑖𝑗 = −[�̄�𝜌𝑐2

q ]𝑖𝑗 = ~𝑒⟨𝑠𝑖k𝑖 + q|𝐽𝑥
kq|𝑠′𝑖k𝑖⟩

√︃
2𝜋

~𝜔q𝑝𝑧𝑗𝜈

𝑝𝑧𝑗√︁
𝑞2 + 𝑝2𝑧𝑗

(31)

and

[�̄�𝑎1𝜌
q ]𝑖𝑗 = −[�̄�𝑐1𝜌

q ]𝑖𝑗 = −𝑒
√︃

2𝜋

~𝜔q𝑝𝑧𝑖
𝜈
Δ𝑛

𝑠𝑗𝑠
′
𝑗

k𝑗q
⟨𝑠′𝑗k𝑗 |~(𝐽𝑦

kq)
†|𝑠𝑗k𝑗 + q⟩

[�̄�𝑎1𝑎1
q ]𝑖𝑗 = −[�̄�𝑐1𝑐1

q ]𝑖𝑗 = −𝛿𝑝𝑧𝑖
𝑝𝑧𝑗

(~𝜔q𝑝𝑧𝑗
+ 𝑖𝛿)− 2𝜋~𝑒2Π𝑑

𝐿𝑧

√︃
1

𝜔q𝑝𝑧𝑖
𝜔q𝑝𝑧𝑗

[�̄�𝑎1𝑐1
q ]𝑖𝑗 = −[�̄�𝑐1𝑎1

q ]𝑖𝑗 = −2𝜋~𝑒2Π𝑑

𝐿𝑧

√︃
1

𝜔q𝑝𝑧𝑖
𝜔q𝑝𝑧𝑗

(32)
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[�̄�𝑎2𝜌
q ]𝑖𝑗 = [�̄�𝑐2𝜌

q ]𝑖𝑗 = − 𝑒𝑝𝑧𝑖√︀
𝑞2 + 𝑝2𝑧𝑖

√︃
2𝜋

~𝜔q𝑝𝑧𝑖
𝜈
Δ𝑛

𝑠𝑗𝑠
′
𝑗

k𝑗q
⟨𝑠′𝑗k𝑗 |~(𝐽𝑥

kq)
†|𝑠𝑗k𝑗 + q⟩

[�̄�𝑎2𝑎2
q ]𝑖𝑗 = −[�̄�𝑐2𝑐2

q ]𝑖𝑗 = −𝛿𝑝𝑧𝑖
𝑝𝑧𝑗

(~𝜔q𝑝𝑧𝑗
+ 𝑖𝛿)− 2𝜋~𝑒2Π𝑑

𝐿𝑧

√︃
1

𝜔q𝑝𝑧𝑖
𝜔q𝑝𝑧𝑗

𝑝𝑧𝑖√︀
𝑞2 + 𝑝2𝑧𝑖

𝑒𝑝𝑧𝑗√︁
𝑞2 + 𝑝2𝑧𝑗

[�̄�𝑎1𝑐1
q ]𝑖𝑗 = −[�̄�𝑐1𝑎1

q ]𝑖𝑗 =
2𝜋~𝑒2Π𝑑

𝐿𝑧

√︃
1

𝜔q𝑝𝑧𝑖
𝜔q𝑝𝑧𝑗

𝑝𝑧𝑖√︀
𝑞2 + 𝑝2𝑧𝑖

𝑒𝑝𝑧𝑗√︁
𝑞2 + 𝑝2𝑧𝑗

(33)

we can prove that

− 𝐼𝑝ℎ�̄�
𝑎1𝜌
q = �̄�𝜌𝑎1†

q 𝐽𝑒, −𝐼𝑝ℎ�̄�𝑎2𝜌
q = �̄�𝜌𝑎2†

q 𝐽𝑒,

𝐼𝑝ℎ�̄�
𝑐1𝜌
q = �̄�𝜌𝑐1†

q 𝐽𝑒, 𝐼𝑝ℎ�̄�
𝑐2𝜌
q = �̄�𝜌𝑐2†

q 𝐽𝑒, (34)

where 𝐼𝑝ℎ is the unit matrix with the same size of �̄�𝑎𝑖𝑎𝑖
q or �̄�𝑐𝑖𝑐𝑖

q (𝑖 = 1, 2), and 𝐽𝑒 = diag(...Δ𝑛𝑠𝑖𝑠
′
𝑖

k𝑖q
...). Note that

Δ𝑛
𝑠𝑗𝑠

′
𝑗

k𝑗q
[�̄�𝜌𝜌

q ]𝑗𝑖 = Δ𝑛
𝑠𝑖𝑠

′
𝑖

k𝑖q
[�̄�𝜌𝜌

q ]𝑖𝑗 which means �̄�𝜌𝜌†
q 𝐽𝑒 = 𝐽𝑒�̄�

𝜌𝜌
q , we find

�̄�†
q𝐽 = 𝐽�̄�q (35)

where

𝐽 =

⎛⎜⎜⎜⎝
𝐽𝑒 0 0 0 0
0 −𝐼𝑝ℎ 0 0 0
0 0 −𝐼𝑝ℎ 0 0
0 0 0 𝐼𝑝ℎ 0
0 0 0 0 𝐼𝑝ℎ

⎞⎟⎟⎟⎠ (36)

Note that �̄�q isn’t hermitian, with the help of Eq. (35), we can prove ~Ω𝑛q⟨Φ𝑚q|𝐽 |Φ𝑛q⟩ = ⟨Φ𝑚q|𝐽�̄�q|Φ𝑛q⟩ =
⟨Φ𝑚q|�̄�†

q𝐽 |Φ𝑛q⟩ = ~Ω*
𝑚q⟨Φ𝑚q|𝐽 |Φ𝑛q⟩. Immediately, one find

⟨Φ𝑚q|𝐽 |Φ𝑛q⟩ = 0, 𝑚 ̸= 𝑛 (37)

when the spectrum is none degenerate. For convenience, we can put states satisfying Δ𝑛
𝑠𝑖𝑠

′
𝑖

k𝑖q
= 0 in the front of Φq

(suppose their total number is 2𝑀). It is easily to check that the first 2𝑀 eigenstates are just the first 2𝑀 basis
states. And we have

⟨Φ𝑚q|𝐽 |Φ𝑚q⟩ = 0, |𝑚| 6𝑀 (38)

Then we can define two matrix, 𝑅𝑒𝑙 with the same size of �̄�𝜌𝜌
q exchanging k𝑖, 𝑠𝑖, 𝑠

′
𝑖 with k𝑖 + q, 𝑠′𝑖, 𝑠𝑖 in the wave

function Φ𝜌
q, and

𝑅 =

⎛⎜⎜⎜⎝
𝑅𝑒𝑙 0 0 0 0
0 0 0 𝐼𝑝ℎ 0
0 0 0 0 𝐼𝑝ℎ
0 𝐼𝑝ℎ 0 0 0
0 0 𝐼𝑝ℎ 0 0

⎞⎟⎟⎟⎠ (39)

One can easily check 𝑅−1 = 𝑅† = 𝑅 and

𝑅†�̄�q𝑅 = −�̄�*
−q, (40)

this relation means �̄�q has the particle-hole symmetry that if Φ𝑛q is a wave function with ~Ω𝑛q, then 𝑅Φ*
𝑛q is the

wave function of �̄�−q with −~Ω*
𝑛q. So, we have 𝑅Φ*

𝑛q = 𝑐Φ−𝑛,−q, where −𝑛 means the real part of quasi particle
energy is negative, and 𝑐 is a constant satisfying |𝑐|2 = 1, and can be chosen to 1. Now

�̂�−𝑛,−q = �̂�†
𝑛,q (41)
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Because 𝑅†𝐽𝑅 = −𝐽 , we have ⟨Φ−𝑛,−q|𝐽 |Φ−𝑛,−q⟩ = −⟨Φ𝑛q|𝐽 |Φ𝑛q⟩*, and one can prove the requirement of
[�̂�𝑛q, �̂�

†
𝑚q] = 𝛿𝑛𝑚 (quasi particles should be bosons) equals to the orthogonalization (Eq. (37, 38)) requirements

together with the following normalization conditions

⟨Φ𝑛q|𝐽 |Φ𝑛q⟩ = 1, |𝑛| > 𝑀,Ω𝑛 > 0

⟨Φ𝑛q|𝐽 |Φ𝑛q⟩ = −1, |𝑛| > 𝑀,Ω𝑛 < 0 (42)

