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I. METHODS

For n = 4, the structure set consists of 4 ob-
jects and the connection graph defined by the one-
step folding is just a three-star graph (see Fig. 1(b)).
There are totally 16 possible sequences in the sequence
set Q4 = {[1],]2],---,[16]} (see Table SI for details)
This sequence set is partitioned into three subsets, i.e.,
Q) = {Q1,Q2,Qs} with Q1 = {[1],[3],[5.[7]}, Q> =
(2], 141,16, 18], 191, [12], (23], [15]} and Q5 = {[10)
[12],[14],[16]}. Their corresponding potential energies
(£1,E2,E3,&4) are calculated as (0,0,0,0), (0,0,0,—1)
and (0,0,0,—2.3) respectively. Thus there will be three
situations in the discussion on the time evolution. For
the classical random walk on graph G,, we have
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where Q = (£,)?/[(£,)?+1] with the contact energy £, =
0, —1, and — 2.3 respectively for @1, @2 and Q3 cases.
For each case we solve the equation (4) with the initial
condition p,(0) = 41 and pa(O) 04,4, Tespectively,

and get the time evolution of p{' ( ) and P (t) where
the superscript is used to distinguish the solutions with
different initial conditions.

A. The density matrices

The quantum walk on a graph G,, is described by the
time evolution of a density matrix that is governed by the
matrix equation (6) of the main textwhere the Hamilto-
nian H" is of sequence [v] dependent. As an example,
we first illustrate the case of n = 4, for which the Hamil-
tonian reads
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where EZEV] = 0 for the sequences in the subset Q1, &EV] =

—1 for those in ()2, and 5[ Yl = 2.3 for those in Q3. For
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each case, we substitute Eq. (1) into Eq. (6) of the main
text to determine the time evolution of the 4 by 4 density
matrix p(t) = {pap(t) | a,b=1,2,3,4}. In our numerical
calculation, we set i and J to be unity and take the time
step as At = 0.02. For the initial condition, p;,(0) =1
and the other matrix elements vanish when ¢t = 0, we
solve the aforementioned first-order differential equation
(6) of the main text by means of Runge-Kutta method

and obtain the magnitudes of p( )( t) at any later time,
t=j*At with j =1,2,-

In order to have an intuitive picture we plot in Fig. S2

the density matrix at a certain time ¢ when pfl i( t) first

reaches its maximum value. The off-diagonal elements of
density matrix in quantum mechanics are usually com-
plex numbers, so we use histogram heights to evaluate
the modules and colors to label the phases of the complex
numbers. The time dependence of the diagonal element
of the solved density matrix for the @3 case is plotted
in Fig. 2 for an intuitive illustration. Likewise, we need
to solve the density matrix for another initial condition,
044(0) = 1 again so that the first-passage probability can
be determined.

Similarly, the study of the quantum walk on the graph
G is a task to solve the 22 by 22 density matrix from
Eq. (6) of the main text for the forty-five situations (see
Table SIIT) one by one. Here the potential term in the
total Hamiltonian is expressed as V = Z & | a){a |
with &, # 0 for a = 4,8,9,10,16,17,18,19 and 20 while
Ea —0f0ra-12356711 12,13,14,15,21 and 22.
In terms the solved density matrices we can calculate the
fist-passage probability furthermore.

B. The first-passage probabilities

For numerical calculation, the discrete version of

Eq. (8) is given by

- P1’4(/{7 * At)
F14(k * At) = Al
k-1
= Fia(lx APy a((k — 1) * At), (2)
1=0
with £k =1,2,---. As we have P; 4(i * At) = péﬁ)(z’ * At),