If we find all the eigen values ~Ω±𝑛q and wave functions Φ±𝑛q (𝑛 = 1, 2, ...𝑀 + 𝑁 , total dimension of �̄�q is
2(M+N)). One have the following matrix

𝑈 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Φ𝑇
−1q

Φ𝑇
−2q

·
·
·

Φ𝑇
−𝑀q

Φ𝑇
1q

Φ𝑇
2q

·
·
·

Φ𝑇
𝑀q

Φ𝑇
−(𝑀+1)q

Φ𝑇
−(𝑀+2)q

·
·
·

Φ𝑇
−(𝑀+𝑁)q

Φ𝑇
𝑀+1q

Φ𝑇
𝑀+2q

·
·
·

Φ𝑇
𝑀+𝑁q

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

(︂
𝐼2𝑀×2𝑀 0
𝑈𝑧 𝑈𝑛𝑧

)︂
(43)

(the superscript 𝑇 means transpose), we have

𝑈𝐽𝑈† =

⎛⎝0 0 0
0 −𝐼𝑁×𝑁 0
0 0 𝐼𝑁×𝑁

⎞⎠ =

(︂
0 0
0 −𝜎3 ⊗ 𝐼𝑁

)︂
. (44)

If choosing an even 𝑁 , one can prove det|𝑈𝑛𝑧𝐽𝑛𝑧𝑈
†
𝑛𝑧| = det|𝐽𝑛𝑧| × |det|𝑈𝑛𝑧||2 = 1 (𝐽𝑛𝑧 is the none zero sub-matrix of

𝐽𝑒). And because det|𝐽𝑛𝑧| > 0, we have det|𝑈𝑛𝑧| ≠ 0 and get

𝑈−1
𝑛𝑧 = −𝐽𝑛𝑧𝑈†

𝑛𝑧𝜎3 ⊗ 𝐼𝑁 . (45)

For the whole matrix 𝑈 , we have

𝑈−1 =

(︂
𝐼2𝑀×2𝑀 0

−𝐽𝑛𝑧𝑈†
𝑛𝑧𝜎3 ⊗ 𝐼𝑁𝑈𝑧 −𝐽𝑛𝑧𝑈†

𝑛𝑧𝜎3 ⊗ 𝐼𝑁

)︂
. (46)
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Finally, we can derive the following inverse transformation

Φ̂†
q = 𝑈−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

�̂�†
1,q

·
·
·

�̂�†
𝑀,q

�̂�1,−q

·
·
·

�̂�𝑀,−q

�̂�†
𝑀+1,q

·
·
·

�̂�†
𝑀+𝑁,q

�̂�𝑀+1,−q

·
·
·

�̂�𝑀+𝑁,−q

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (47)

V. ENERGIES AND WAVE FUNCTIONS OF QUASI PARTICLES

In this section, let’s solve the coupled linear equations Eq. (27-29). To do so, we can firstly define

𝑆1q =
1

𝐿𝑧

∑︁
𝑝𝑧

√︃
1

𝜔q𝑝𝑧

(Φ𝑎
1,𝑝𝑧

+Φ𝑐
1,𝑝𝑧

)

𝑆2q =
1

𝐿𝑧

∑︁
𝑝𝑧

𝑝𝑧√︀
𝑞2 + 𝑝2𝑧

√︃
1

𝜔q𝑝𝑧

(Φ𝑎
2,𝑝𝑧

− Φ𝑐
2,𝑝𝑧

)

𝑆3q =
1

𝐿𝑧

∑︁
𝑝𝑧

𝑞√︀
𝑞2 + 𝑝2𝑧

√︃
1

𝜔q𝑝𝑧

(Φ𝑎
2,𝑝𝑧

− Φ𝑐
2,𝑝𝑧

) (48)

One can easily check

𝑆1q =
1

𝐿𝑧

∑︁
𝑝𝑧

1

𝜔q𝑝𝑧

[︂
1

~Ωq − ~𝜔q𝑝𝑧 − 𝑖𝛿
− 1

~Ωq + ~𝜔q𝑝𝑧 + 𝑖𝛿

]︂
{2𝜋~𝑒2Π𝑑𝑆1q

+ 𝑒

√︂
2𝜋

~𝜈
∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq ⟨𝑠′k|~(𝐽𝑦
kq)

†|𝑠k+ q⟩Φ𝑠𝑠′kq} (49)

note that

1

𝐿𝑧

∑︁
𝑝𝑧

1

𝜔q𝑝𝑧

[︂
1

~Ωq − ~𝜔q𝑝𝑧
− 𝑖𝛿

− 1

~Ωq + ~𝜔q𝑝𝑧
+ 𝑖𝛿

]︂
= − 1

𝑐2𝜋~

∫︁ ∞

−∞

1

𝑞2𝑧 + 𝑞2 − Ω2
q/𝑐

2
𝑑𝑝𝑧 = − 1

~𝑐2𝑞′
(50)

so, we have (︂
1 +

𝑞𝑑

𝑞′

)︂
𝑆1q = − 𝑒

𝑐2𝑞′

√︂
2𝜋

~𝜈
∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq ⟨𝑠′k|(𝐽𝑦
kq)

†|𝑠k+ q⟩Φ𝑠𝑠′kq (51)

where

𝑞𝑑 = 2𝜋𝑒2Π𝑑/𝑐
2, 𝑞′ =

√︁
𝑞2 − Ω2

q/𝑐
2 (52)
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Also, one can find 𝑆3q = 0 and

𝑆2q =
1

𝐿𝑧

∑︁
𝑝𝑧

1

𝜔q𝑝𝑧

𝑝2𝑧
𝑞2 + 𝑝2𝑧

[︂
1

~Ωq − ~𝜔q𝑝𝑧
− 𝑖𝛿

− 1

~Ωq + ~𝜔q𝑝𝑧
+ 𝑖𝛿

]︂
{2𝜋~𝑒2Π𝑑𝑆2q

+ 𝑒

√︂
2𝜋

~𝜈
∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq ⟨𝑠′k|~(𝐽𝑥
kq)

†|𝑠k+ q⟩Φ𝑠𝑠′kq}

=− 1

~𝑐2(𝑞 + 𝑞′)
{2𝜋~𝑒2Π𝑑𝑆2q + 𝑒

√︂
2𝜋

~𝜈
∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq ⟨𝑠′k|~(𝐽𝑥
kq)

†|𝑠k+ q⟩Φ𝑠𝑠′kq} (53)

which means (︂
1 +

𝑞𝑑

𝑞 + 𝑞′

)︂
𝑆2q = − 𝑒

𝑐2(𝑞 + 𝑞′)

√︂
2𝜋

~𝜈
∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq ⟨𝑠′k|(𝐽𝑥
kq)

†|𝑠k+ q⟩Φ𝑠𝑠′kq (54)

Then we have

Φ𝑠𝑠′kq =
1

~Ωq −Δ𝜉𝑠𝑠
′

kq + 𝑖𝛿

{︃
𝑉𝑞
𝑆
⟨𝑠k+ q|𝑠′k⟩

∑︁
𝑙𝑙′k′

⟨𝑙′k′|𝑙k′ + q⟩Δ𝑛𝑙𝑙′k′qΦ𝑙𝑙′k′q

− 2𝜋𝑒2

𝑐2(𝑞′ + 𝑞𝑑)
⟨𝑠k+ q|𝐽𝑦

kq|𝑠′k⟩
1

𝑆

∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

k1q⟨𝑠′k1|(𝐽𝑦
k1q

)*|𝑠k1 + q⟩Φ𝑠𝑠′k1q

− 2𝜋𝑒2

𝑐2(𝑞 + 𝑞′ + 𝑞𝑑)
⟨𝑠k+ q|𝐽𝑥

kq|𝑠′k⟩
1

𝑆

∑︁
𝑠𝑠′k1

Δ𝑛𝑠𝑠
′

k1q⟨𝑠′k1|(𝐽𝑥
k1q)

*|𝑠k1 + q⟩Φ𝑠𝑠′k1q

}︃
(55)

Let’s define

𝑉 𝑝
q𝑙𝑎 = − 2𝜋𝑒2

𝑐2(𝑞 + 𝑞′ + 𝑞𝑑)
, 𝑉q𝑙𝑎 = − 2𝜋𝑒2

𝑐2(𝑞 + 𝑞′)
,

𝑉q𝑙𝑏 =
𝑞2

Ω2
q

𝑉𝑞, 𝑉q𝑙 = 𝑉q𝑙𝑞 + 𝑉q𝑙𝑏 =
2𝜋𝑒2

Ω2
q

𝑞′

𝑉 𝑝
q𝑡 = − 2𝜋𝑒2

𝑐2(𝑞′ + 𝑞𝑑)
, 𝑉q𝑡 = −2𝜋𝑒2

𝑐2𝑞′
(56)

and

𝐿𝜌
q =

𝑉𝑞
𝑆

∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq ⟨𝑠′k|𝑠k+ q⟩Φ𝑠𝑠′kq,

𝐿𝑥
q =

𝑉 𝑝
q𝑙𝑎

𝑆

∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq ⟨𝑠′k|(𝐽𝑥
kq)

†|𝑠k+ q⟩Φ𝑠𝑠′kq,

𝐿𝑦
q =

𝑉 𝑝
q𝑡

𝑆

∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq ⟨𝑠′k|(𝐽𝑦
kq)

†|𝑠k+ q⟩Φ𝑠𝑠′kq (57)

We have

Φ𝑠𝑠′kq =
1

~Ωq −Δ𝜉𝑠𝑠
′

kq + 𝑖𝛿
{⟨𝑠k+ q|𝑠′k⟩𝐿𝜌

q + ⟨𝑠k+ q|𝐽𝑦
kq|𝑠′k⟩𝐿𝑦 + ⟨𝑠k+ q|𝐽𝑥

kq|𝑠′k⟩𝐿𝑥} (58)

which means

𝐿𝜌
q =

𝑉𝑞
𝑆

∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq ⟨𝑠′k|𝑠k+ q⟩
~Ωq −Δ𝜉𝑠𝑠

′
kq + 𝑖𝛿

{⟨𝑠k+ q|𝑠′k⟩𝐿𝜌
q + ⟨𝑠k+ q|𝐽𝑦

kq|𝑠′k⟩𝐿𝑦 + ⟨𝑠k+ q|𝐽𝑥
kq|𝑠′k⟩𝐿𝑥}

=
𝑉𝑞
𝑆

∑︁
𝑖𝜔𝑛,k

Tr[𝐺(𝑖𝜔𝑛 + 𝑖Ωq,k+ q)(𝐿𝜌
q + 𝐽𝑥

kq𝐿𝑥 + 𝐽𝑦
kq𝐿𝑦)𝐺(𝑖𝜔𝑛,k)]

=𝑉𝑞[Π𝜌𝜌𝐿
𝜌
q +Π𝜌𝑥𝐿𝑥 +Π𝜌𝑦𝐿𝑦] (59)
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Similarly, we can prove

𝐿𝑥
q =

𝑉 𝑝
q𝑙𝑎

𝑆

∑︁
𝑖𝜔𝑛,k

Tr[𝐽𝑥
kq𝐺(𝑖𝜔𝑛 + 𝑖Ωq,k+ q)(𝐿𝜌

q + 𝐽𝑥
kq𝐿𝑥 + 𝐽𝑦

kq𝐿𝑦)𝐺(𝑖𝜔𝑛,k)]

=𝑉 𝑝
q𝑙𝑎[Π𝑥𝜌𝐿

𝜌
q +Π𝑝

𝑥𝑥𝐿𝑥 +Π𝑥𝑦𝐿𝑦] (60)

and

𝐿𝑦
q =𝑉 𝑝

q𝑡[Π𝑦𝜌𝐿
𝜌
q +Π𝑦𝑥𝐿𝑥 +Π𝑝

𝑦𝑦𝐿𝑦] (61)

Replace Π𝑝
𝑥𝑥,Π

𝑝
𝑦𝑦 with Π𝑥𝑥 −Π𝑑,Π𝑦𝑦 −Π𝑑, we have

𝐿𝜌
q =𝑉𝑞[Π𝜌𝜌𝐿

𝜌
q +Π𝜌𝑥𝐿𝑥 +Π𝜌𝑦𝐿𝑦]

𝐿𝑥
q =𝑉q𝑙𝑎[Π𝑥𝜌𝐿

𝜌
q +Π𝑥𝑥𝐿𝑥 +Π𝑥𝑦𝐿𝑦]

𝐿𝑦
q =𝑉q𝑡[Π𝑦𝜌𝐿

𝜌
q +Π𝑦𝑥𝐿𝑥 +Π𝑦𝑦𝐿𝑦] (62)

Finally, we can find the quasi particle energy is determined by⃒⃒⃒⃒
⃒⃒ 1− 𝑉𝑞Π𝜌𝜌 −𝑉𝑞Π𝜌𝑥 −𝑉𝑞Π𝜌𝑦

−𝑉𝑞𝑙𝑎Π𝑥𝜌 1− 𝑉𝑞𝑙𝑎Π𝑥𝑥 −𝑉𝑞𝑙𝑎Π𝑥𝑦

−𝑉𝑞𝑡Π𝑦𝜌 −𝑉𝑞𝑡Π𝑦𝑥 1− 𝑉𝑞𝑡Π𝑦𝑦

⃒⃒⃒⃒
⃒⃒ = 0

⇒− 𝑉𝑞𝑡Π𝑦𝜌

⃒⃒⃒⃒
−𝑉𝑞Π𝜌𝑥 −𝑉𝑞Π𝜌𝑦

1− 𝑉𝑞𝑙𝑎Π𝑥𝑥 −𝑉𝑞𝑙𝑎Π𝑥𝑦

⃒⃒⃒⃒
+ 𝑉𝑞𝑡Π𝑦𝑥

⃒⃒⃒⃒
1− 𝑉𝑞Π𝜌𝜌 −𝑉𝑞Π𝜌𝑦

−𝑉𝑞𝑙𝑎Π𝑥𝜌 −𝑉𝑞𝑙𝑎Π𝑥𝑦

⃒⃒⃒⃒
+ (1− 𝑉𝑞𝑡Π𝑦𝑦)

⃒⃒⃒⃒
1− 𝑉𝑞Π𝜌𝜌 −𝑉𝑞Π𝜌𝑥

−𝑉𝑞𝑙𝑎Π𝑥𝜌 1− 𝑉𝑞𝑙𝑎Π𝑥𝑥

⃒⃒⃒⃒
= 0

⇒− 𝑉𝑞𝑡𝑉𝑞Π𝑦𝜌Π𝜌𝑦 − 𝑉𝑞𝑡𝑉𝑞𝑙𝑎Π𝑦𝑥Π𝑥𝑦 + (1− 𝑉𝑞𝑡Π𝑦𝑦)(1− 𝑉𝑞Π𝜌𝜌 − 𝑉𝑞𝑙𝑎Π𝑥𝑥) = 0

⇒𝑉𝑞𝑙𝑉𝑞𝑡|Π𝑥𝑦|2 = (1− 𝑉𝑞𝑙Π𝑥𝑥)(1− 𝑉𝑞𝑡Π𝑦𝑦) (63)

Once getting the excitation energy, we have

𝐿𝑥
q =

⃒⃒⃒⃒
1− 𝑉𝑞Π𝜌𝜌 𝑉𝑞Π𝜌𝑦

−𝑉𝑞𝑙𝑎Π𝑥𝜌 𝑉𝑞𝑙𝑎Π𝑥𝑦

⃒⃒⃒⃒
⃒⃒⃒⃒

𝑉𝑞Π𝜌𝑥 𝑉𝑞Π𝜌𝑦

𝑉𝑞𝑙𝑎Π𝑥𝑥 − 1 𝑉𝑞𝑙𝑎Π𝑥𝑦

⃒⃒⃒⃒𝐿𝜌
q =

𝑉𝑞𝑙𝑎Π𝑥𝑦

𝑉𝑞Π𝜌𝑦
𝐿𝜌
q =

𝑞′ − 𝑞

Ωq
𝐿𝜌
q

𝐿𝑦
q =−

⃒⃒⃒⃒
1− 𝑉𝑞Π𝜌𝜌 𝑉𝑞Π𝜌𝑥

−𝑉𝑞𝑙𝑎Π𝑥𝜌 𝑉𝑞𝑙𝑎Π𝑥𝑥 − 1

⃒⃒⃒⃒
⃒⃒⃒⃒

𝑉𝑞Π𝜌𝑥 𝑉𝑞Π𝜌𝑦

𝑉𝑞𝑙𝑎Π𝑥𝑥 − 1 𝑉𝑞𝑙𝑎Π𝑥𝑦

⃒⃒⃒⃒ 𝐿𝜌
q =

1− 𝑉𝑞𝑙Π𝑥𝑥

𝑉𝑞Π𝜌𝑦
𝐿𝜌
q, (64)

which means, for a pure longitudinal mode, 𝐿𝑦
q = 0 because 1− 𝑉𝑞𝑙Π𝑥𝑥 = 0. Now,

Φ𝑠𝑠′kq =
𝐿𝜌
q

~Ωq −Δ𝜉𝑠𝑠
′

kq + 𝑖𝛿
{⟨𝑠k+ q|𝑠′k⟩+ ⟨𝑠k+ q|𝐽𝑦

kq|𝑠′k⟩
1− 𝑉𝑞𝑙Π𝑥𝑥

𝑉𝑞Π𝜌𝑦
+ ⟨𝑠k+ q|𝐽𝑥

kq|𝑠′k⟩
𝑞′ − 𝑞

Ωq
} (65)

and

Φ𝑎
1,𝑝𝑧

,Φ𝑐
1,𝑝𝑧

= ∓ 𝑒𝐿𝑦
q

Ωq ± 𝜔q𝑝𝑧 + 𝑖𝛿/~

√︃
2𝜋𝑆

~𝜔q𝑞𝑧𝐿𝑧

1

𝑉𝑞𝑡
(66)