Py 4(ixAt) = P4(;4) (ix At) together with the natural initial
conditions F; 4(0) = 0, P1 4(0) = 0 and P, 4(0) = 1, the
above relation (2) for k = 1 gives rise to Fy 4(At) =
Py 4(At)/At, and furthermore for k = 2,--- iteratively
gives rise to Fy 4(k * At). Since Fy 4(k * At) oscillates
with time, when F} 4(k x At) first appears to be negative



value, we record the corresponding value of k as ky. This
implies that the upper limit of integration 79 in Eq. (9)
of the main text is between the value of (kg — 1) x At and
ko * At. In our calculation of the folding time, we take
70 =~ (ko — 1) * At in the discrete version of the formula
(9) consequently,

Z‘):_ll ks At * Fy 4(k * At) « At
PRk s Aty x AL
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We calculated the folding times numerically for each case,
our results are listed in the Tables SIV, SV and SVI.

II. SUPPLEMENTAL FIGURES AND TABLES

FIG. S1. The contents of the structure set Sg. There are
twenty-two distinct structures for the amino-acid chain
with six residues (the case of n=6). Here the structures
numbered as 9, as 19, and as 20 are called the most compact
structures. The contact energy & # 0 for the structure-a
with a = 4,8,9,10,16,17,18,19 and 20, while &, = 0 for the
other structures.
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FIG. S2. Color histogram of the density matrix. The solved
density matrix at the first time when pfél) reaches its maxi-
mum value is plotted in terms of colored histogram, in which
the heights evaluate the modules of the matrix element and
the colors measured in the color-bar present their complex-
number phases. We plotted density matrices, respectively
from the solutions, (a) for the subset Q1 at t = 1.82, (b) for
Q2 at t = 1.70 and (c) for Q3 at t = 1.52. Clearly, the exis-
tence of off-diagonal elements reflects the quantum coherence
that speeds up the protein folding process.
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FIG. S3. The evolution of quantum and classical probabilities. The time dependence of the diagonal elements of the quantum
mechanical density matrix and the corresponding classical counterparts for the other two sequence subsets Q1 (left panel) and
Q2 (right panel). The diagonal elements of the density matrix solved from the initial conditions (a) p(0) =| s1)(s1 | and (b)
p(0) =| s4)(ss |. The corresponding classical solutions of the probability distribution solved from two initial conditions (c)

pp(0) = 61 and (d) py(0) = Jpa.

TABLE SI. The collection of sequences in the sequence set Q4

[2] = (P’ P7 P7 H)

[1]= (P, P, P, P)
[5] = (P, H,P,P)
[9] = (H, P, P,P) [10
[18] = (H,H,P,P) [14

|=
|=

[6]=(P,H,P H)
(H,P,P,H)
(H,H,P,H)

[
[
11
[

]
15]

3] =(
7= (

P,P, H,P)
P,H, H,P)
(H,P,H,P)
(H,H,H,P)

4]=(P,P,H,H)
8] = (P,H,H, H)
12 = (H,P,H, H)
16] = (H,H, H, H)