Φ𝑎
2,𝑝𝑧

,Φ𝑐
2,𝑝𝑧

= − 𝜔q𝐿
𝜌
𝑞

2𝜋𝑒(𝜔q ± 𝜔q𝑝𝑧 + 𝑖𝛿/~)
𝑝𝑧√︀
𝑞2 + 𝑝2𝑧

√︃
2𝜋𝑆

~𝜔q𝑝𝑧𝐿𝑧
(67)

Note that in the wave functions, we can use either 𝐿𝑥
q or 𝐿𝜌

q which average determined by [�̂�q, �̂�
†
q′ ] = 𝛿qq′ .
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VI. INTERACTION WITH EMITTERS

In this section, we will add an emitter in our system, and calculate the interactions between emitters with SPPs.
Suppose we have a 3D or 2D emitter (e.g. hydrogen like atoms) localized near the 2D electron gas, the total
Hamiltonian reads

�̂� =

∫︁
𝑑r𝑑𝑧Ψ̂†(r, 𝑧)

[︂
1

2𝑚* (𝑝−
𝑒

𝑐
𝐴(r, 𝑧))2 + 𝑉2𝐷(r, 𝑧) + 𝑉𝑒𝑡(r, 𝑧)

]︂
Ψ̂(r, 𝑧) +

1

2

∫︁
𝑑r𝑑r′𝑑𝑧𝑉 (|r− r′|, 𝑧 − 𝑧′)

× Ψ̂†(r, 𝑧)Ψ̂†(r′, 𝑧′)Ψ̂(r′, 𝑧′)Ψ̂(r, 𝑧) (68)

where 𝑉𝑒𝑡 is the emitter potential, and the electron creation operator can be expanded to

Ψ̂†(x) = Ψ̂†
2𝐷(x) + Ψ̂†

𝑒𝑡(x) =
1√
𝑆

∑︁
k

𝑒𝑖k·r𝜓(𝑧)Ψ†
k +

∑︁
𝑖

𝜑𝑖(x)𝜑
†
𝑖 , (69)

here 𝜑†𝑖 is the 𝑖𝑡ℎ creation operator of emitter. Note that 𝜑𝑖(x) is well localized, one reasonable assumption is its
total electron number is conserved when interacting with SPPs, and we can only keep the emitter electron conserved
terms in the total Hamiltonian

�̂� = �̂�𝑒𝑡 + �̂�𝑒𝑒 + �̂�2𝐷, (70)

where the last term �̂�2𝐷 is the Hamiltonian of 2D electron gas interacting with light defined previously, �̂�𝑒𝑡 is the
emitter Hamiltonian under vector field Â(x) (note that emitter SPPs can interact through this photon field.). The last
term �̂�𝑒𝑒 is electron electron interaction Hamiltonian, generally, it can be expressed as the emitter electron interacting
with fields generated by the 2D electron gas. Now

�̂�𝑒𝑡 =

∫︁
Ψ̂†

𝑒𝑡(x)

[︂
1

2𝑚* (𝑝−
𝑒

𝑐
𝐴(x))2 + 𝑉𝑒𝑡(x)

]︂
Ψ̂(x)𝑑x

�̂�𝑒𝑒 =

∫︁ ∫︁
Ψ̂†

𝑒𝑡(x)𝑉𝑒(x,x
′)Ψ̂𝑒𝑡(x

′)𝑑x𝑑x′. (71)

The effective potential 𝑉𝑒(x,x′) contains two parts, one originates from the direct Coulomb interaction 𝛿(x−x′)𝑉𝑒𝑐(x),
and the other one comes from electron exchanging effect 𝑉𝑒𝑥(x,x′), where

𝑉𝑒𝑐(x) =

∫︁
𝑉 (|x− x′|)Ψ̂†

2𝐷(x′)Ψ̂2𝐷(x′)𝑑x′ (72)

𝑉𝑒𝑥(x,x
′) = −𝑉 (|x− x′|)Ψ̂†

2𝐷(x′)Ψ̂2𝐷(x). (73)

For the direct Coulomb potential Eq. (72), we have

𝑉𝑒𝑐(x) =

∫︁
𝑉 (|x− x′|)Ψ̂†

2𝐷(x′)Ψ̂2𝐷(x′)𝑑x′ =
𝑒2

𝑆

∑︁
𝑠𝑠′qk

∫︁
𝑒−𝑖q·r′√︀

|r− r′|2 + (𝑧 − 𝑧′)2
|𝜓(𝑧′)|2⟨𝑠k+ q|𝑠′k⟩𝛾†k+q𝑠𝛾k𝑠′𝑑r

′𝑑𝑧′

(74)

The function 𝜁(𝑞, 𝑧) is defined by

𝑒−𝜁(𝑞,𝑧)𝑞|𝑧| =

∫︁
𝑒−𝑞|𝑧−𝑧′||𝜓(𝑧′)|2𝑑𝑧′, (75)

note that the typical momentum we’ve considered in SPP is in the range 102 − 104 cm−1, and the envelop function
width 𝑏𝑠 ∼ 1 nm, one immediately find 𝑞𝑏𝑠 ≪ 1 and 𝜁(𝑞, 𝑧) ≈ 1. As an example, consider the Gaussian type envelop
function 𝑏−1/2

𝑠 (2𝜋)−1/4 exp(−𝑧2/4𝑏2𝑠), we have

𝑒−𝜁(𝑞,𝑧)𝑞|𝑧| =
1√
2𝜋𝑏𝑠

∫︁
𝑒−𝑞|𝑧−𝑧′|𝑒

− 𝑧′2
2𝑏2𝑠 𝑑𝑧′

=
1

2
𝑒𝑏𝑠𝑞(

𝑏𝑠𝑞
2 − 𝑧

𝑏𝑠
)Erfc

[︂
1√
2
(𝑏𝑠𝑞 −

𝑧

𝑏𝑠
)

]︂
+

1

2
𝑒𝑏𝑠𝑞(

𝑏𝑠𝑞
2 + 𝑧

𝑏𝑠
)Erfc

[︂
1√
2
(𝑏𝑠𝑞 +

𝑧

𝑏𝑠
)

]︂
=𝑒−𝑞|𝑧|{1− (

𝑧 − |𝑧|
𝑏𝑠

− 𝑧

𝑏𝑠
Erfc

[︂
𝑧√
2𝑏𝑠

]︂
+

√︂
2

𝜋
𝑒
− 𝑧2

2𝑏2𝑠 )𝑏𝑠𝑞 +𝑂(𝑏2𝑠𝑞
2)} (76)
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Note that the maximum value of 𝑧−|𝑧|
𝑏𝑠

− 𝑧
𝑏𝑠
Erfc[ 𝑧√

2𝑏𝑠
] +
√︁

2
𝜋 𝑒

− 𝑧2

2𝑏2𝑠 is
√︀

2/𝜋 when 𝑧 = 0, and it quickly decreases to

zero when 𝑧/𝑏𝑠 > 5. So, the error of replacing 𝑒−𝜁(𝑞,𝑧)𝑞|𝑧| with 𝑒−𝑞|𝑧| is smaller than
√︀

2/𝜋𝑏𝑠𝑞, which means we can
safely ignore 𝜁(𝑞, 𝑧) in our formulas.