TABLE SII. The collection of sequences in the sequence set Qg

[1]=(P,P,P,P,P,P) [2] = (P,P,P,P,P,H) [8] = (P,P,P,P,H,P)
[4]=(P,P,P,P,H,H) [5] = (P,P,P,H, P, P) [6]=(P,P,P,H,P,H)
[7=(P,P,P,H,H,P) [8] = (P,P,P,H,H,H) [9] = (P,P,H,P,P,P)
[10] = (P,P,H, P, P, H) [11] = (P,P,H, P, H, P) [12] = (P,P,H, P,H, H)
[13] = (P,P,H, H, P, P) [14] = (P,P,H,H, P, H) [15] = (P,P,H, H, H, P)
[16] = (P,P,H,H,H, H) [17] = (P,H, P, P, P, P) [18] = (P,H,P,P,P,H)
[19] = (P,H, P, P, H, P) [20] = (P, H, P, P, H, H) [21] = (P, H, P, H, P, P)
[22] = (P,H,P,H,P,H) (28] = (P, H, P, H, H, P) [24] = (P,H,P,H,H,H)
[25] = (P,H, H, P, P, P) [26] = (P, H, H, P, P, H) [27] = (P, H, H, P, H, P)
[28] = (P,H,H,P,H, H) [29] = (P,H,H,H, P, P) [80) = (P,H,H,H, P, H)
[31)=(P,H,H,H,H, P) [82]) = (P,H,H,H,H, H) [33] = (H, P, P, P, P, P)
[34]= (H,P,P,P,P,H) [85] = (H,P,P,P,H,P) [86] = (H,P,P,P,H,H)
[37 = (H,P,P,H, P, P) [88] = (H,P,P,H,P,H) [89] = (H,P,P,H, H, P)
[40]= (H,P,P,H,H,H) [41]=(H,P,H,P,P,P) [42] = (H,P,H,P,P,H)
[43]= (H,P,H,P,H, P) [44]=(H,P,H,P,H,H) [45]=(H,P,H,H, P, P)
[46]= (H,P,H,H,P,H) [47)=(H,P,H,H,H,P) [48]=(H,P,H,H,H,H)
49| = (H,H,P,P,P,P) [50] = (H,H,P,P,P,H) [51]=(H,H,P,P,H,P)
[62] = (H,H,P,P,H,H) [58] = (H,H,P,H, P, P) [54]=(H,H,P,H,P H)
[65] = (H,H,P,H,H,P) [56] = (H,H,P,H,H, H) [57] = (H,H,H, P, P, P)
[68] = (H,H,H,P,P,H) [59] = (H,H,H, P, H,P) [60] = (H,H,H,P,H,H)
[61] = (H,H, H, H, P, P) [62] = (H,H, H, H, P, H) [65] = (H, H,H, H, H, P)
[64]=(H,H,H,H H, H)
TABLE SIII. The degeneracy of contact energies in Gg
Q1={[1]} Q2={[2]} Qs={[3],[17]}
Qs={[4],[181} Qs={[5]} Qe={[6],[41]}
Q7={[7],[21]} Qs={[8],[22],[43], [57]} Qo={[9]}
Quo={[10]} Qu={[11],[25]} Q2={[12], [26]}
Qus={[13]} Qua={[14]} Qus={[15], [29]}
Que={[16], [50]} Qu7r={[19]} Qus={[20]}
Quo={[23]} Q20={[24],[59]} Q21={[27]}
Q22={[28]} Q23={[51]} Q2a={[52]}
Q25={[33]} Q26={[34]} Q2r={[35], [491}
Q2s={[36],[50]} Q20={[37]} Q30={[38]}
QRa1={[39], [53]} Q32={[40], [54]} Qss={[42]}
Q3a={[44], [58]} Q3s={[45]} Qss={[46]}
Qsr={[47],[61]} Qas={[48], [62]} Q3o={[51]}
Qao={[52]} Qu={[55]} Qa2={[56]}
Qas={[60]} Qaa={[65]} Qas={[64]}

The set Gg is partitioned into forty-five subsets within which all sequences possess the same energies.



TABLE SIV. Comparison of the protein folding times for the forty-five situations (A)