It should be emphasized here that, we want to derive the interaction between emitter and SPPs, instead of the
interaction between emitter and 2D electron gas. To do so, we can transfer to momentum space and utilize the inverse
transformation, and only keep the contribution from SPPs in 𝑉𝑒(x,x′). The inverse transformation gives

𝑉 𝑠𝑝𝑝
𝑒𝑐 (x) =

2𝜋𝑒2√
2𝑆

∑︁
𝑠𝑠′qk

𝑒−𝑖q·r−𝑞𝑧

𝑞
Δ𝑛𝑠𝑠

′

kq ⟨𝑠k+ q|𝑠′k⟩[(Φ𝑠𝑠′kq)
*�̂�†

𝑞 − Φ𝑠′𝑠k+q,−q�̂�−q]

=
1√
2𝑆

∑︁
𝑠𝑠′qk

𝑒−𝑖q·r−𝑞𝑧𝑉 (𝑞)Δ𝑛𝑠𝑠
′

kq ⟨𝑠k+ q|𝑠′k⟩Φ*
𝑠𝑠′kq�̂�

†
𝑞 + ℎ.𝑐.

=
∑︁
q

𝑒−𝑖q·r−𝑞𝑧𝐿𝜌*
q �̂�

†
q + ℎ.𝑐. (77)

the superscript 𝑠𝑝𝑝 means only considering the contribution of SPPs. In dipole approximation, it is convenient to
study the interaction through electric field, and the static part comes from 𝑉 𝑠𝑝𝑝

𝑒𝑐 reads

Ê𝑠(x) =
1

𝑒
∇𝑉 𝑠𝑝𝑝

𝑐 (x) =
1

𝑒

∑︁
q

(−𝑖q,−𝑞)𝑒−𝑖q·r−𝑞𝑧𝐿*
𝑞�̂�

†
𝑞 + ℎ.𝑐. (78)

For the radiation part, the contribution of SPP to vector field reads

�̂�𝜆,−q,−𝑝𝑧
= −Φ𝑎*

𝜆,𝑝𝑧
�̂�†

q +Φ𝑐
𝜆,−𝑝𝑧

�̂�−q

�̂�†𝜆q𝑝𝑧
= Φ𝑐*

𝜆,𝑝𝑧
�̂�†

q − Φ𝑎
𝜆,−𝑝𝑧

�̂�−q (79)

Now, the vector potential

𝐴𝑥(r, 𝑧) =
∑︁
q𝑝𝑧

(
2𝜋~𝑐2

𝜈𝜔q𝑝𝑧

)1/2𝑒𝑖q·r+𝑖𝑝𝑧𝑧

[︃
𝑝𝑧 cos 𝜃q√︀
𝑞2 + 𝑝2𝑧

(�̂�2q𝑝𝑧
+ �̂�†2,−q,−𝑝𝑧

) + sin 𝜃q(�̂�1q𝑝𝑧
− �̂�†1,−q,−𝑝𝑧

)

]︃

=−
∑︁
q𝑝𝑧

(
2𝜋~𝑐2

𝜈𝜔q𝑝𝑧

)1/2𝑒−𝑖q·r−𝑖𝑝𝑧𝑧

[︃
−𝑝𝑧 cos 𝜃q√︀
𝑞2 + 𝑝2𝑧

(�̂�2,−q,−𝑝𝑧
+ �̂�†2q𝑝𝑧

) + sin 𝜃q(�̂�1,−q,−𝑝𝑧
− �̂�†1q𝑝𝑧

)

]︃

=− 𝑐

𝑒𝐿𝑧

∑︁
q𝑝𝑧

𝑒−𝑖q·r−𝑖𝑝𝑧𝑧

[︂
𝑝2𝑧 cos 𝜃q
𝑝2𝑧 + 𝑞2

Ωq

𝜔q𝑝𝑧

(︂
1

Ωq + 𝜔q𝑝𝑧

− 1

Ωq − 𝜔q𝑝𝑧

)︂
(𝐿𝜌*

q �̂�
†
q − 𝐿𝜌

−q�̂�−q)

− 𝑐2𝑞′

𝜔q𝑝𝑧

sin 𝜃q

(︂
1

Ωq + 𝜔q𝑝𝑧

− 1

Ωq − 𝜔q𝑝𝑧

)︂
(𝐿𝑦*

q �̂�
†
q − 𝐿𝑦

−q�̂�−q)

]︂
=− 𝑐

𝑒

∑︁
q

𝑒−𝑖q·r

[︃
𝐿𝜌*
q cos 𝜃q

(︃
𝑞𝑒−𝑞𝑧

Ωq
− 𝑞′𝑒−𝑞′𝑧

Ωq

)︃
− 𝐿𝑦*

q 𝑒
−𝑞′𝑧 sin 𝜃q

]︃
�̂�†

q + ℎ.𝑐. (80)

and

𝐴𝑦(r, 𝑧) =
∑︁
q𝑝𝑧

(︂
2𝜋~𝑐2

𝜈𝜔q𝑝𝑧

)︂1/2

𝑒𝑖q·r+𝑖𝑞𝑧𝑧

[︃
𝑞𝑧 sin 𝜃q√︀
𝑞2 + 𝑞2𝑧

(�̂�2q𝑞𝑧 + �̂�†2,−q,−𝑞𝑧
)− cos 𝜃q(�̂�1q𝑞𝑧 − �̂�†1,−q,−𝑞𝑧

)

]︃

=
∑︁
q𝑞𝑧

(︂
2𝜋~𝑐2

𝜈𝜔q𝑞𝑧

)︂1/2

𝑒−𝑖q·r−𝑖𝑞𝑧𝑧

[︃
𝑞𝑧 sin 𝜃q√︀
𝑞2 + 𝑞2𝑧

(�̂�2,−q,−𝑞𝑧 + �̂�†2q𝑞𝑧 ) + cos 𝜃q(�̂�1,−q,−𝑞𝑧 − �̂�†1q𝑞𝑧 )

]︃

=− 𝑐

𝑒

∑︁
q

𝑒−𝑖q·r

[︃
𝐿𝜌*
q sin 𝜃q

(︃
𝑞𝑒−𝑞𝑧

𝜔q
− 𝑞′𝑒−𝑞′𝑧

𝜔q

)︃
+ 𝐿𝑦*

q 𝑒
−𝑞′𝑧 cos 𝜃q

]︃
�̂�†

q + ℎ.𝑐. (81)
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the 𝑧 direction

𝐴𝑧(r, 𝑧) =−
∑︁
q𝑞𝑧

(︂
2𝜋~𝑐2

𝜈𝜔q𝑞𝑧

)︂1/2

𝑒−𝑖q·r−𝑖𝑞𝑧𝑧
𝑞√︀

𝑞2 + 𝑞2𝑧
(�̂�2,−q,−𝑞𝑧 + �̂�†2q𝑞𝑧 )

=
𝑐

𝑒𝐿𝑧

∑︁
q𝑞𝑧

𝑒−𝑖q·r−𝑖𝑞𝑧𝑧
𝑞𝑞𝑧

𝑞2𝑧 + 𝑞2
𝜔q

𝜔q𝑞𝑧

(︂
1

𝜔q + 𝜔q𝑞𝑧

− 1

𝜔q − 𝜔q𝑞𝑧

)︂
(𝐿𝜌*

q �̂�
†
q − 𝐿𝜌

−q�̂�−q)

=
𝑖𝑐

𝑒

∑︁
q

𝑒−𝑖q·r𝐿
𝜌*
q 𝑞

𝜔q
(𝑒−𝑞𝑧 − 𝑒−𝑞′𝑧)�̂�†

q + ℎ.𝑐. (82)

Now, the electric field from vector field reads Ê𝑟(r, 𝑧) = −𝜕𝑡Â(r, 𝑧)/𝑐 and

Ê𝑟
𝑥(r, 𝑧) =

𝑖

𝑒

∑︁
q

𝑒−𝑖q·r[𝐿𝜌*
q cos 𝜃q(𝑞𝑒

−𝑞𝑧 − 𝑞′𝑒−𝑞′𝑧)− Ωq𝐿
𝑦*
q 𝑒

−𝑞′𝑧 sin 𝜃q]�̂�
†
q + ℎ.𝑐.

Ê𝑟
𝑦(r, 𝑧) =

𝑖

𝑒

∑︁
q

𝑒−𝑖q·r[𝐿𝜌*
q sin 𝜃q(𝑞𝑒

−𝑞𝑧 − 𝑞′𝑒−𝑞′𝑧) + Ωq𝐿
𝑦*
q 𝑒

−𝑞′𝑧 cos 𝜃q]�̂�
†
q + ℎ.𝑐.

Ê𝑟
𝑧(r, 𝑧) =

1

𝑒

∑︁
q

𝑒−𝑖q·r𝐿𝜌*
q 𝑞(𝑒

−𝑞𝑧 − 𝑒−𝑞′𝑧)�̂�†
q + ℎ.𝑐. (83)

where q̃ is a in-plane vector perpendicular to q (𝜃q̃ = 𝜃q + 𝜋/2, illustrated in Figure 1c in the main text), and q′

means the magnitude of q reduced from 𝑞 to 𝑞′ =
√︁
𝑞2 − Ω2

q/𝑐
2. Finally, the total electric field reads

�̂�(x) = �̂�𝑠(x) + Ê𝑟(x) = −1

𝑒

∑︁
q

𝑒−𝑖q·r−𝑞′𝑧[(𝑖q′, 𝑞)𝐿𝜌*
q +Ωq

q̃

𝑞
𝐿𝑦*
q ]�̂�†

q + ℎ.𝑐.. (84)

Now, the interaction Hamiltonian through electric field �̂�𝑓
𝑖𝑛𝑡 = −

∫︀
�̂�(x) · Ê(x)𝑑x reads

�̂�𝑓
𝑖𝑛𝑡 =𝑒

∫︁
Ψ̂†

𝑒𝑡(x)[x · Ê(x)]Ψ̂𝑒𝑡(x)𝑑x

≈
∑︁
𝑖𝑗q

𝑔𝑖𝑗𝑓 (q)𝜑†𝑖𝜑𝑗�̂�
†
q + ℎ.𝑐., (85)

with the interaction strength

𝑔𝑖𝑗𝑓 (q) = −𝑖(q′ · d||
𝑖𝑗 + 𝑞𝑑⊥𝑖𝑗)𝐿

𝜌*
q − Ωq

𝑞
q̃ · d||

𝑖𝑗𝐿
𝑦*
q , (86)

where d𝑖𝑗 =
∫︀
𝜑*𝑖 (x)x𝜑𝑗(x)𝑑x is the transition dipole moment, the superscript ||,⊥ means the parallel and vertical

parts.
The Hamiltonian originates from exchanging effect reads

�̂�𝑒𝑥 =

∫︁
𝑑x𝑑x′𝜑†(x)𝜑(x′)𝑉 (|x− x′|)Ψ̂†(x′)Ψ̂(x)

=
1

𝑆

∑︁
q

∑︁
𝑖𝑗k

Ψ̂†
k+qΨ̂k𝜑

†
𝑖𝜑𝑗

∫︁
𝑑r𝑑r′𝑑𝑧𝑑𝑧′𝜓(𝑧)𝜓*(𝑧′)𝜑*𝑖 (r)𝜑𝑗(r

′)𝑒𝑖k·r−𝑖(k+q)·r′𝑉 (|r− r′|, 𝑧 − 𝑧′)

=
∑︁
𝑖𝑗q

𝑔𝑒𝑥𝑖𝑗 (q)𝜑
†
𝑖𝜑𝑗�̂�

†
q + ℎ.𝑐. (87)

where the interaction strength reads

𝑔𝑒𝑥𝑖𝑗 (q) =
1

𝑆

∑︁
k𝑠𝑠′

Δ𝑛𝑠𝑠
′

kq ⟨𝑠k+ q|𝑠′k⟩(Φ𝑠𝑠′kq)
*
∫︁
𝑑r𝑑r′𝑑𝑧𝑑𝑧′𝜓(𝑧)𝜓*(𝑧′)𝜑*𝑖 (r)𝜑𝑗(r

′)𝑒𝑖k·r−𝑖(k+q)·r′𝑉 (|r− r′|, 𝑧 − 𝑧′)

=
1

𝑆

∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq

~𝜔q −Δ𝜉𝑠𝑠
′

kq

[𝐿𝜌
q|𝑊 𝑠𝑠′

kq |2 + 𝐿𝜌
q

𝑞 − 𝑞′

Ωq
(𝑊 𝑠𝑠′

kq )*𝑌 𝑠𝑠′

kq 𝑣𝑓 + 𝐿𝑦
q(𝑊

𝑠𝑠′

kq )*𝑋𝑠𝑠′

kq 𝑣𝑓 ]
*

×
∫︁
𝑑r𝑑r′𝑑𝑧𝑑𝑧′𝜓(𝑧)𝜓*(𝑧′)𝜑*𝑖 (r)𝜑𝑗(r

′)𝑒𝑖k·r−𝑖(k+q)·r′𝑉 (|r− r′|, 𝑧 − 𝑧′) (88)
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For convenience, we have defined

𝑊 𝑠𝑠′

kq = ⟨𝑠k+ q|𝑠′k⟩,
𝑋𝑠𝑠′

kq = ⟨𝑠k+ q|𝜎𝑥|𝑠′k⟩,
𝑌 𝑠𝑠′

kq = ⟨𝑠k+ q|𝜎𝑦|𝑠′k⟩ (89)

The exchange strength is quite complicated and should be calculated numerically.

𝑔𝑒𝑥𝑖𝑗 (q) =
1

𝑆

∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq

~𝜔q −Δ𝜉𝑠𝑠
′

kq

[𝐿𝜌
q|𝑊 𝑠𝑠′

kq |2 + 𝐿𝜌
q

𝑞 − 𝑞′

Ωq
(𝑊 𝑠𝑠′

kq )*𝑌 𝑠𝑠′

kq 𝑣𝑓 + 𝐿𝑦
q(𝑊

𝑠𝑠′

kq )*𝑋𝑠𝑠′

kq 𝑣𝑓 ]
*

×
∫︁
𝑑r𝑑r′𝑑𝑧𝑑𝑧′𝜓(𝑧)𝜓*(𝑧′)𝜑*𝑖 (r, 𝑧)𝜑𝑗(r

′, 𝑧′)𝑒𝑖k·r−𝑖(k+q)·r′𝑉 (|r− r′|, 𝑧 − 𝑧′)

=
1

𝑆

∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq

~𝜔q −Δ𝜉𝑠𝑠
′

kq

[𝐿𝜌
q|𝑊 𝑠𝑠′

kq |2 + 𝐿𝜌
q

𝑞 − 𝑞′

Ωq
(𝑊 𝑠𝑠′

kq )*𝑌 𝑠𝑠′

kq 𝑣𝑓 + 𝐿𝑦
q(𝑊

𝑠𝑠′

kq )*𝑋𝑠𝑠′

kq 𝑣𝑓 ]
*

×
∫︁
𝑑r𝑑r′𝑑𝑧𝑑𝑧′𝜓(𝑧)𝜓*(𝑧′)𝜑*𝑖 (r, 𝑧)𝜑𝑗(r

′, 𝑧′)𝑒𝑖k·r−𝑖(k+q)·r′ 𝑒
2

2𝜋2

∫︁
𝑑p𝑑𝑝𝑧

𝑒𝑖p·(r−r′)+𝑖𝑝𝑧(𝑧−𝑧′)

𝑝2 + 𝑝2𝑧

=
𝜆𝑓𝑒

2𝐿*
q

4𝜋2𝑆

∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq

~𝜔q −Δ𝜉𝑠𝑠
′

kq

[|𝑊 𝑠𝑠′

kq |2 + 𝑞 − 𝑞′

Ωq
(𝑊 𝑠𝑠′

kq )*𝑌 𝑠𝑠′

kq 𝑣𝑓 +
1− 𝑉𝑞𝑙Π𝑗𝑥𝑗𝑥

𝑉𝑞Π𝑗𝑦𝜌
(𝑊 𝑠𝑠′

kq )*𝑋𝑠𝑠′

kq 𝑣𝑓 ]
*

× 𝑘𝑓
𝜋

∫︁
𝑑r𝑑r′𝑑𝑧𝑑𝑧′𝜓(𝑧)𝜓*(𝑧′)𝜑*𝑖 (r, 𝑧)𝜑𝑗(r

′, 𝑧′)
𝑒𝑖(k+p)·r−𝑖(k+p+q)·r′𝑒𝑖𝑝𝑧(𝑧−𝑧′)

𝑝2 + 𝑝2𝑧
(90)

Now, let’s define

𝜂𝑖𝑗kq =
𝑘𝑓
𝜋

∫︁
𝑑r𝑑r′𝑑𝑧𝑑𝑧′𝜓(𝑧)𝜓*(𝑧′)𝜑*𝑖 (r, 𝑧)𝜑𝑗(r

′, 𝑧′)
𝑒𝑖(k+p)·r−𝑖(k+p+q)·r′𝑒𝑖𝑝𝑧(𝑧−𝑧′)