subset T e Tra/Tia subset T T Tra/Tia
Q1 6.013334 136.035087 22.622240 Q2 : 3.098551 160.247563 51.716936
Qs : 3.520525 96.315062 27.358153 Q4 2.967067 112.623345 37.957803
Qs : 6.458355 146.705338 22.715589 Qs : 2.866759 181.768820 63.405686
Q7 3.392589 103.502335 30.508362 Qs : 2.889039 126.895859 43.923207
Qo : 6.038505 157.593573 26.098111 Q1o : 2.921799 247.545879 84.723788
Q11 : 3.327806 110.875024 33.317755 Q12 : 2.801380 171.669173 61.280217
Q13 : 7.234799 169.607081 23.443233 Q14 : 2.946329 275.445274 93.487616
Q15 : 3.191671 118.864775 37.242177 Q16 : 2.708122 190.313983 70.275262
Q17 : 4.216321 68.078909 16.146519 Q1s : 4.724344 78.765355 16.672231
Q19 : 3.016037 72.794175 24.135704 Q20 : 3.612531 87.963045 24.349423
Q21 : 3.804250 77.658548 20.413629 Q22 : 3.512217 117.651074 33.497667
Q23 : 3.396357 82.796081 24.377909 Q24 : 3.900503 129.733781 33.260782
Q25 : 3.066039 156.489675 51.039688 Q26 : 2.388859 202.780028 84.885725
Qa7 : 2.937746 110.044318 37.458759 Qas : 2.441537 141.135648 57.806066
Q29 : 2.869247 210.959777 73.524439 Q30 : 2.303083 275.098917 119.448112
Q31 : 2.873812 146.665698 51.035244 Q32 : 2.232110 189.940402 85.094553
Q33 : 2.494938 301.894318 121.002734 Q34 : 2.343357 208.004786 88.763593
Qss: 2752086  237.048877  86.106096 | Qse:  5.974401  403.400204  67.521448
Qa7 : 2.697952 164.314142 60.903286 Q3s : 2.304499 277.603821 120.461680
Q39 : 3.968589 77.036636 19.411593 Qo : 3.528882 97.314095 27.576466
Qa1 : 5.378916 100.994382 18.775973 Qa2 : 3.597822 129.316623 35.943030
Qa3 : 1.893287 141.255927 74.608830 Qaa : 3.922487 112.584764 28.702393
Qa5 : 1.877747 187.603586 99.908873

The data in the above is calculated by taking the structure-9 as the target state.



TABLE SV. Comparison of the protein folding times for the forty-five situations (B)

subset Tid Tid Tra/Tia subset Ted Tia Tea/Tia
Q1 3.007868 58.811334 19.552498 Q2 : 2.479394 56.885456 22.943290
Qs : 2.915515 62.760625 21.526428 Q4 : 2.737002 60.829525 22.224874
Qs : 2.662492 61.269774 23.012191 Qs : 2.184729 55.766683 25.525675
Q7 2.610164 65.195489 24.977545 Qs : 2.355810 59.440630 25.231504
Qo : 2.561153 66.410402 25.929885 Q1o : 2.121793 80.139792 37.769845
Q11 : 2.650392 70.320819 26.532233 Q12 : 2.376243 83.876242 35.297839
Q13 : 2.298248 55.371229 24.092800 Q14 : 1.866984 62.231172 33.332461
Q15 : 2.443572 58.510481 23.944652 Q16 : 2.099786 65.095912 31.001213
Q17 : 3.058518 80.326256 26.263130 Q138 : 2.892302 78.325642 27.080727
Q19 : 4.049810 82.688870 20.417963 Q20 : 3.704805 75.757923 20.448559
Q21 : 4.850417 87.771468 18.095654 Q22 : 2.640431 100.666945 38.125194
Q23 : 2.511114 72.516173 28.878089 Q24 : 2.270134 77.941553 34.333459
Q25 : 1.352143 61.804911 45.708857 Q26 : 2.105304 57.913441 27.508351
Qo : 2.544296 66.400618 26.097835 Q23 : 2.252789 63.908920 28.368800
Q29 : 1.286258 73.047173 56.790452 Q30 : 3.928691 66.756540 16.992057
Q31 : 1.301468 77.602514 59.626909 Q32 : 3.513602 72.667062 20.681643
Q33 : 1.785740 62.875193 35.209601 Q34 : 2.030462 67.511972 33.249562
Qss:  A781740  64.586440 13506891 | Qs:  1.588760  60.753000  38.239256
Qa7 : 2.076350 68.193510 32.842974 Q38 : 6.287673 64.546238 10.265521
Qso: 2414371  86.787849  35.946360 | Quo:  2.252013  90.261891  40.080537
Qu: 2096400  97.939811  46.718093 || Quo:  2.004589  98.749514  49.261726
Qa3 : 2.138715 88.018182 41.154704 Quaa : 2.051656 84.318310 41.097684
Qus : 1.935271 81.391188 42.056739

The data in the above is calculated by taking the structure-19 as the target state.