𝑝2 + 𝑝2𝑧
, (91)

𝜂𝑖𝑗q =
𝑉𝑞
𝑆

∑︁
𝑠𝑠′k

𝜂𝑖𝑗kqΔ𝑛
𝑠𝑠′

kq

~𝜔q −Δ𝜉𝑠𝑠
′

kq

[|𝑊 𝑠𝑠′

kq |2 + 𝑞 − 𝑞′

Ωq
(𝑊 𝑠𝑠′

kq )*𝑌 𝑠𝑠′

kq 𝑣𝑓 +
1− 𝑉𝑞𝑙Π𝑗𝑥𝑗𝑥

𝑉𝑞Π𝑗𝑦𝜌
(𝑊 𝑠𝑠′

kq )*𝑋𝑠𝑠′

kq 𝑣𝑓 ]
* (92)

We can express the exchange interaction strength in a simpler form

𝑔𝑒𝑥𝑖𝑗 (q) =
𝑞𝜆𝑓𝐿

*
q

8𝜋3
𝜂𝑖𝑗q (93)

Suppose the envelop function 𝜓(𝑧) is a Gaussian function 𝑏
−1/2
𝑠 (2𝜋)−1/4 exp(−𝑧2/4𝑏2𝑠), and the emitters are 2D

hydrogen like atoms with envelop function 𝑏−1/2
𝑒 (2𝜋)−1/4 exp(−(𝑧 − 𝑑)2/4𝑏2𝑒), we have

𝜂𝑖𝑗kq =
𝑘𝑓
𝜋

∫︁
𝑑𝑝𝑧𝑑r𝑑r

′𝑑𝑧𝑑𝑧′𝜓(𝑧)𝜓*(𝑧′)𝜑*𝑖 (r, 𝑧)𝜑𝑗(r
′, 𝑧′)

𝑒𝑖p·r−𝑖(p+q)·r′𝑒𝑖𝑝𝑧(𝑧−𝑧′)

𝑝2 + 𝑘2 − 2𝑝𝑘 cos (𝜃p − 𝜃k) + 𝑝2𝑧

=
𝑘𝑓𝑒

−𝑑2/2𝑏2𝑒

2𝜋2𝑏𝑠𝑏𝑒

∫︁
𝑑p𝑑𝑝𝑧𝑑r𝑑r

′𝜑*𝑖 (r)𝜑𝑗(r
′)

𝑒𝑖p·r−𝑖(p+q)·r′

𝑝2 + 𝑘2 − 2𝑝𝑘 cos (𝜃p − 𝜃k) + 𝑝2𝑧

∫︁
𝑒
− 1

4 (
1
𝑏2𝑠

+ 1
𝑏2𝑒

)𝑧2+( 𝑑
2𝑏2𝑒

+𝑖𝑝𝑧)𝑧
𝑒
− 1

4 (
1
𝑏2𝑠

+ 1
𝑏2𝑒

)𝑧′2+( 𝑑
2𝑏2𝑒

−𝑖𝑝𝑧)𝑧
′

𝑑𝑧𝑑𝑧′

=
𝑘𝑓𝑏𝑠𝑏𝑒𝑒

−𝑑2/2(𝑏2𝑠+𝑏2𝑒)

2𝜋2(𝑏2𝑠 + 𝑏2𝑒)

∫︁
𝑝𝑟𝑟′𝑑𝑝𝑧𝑑𝑝𝑑𝑟𝑑𝑟

′𝑑𝜃p𝑑𝜃r𝑑𝜃r′𝑒
−𝑖𝑚𝑖𝜃r𝜑*𝑖 (𝑟)𝑒

𝑖𝑚𝑗𝜃r′𝜑𝑗(𝑟
′)
𝑒𝑖𝑝𝑟 cos (𝜃p−𝜃r)−𝑖|p+q|𝑟′ cos (𝜃p+q−𝜃r′ )

𝑝2 + 𝑘2 − 2𝑝𝑘 cos (𝜃p − 𝜃k) + 𝑝2𝑧
𝑒
−2

𝑏2𝑠𝑏2𝑒
𝑏2𝑠+𝑏2𝑒

𝑝2
𝑧

=
𝑘𝑓𝑏𝑠𝑏𝑒𝑒

−𝑑2/2(𝑏2𝑠+𝑏2𝑒)

2𝜋2(𝑏2𝑠 + 𝑏2𝑒)

∫︁
𝑝𝑟𝑟′𝑑𝑝𝑧𝑑𝑝𝑑𝑟𝑑𝑟

′𝑑𝜃′p𝑑𝜃
′
r𝑑𝜃

′
r′𝜑

*
𝑖 (r)𝜑𝑗(r

′)
𝑒𝑖𝑝𝑟 cos 𝜃′

r−𝑖|p+q|𝑟′ cos 𝜃′
r′−𝑖𝑚𝑖(𝜃

′
r+𝜃′

p+𝜃k)+𝑖𝑚𝑗(𝜃
′
r′+𝜃p+q)

𝑝2 + 𝑘2 − 2𝑝𝑘 cos 𝜃′p + 𝑝2𝑧
𝑒
−2

𝑏2𝑠𝑏2𝑒
𝑏2𝑠+𝑏2𝑒

𝑝2
𝑧

≈𝑘𝑓𝑏𝑠𝑏𝑒𝑒
−𝑑2/2(𝑏2𝑠+𝑏2𝑒)

2𝜋2(𝑏2𝑠 + 𝑏2𝑒)

∫︁
𝑝𝑟𝑟′𝑑𝑝𝑧𝑑𝑝𝑑𝑟𝑑𝑟

′𝑑𝜃′p𝑑𝜃
′
r𝑑𝜃

′
r′𝜑

*
𝑖 (r)𝜑𝑗(r

′)
𝑒𝑖𝑝𝑟 cos 𝜃′

r−𝑖𝑝𝑟′ cos 𝜃′
r′−𝑖𝑚𝑖(𝜃

′
r+𝜃′

p+𝜃k)+𝑖𝑚𝑗(𝜃
′
r′+𝜃′

p+𝜃k)

𝑝2 + 𝑘2 − 2𝑝𝑘 cos 𝜃′p + 𝑝2𝑧
𝑒
−2

𝑏2𝑠𝑏2𝑒
𝑏2𝑠+𝑏2𝑒

𝑝2
𝑧

(94)

where we have applied the limit 𝑞/𝑘𝑓 → 0 (expanding 𝑒𝑖q·r
′
and only keep the constant term), when 𝑚𝑖 = 𝑚𝑗 = 0,
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we have 𝜑𝑖,𝑗(r) = 1/
√
2𝜋𝜑𝑖,𝑗(𝑟), and can get a simple expression

𝜂𝑖𝑗kq =
𝑘𝑓𝑏𝑠𝑏𝑒𝑒

−𝑑2/2(𝑏2𝑠+𝑏2𝑒)

4𝜋3(𝑏2𝑠 + 𝑏2𝑒)

∫︁
𝑝𝑟𝑟′𝑑𝑝𝑧𝑑𝑝𝑑𝑟𝑑𝑟

′𝑑𝜃′p𝑑𝜃
′
r𝑑𝜃

′
r′𝜑

*
𝑖 (𝑟)𝜑𝑗(𝑟

′)
𝑒𝑖𝑝𝑟 cos 𝜃′

r−𝑖𝑝𝑟′ cos 𝜃′
r′

𝑝2 + 𝑘2 − 2𝑝𝑘 cos 𝜃′p + 𝑝2𝑧
𝑒
−2

𝑏2𝑠𝑏2𝑒
𝑏2𝑠+𝑏2𝑒

𝑝2
𝑧

=
𝑘𝑓𝑏𝑠𝑏𝑒𝑒

−𝑑2/2(𝑏2𝑠+𝑏2𝑒)

𝜋(𝑏2𝑠 + 𝑏2𝑒)

∫︁
𝑝𝑟𝑟′𝑑𝑝𝑧𝑑𝑝𝑑𝑟𝑑𝑟

′𝑑𝜃′p𝜑
*
𝑖 (𝑟)𝜑𝑗(𝑟

′)
𝐽0(𝑝𝑟)𝐽0(𝑝𝑟

′)

𝑝2 + 𝑘2 − 2𝑝𝑘 cos 𝜃′p + 𝑝2𝑧
𝑒
−2

𝑏2𝑠𝑏2𝑒
𝑏2𝑠+𝑏2𝑒

𝑝2
𝑧

=
𝑘𝑓𝑏𝑠𝑏𝑒𝑒

−𝑑2/2(𝑏2𝑠+𝑏2𝑒)

(𝑏2𝑠 + 𝑏2𝑒)

∫︁
𝑝𝑟𝑟′𝑑𝑝𝑑𝑟𝑑𝑟′𝑑𝜃′p𝜑

*
𝑖 (𝑟)𝜑𝑗(𝑟

′)
𝐽0(𝑝𝑟)𝐽0(𝑝𝑟

′)√︁
𝑝2 + 𝑘2 − 2𝑝𝑘 cos 𝜃′p

𝑒
2

𝑏2𝑠𝑏2𝑒
𝑏2𝑠+𝑏2𝑒

(𝑝2+𝑘2−2𝑝𝑘 cos 𝜃′
p)

× Erfc

(︃
√
2

𝑏𝑠𝑏𝑒√︀
𝑏2𝑠 + 𝑏2𝑒

√︁
𝑝2 + 𝑘2 − 2𝑝𝑘 cos 𝜃′p

)︃

=
𝑘𝑓𝑏𝑠𝑏𝑒𝑒

−𝑑2/2(𝑏2𝑠+𝑏2𝑒)

(𝑏2𝑠 + 𝑏2𝑒)

∫︁
𝑝𝑟𝑟′𝑑𝑝𝑑𝑟𝑑𝑟′𝑑𝜃′p𝜑

*
𝑖 (𝑟)𝜑𝑗(𝑟

′)
𝐽0(𝑝𝑟)𝐽0(𝑝𝑟

′)√︁
𝑝2 + 𝑘2 − 2𝑝𝑘 cos 𝜃′p

×
[︃
1− 2

√︀
2/𝜋

𝑏𝑠𝑏𝑒√︀
𝑏2𝑠 + 𝑏2𝑒

√︁
𝑝2 + 𝑘2 − 2𝑝𝑘 cos 𝜃′p +𝑂

(︂
𝑏2𝑠𝑏

2
𝑒

𝑏2𝑠 + 𝑏2𝑒
(𝑝2 + 𝑘2 − 2𝑝𝑘 cos 𝜃′p)

)︂]︃

≈𝑘𝑓𝑏𝑠𝑏𝑒𝑒
−𝑑2/2(𝑏2𝑠+𝑏2𝑒)

(𝑏2𝑠 + 𝑏2𝑒)

∫︁
𝑝𝑟𝑟′𝑑𝑝𝑑𝑟𝑑𝑟′𝑑𝜃′p𝜑

*
𝑖 (𝑟)𝜑𝑗(𝑟

′)
𝐽0(𝑝𝑟)𝐽0(𝑝𝑟

′)√︁
𝑝2 + 𝑘2 − 2𝑝𝑘 cos 𝜃′p

=
2𝑘𝑓𝑏𝑠𝑏𝑒𝑒

−𝑑2/2(𝑏2𝑠+𝑏2𝑒)

𝑏2𝑠 + 𝑏2𝑒

∫︁
𝑝𝑟𝑟′𝑑𝑝𝑑𝑟𝑑𝑟′𝜑*𝑖 (𝑟)𝜑𝑗(𝑟

′)𝐽0(𝑝𝑟)𝐽0(𝑝𝑟
′)

[︂
𝐾(−4𝑘𝑝/(𝑘 − 𝑝)2)

|𝑘 − 𝑝| +
𝐾(4𝑘𝑝/(𝑘 + 𝑝)2)

𝑘 + 𝑝

]︂
(95)

which means 𝜂𝑖𝑗kq is independent with the direction of k, and from now on, we write it as 𝜂𝑖𝑗𝑘q. Note that Δ𝑛𝑠𝑠
′

kq is
none zero only when 𝑘 ≈ 𝑘𝑓 at the limit of 𝑞/𝑘𝑓 → 0, so we have

𝜂𝑖𝑗q ≈ 𝜂𝑖𝑗𝑘𝑓q

𝑉𝑞
𝑆

∑︁
𝑠𝑠′k

Δ𝑛𝑠𝑠
′

kq

~𝜔q −Δ𝜉𝑠𝑠
′

kq

[︂
|𝑊 𝑠𝑠′

kq |2 + 𝑞 − 𝑞′

Ωq
(𝑊 𝑠𝑠′

kq )*𝑌 𝑠𝑠′

kq 𝑣𝑓 +
1− 𝑉𝑞𝑙Π𝑗𝑥𝑗𝑥

𝑉𝑞Π𝑗𝑦𝜌
(𝑊 𝑠𝑠′

kq )*𝑋𝑠𝑠′

kq 𝑣𝑓

]︂*
= 𝜂𝑖𝑗𝑘𝑓q

(96)

As examples, we calculate 𝜂00,10

𝜂00,10𝑘𝑓q

=
2𝑘𝑓𝑏𝑠𝑏𝑒𝑒

−𝑑2/2(𝑏2𝑠+𝑏2𝑒)

𝑏2𝑠 + 𝑏2𝑒

∫︁
𝑝𝑟𝑟′𝑑𝑝𝑑𝑟𝑑𝑟′

16

3
√
3𝑎20

(︂
1− 4𝑟′

3𝑎0

)︂
𝑒−

2𝑟
𝑎0

− 2𝑟′
3𝑎0 𝐽0(𝑝𝑟)𝐽0(𝑝𝑟

′)

[︂
𝐾(−4𝑘𝑓𝑝/(𝑘𝑓 − 𝑝)2)

|𝑘𝑓 − 𝑝| +
𝐾(4𝑘𝑓𝑝/(𝑘𝑓 + 𝑝)2)

𝑘𝑓 + 𝑝

]︂
=
2𝑘𝑓𝑏𝑠𝑏𝑒𝑒

−𝑑2/2(𝑏2𝑠+𝑏2𝑒)

𝑏2𝑠 + 𝑏2𝑒

∫︁
𝑝𝑑𝑝

16

3
√
3

108𝑎20
(︀
9𝑎20𝑝

2 − 4
)︀

(𝑎20𝑝
2 + 4)

3/2
(9𝑎20𝑝

2 + 4)
5/2

[︂
𝐾(−4𝑘𝑓𝑝/(𝑘𝑓 − 𝑝)2)

|𝑘𝑓 − 𝑝| +
𝐾(4𝑘𝑓𝑝/(𝑘𝑓 + 𝑝)2)

𝑘𝑓 + 𝑝

]︂

=
2𝑏𝑠𝑏𝑒𝑒

−𝑑2/2(𝑏2𝑠+𝑏2𝑒)

𝑏2𝑠 + 𝑏2𝑒

∫︁
𝑥𝑑𝑥

16

3
√
3

108𝑎20𝑘
2
𝑓

(︁
9𝑎20𝑘

2
𝑓𝑥

2 − 4
)︁

(︁
𝑎20𝑘

2
𝑓𝑥

2 + 4
)︁3/2 (︁

9𝑎20𝑘
2
𝑓𝑥

2 + 4
)︁5/2 [︂𝐾(−4𝑥/(1− 𝑥)2)

|1− 𝑥| +
𝐾(4𝑥/(1 + 𝑥)2)

1 + 𝑥

]︂
(97)

For 𝑏𝑠 = 𝑏𝑒 and 𝑑 = 0, we’ve plotted 𝜂00,10 in Fig. 1 at the typical parameters 𝑎0 ∈ (1, 5) nm, 𝑘𝑓 ≈ 3 × 108 m−1

(when 𝑣𝑓 ≈ 5× 105 m/s, 𝜇 ≈ 100 meV), we have 𝑎0𝑘𝑓 ∈ (0.3, 1.5), and 𝜂(𝑘𝑓 )00,10 ∈ (−0.87, 0.12).
Finally, we can calculate the exchange interaction to field interaction ratio

𝑔𝑖𝑗𝑒𝑥(q)/𝑔
𝑖𝑗
𝑓 (q) = 𝑖

𝜂𝑖𝑗(𝑘𝑓 )

8𝜋3

𝑞𝜆𝑓
d𝑖𝑗 · q′ (98)

Note that

d00,11 =

∫︁
𝑟𝑑𝑟𝑑𝜃

32𝑟2 cos2 𝜃

9
√
6𝜋𝑎30

𝑒−
8𝑟
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FIG. 1. (Color online) 𝜂00,10 and 𝜂00,10/𝑎0𝑘𝑓 as functions of 𝑎0𝑘𝑓 .
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