TABLE SVI. Comparison of the protein folding times for the forty-five situations (C)

subset Tid Tia Tra/Tia subset Tid Tid Tra/Tia

Q1 : 3.534390 107.326690 30.366397 Q2 : 3.109753 75.781759 24.369061
Qs : 3.676584 115.724340 31.476050 Q4 : 3.021071 81.647239 27.025925
Qs : 1.985434 113.879920 57.357696 Qs : 2.996953 81.103898 27.062119
Q7 : 1.998518 122.248609 61.169631 Qs : 2.765095 86.798091 31.390636
Qo : 2.896183 73.311216 25.313047 Q1o : 6.663490 51.723617 7.762241
Q11 : 2.996405 78.338356 26.144115 Q12 : 3.925446 54.768113 13.952074
Q13 : 2.570879 76.241005 29.655618 Q14 : 2.167717 53.557491 24.706865
Q15 : 2.865303 81.211569 28.343100 Q16 : 2.252009 56.512998 25.094481
Q17 : 3.702682 151.733536 40.979359 Qs : 4.962379 106.785040 21.518921
Q19 : 2.010765 158.129502 78.641463 Q20 : 4.560383 111.178045 24.379103
Q21 : 5.453139 99.879543 18.315972 Q22 : 4.751003 67.798839 14.270426
Q23 : 4.285138 102.503862 23.920784 Q24 : 4.327710 69.153246 15.979177
Q25 : 1.966476 123.623213 62.865356 Q26 : 3.305973 96.940512 29.322838
Qa7 : 1.992959 133.386930 66.929089 Qas : 2.592900 106.332739 41.009194
Q29 : 1.710127 160.168363 93.658753 Q30 : 3.101977 124.796863 40.231395
Q31 : 1.713752 169.914771 99.147818 Q32 : 2.756688 134.294122 48.715749
Q33 : 2.157100 60.285284 27.947376 Q34 : 7.491422 65.002142 8.676876
Q35 : 2.896166 100.987316 34.869312 Q36 : 2.057256 73.265667 35.613296
Q37 : 2.814767 106.795670 37.941211 Q3s: 2.157124 78.093837 36.202757
Q39 : 2.008037 175.248216 87.273400 Qo : 4.387504 146.585522 33.409775
Qa1 : 1.721760 211.679379 122.943604 Qa2 : 8.130396 174.980161 21.521727
Qa3 : 7.367946 85.202543 11.563948 Qua : 3.710836 131.651748 35.477652
Qa5 : 2.161168 98.745327 45.690722

The data in the above is calculated by taking the structure-20 as the target state.



TABLE SVII. Table of notations

n number of the amino-acid residues
N, total number of protein structure (the lattice conformation)
Sn the structure set
Gn the connection graph
Qpn the sequence set
a, b, c index labelling the specific structure, which takes from 1 to NV,
&E"] contact energy of the structure s,, the superscript refers a given sequence [v]
Eab the energy difference . = E0 — &
Jop the elements of adjacency matrix that characterizes the graph G,
T the elements of the probability transition matrix, T,, = J,;/deg(b)
deg(b) the degree of vertex-b, deg(b) =" Jo
L, Lt the Lindblad operator
[V] labels for a particular sequence, where v takes from 1 to 2"
Q1, Q2, etc. subsets in Q,,, the contact energies in each subset are degenerate
p density matrix
Pab the matrix elements of p
Pa classical probability distributions
p(l)(t), ﬁ(l)(t) the superscript here specifies the initial condition from which the solution is obtained
P (t) probability from structure-a to structure-b at time ¢
Fop(t) the first-passage probability from structure-a to structure-b at time ¢
To the time period that the first-passage probability vanishes F, ,(9) =0
Tiq quantum folding time

Ty classical folding time




