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Fundamental physics often confronts complex symbolic problems with few guiding exemplars or established
principles. While artificial intelligence (AI) offers promise, its typical need for vast datasets to learn from hinders
its use in these information-scarce frontiers. We introduce learning at criticality (LaC), a reinforcement learning
scheme that tunes large language models (LLMs) to a sharp learning transition, addressing this information
scarcity. At this transition, LLMs achieve peak generalization from minimal data, exemplified by 7-digit base-7
addition—a test of nontrivial arithmetic reasoning. To elucidate this peak, we analyze a minimal concept-network
model designed to capture the essence of how LLMs might link tokens. Trained on a single exemplar, this model
also undergoes a sharp learning transition. This transition exhibits hallmarks of a second-order phase transition,
notably power-law distributed solution path lengths. At this critical point, the system maximizes a “critical
thinking pattern” crucial for generalization, enabled by the underlying scale-free exploration. This suggests
LLMs reach peak performance by operating at criticality, where such explorative dynamics enable the extraction
of underlying operational rules. We demonstrate LaC in quantum field theory: an 8 B-parameter LLM, tuned to its
critical point by LaC using a few exemplars of symbolic Matsubara sums, solves unseen, higher-order problems,
significantly outperforming far larger models. LaC thus leverages critical phenomena, a physical principle, to

empower Al for complex, data-sparse challenges in fundamental physics.
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1. Introduction. Artificial intelligence (AI) has ac-
celerated scientific discovery, yet its primary successes
are in data-rich domains leveraging pattern recognition,
a capability closely aligned with intuitive “System 1”
thinking. '™ A distinct class of frontier scientific prob-
lems, particularly in theoretical physics, presents a dif-
ferent challenge: they often necessitate deriving complex
analytical solutions through extended abstract, “System
2” reasoning, yet the very nature of these frontiers means
training data for AI models is inherently limited, [5-8] seem-
ingly placing them beyond the reach of conventional Al
reliant on vast statistical correlations.

This chasm between current AI strengths and the
needs of theoretical physics is starkly evident. In quan-

tum electrodynamics, the electron’s anomalous magnetic
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moment (a.) acts as a critical test of the standard
model. While numerical evaluations of a. coefficients
are known to high precision (e.g., up to the fifth loop),
their complete analytical derivation—essential for deep
theoretical insight—is achieved only to the third loop
after decades of effort.! % Similarly, in many-electron
systems in condensed matter, understanding phenomena
like high-temperature superconductivity relies on analyt-
ically mastering the Fermi-surface complexities in Feyn-
man diagrams. Here too, numerical methods like diagram-
matic Monte Carlo (DiagMC) provide crucial estimates
for higher-order terms, 1417 byt the analytical solution of
even low-order diagrams remains a challenging task. For
fields demanding generalizable symbolic reasoning from a
few solved instances, AI models traditionally associated
with “System 17 appear ill-equipped.
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However, recent advancements offer a new perspec-
tive. Large language models (LLMs), particularly when
augmented with reinforcement learning (RL), are begin-
ning to exhibit capabilities that transcend simple pat-
tern matching. (18251 RI, enables LLMs to actively ex-
plore problem spaces, learn from feedback on their gener-
ated reasoning pathways, and refine strategies—processes
that foster more coherent, goal-oriented, and multi-step
thought, intriguingly reminiscent of “System 2” cognition.
This opens a promising, albeit challenging, avenue for Al
to assist in domains demanding true analytical depth.

While LLMs augmented by RL show promise for
“System 2”-like reasoning, deploying them effectively in
frontier science requires navigating inherent challenges.
Firstly, the highly specialized nature of these problems
means they are often statistical outliers to an LLM’s gen-
eral pre-training. (5-81 This misalignment can lead to unre-
liable outputs or “hallucinations” [26-28] when precise sym-
bolic manipulation is critical, diminishing the utility of
off-the-shelf models. A natural corrective is targeted RL
fine-tuning, tailoring the LLM to the specific nuances of
the cutting-edge problem. Yet, this essential fine-tuning
step itself encounters a profound obstacle: the very frontier
nature that necessitates such specialization also implies an
extreme scarcity of existing data suitable for this RL pro-
cess. This creates a central dilemma: if the indispensable
RL fine-tuning must operate with exceptionally few ex-
amples, can these advanced Al models genuinely acquire
the algorithmic understanding and robust generalization
capabilities characteristic of “System 2” reasoning? 2%:3"]
Addressing this question is crucial for determining Al’s
true potential in advancing fundamental science.

In this Letter, we resolve this central dilemma by intro-
ducing “learning at criticality” (LaC), a learning scheme
inspired by critical phenomena in physics. LaC precisely
guides an LLM ¥ via RL to a narrow ‘critical’ training
phase. At this threshold, analogous to a phase transi-
tion, the LLM attains strong problem-solving capabilities
and optimal generalization. This targeted training to crit-
icality imparts to the LLM genuine, generalizable algo-
rithmic understanding from minimal data—even a single
exemplar—circumventing the data-dependency that has
historically limited conventional Al in numerous scientific
domains. Consequently, LaC enables AI to address com-
plex, abstract theoretical problems in fundamental science
previously considered intractable due to data scarcity.

We first establish LaC by training an LLM on a sin-
gle instance of 7-digit, base-7 addition, observing a peak
in its generalization capability at a precise training stage
(Fig. 1, left panel). To understand the physics underlying
this peak, we propose the concept-network model (CoNet).
This minimal model abstracts LLM reasoning, where co-
hesive sequences of autoregressively generated tokens form
“concepts”. The LLM’s problem-solving is viewed as a
stochastic traversal within an implicit network of these
concepts, with RL training [e.g., a variation of group rel-
ative policy optimization (GRPO)1*72?] adjusting inter-
concept transition probabilities. Our CoNet embodies this
as a Markovian walk on a random graph of such “con-
cepts”, where transitions are learned via reinforcement to

Remarkably, this
simplified CoNet reproduces a sharp learning transition

find paths from question to answer.

exhibiting hallmarks of a second-order phase transition:
problem-solving accuracy (Fig.2, upper panel) increases
sigmoidally, while reasoning path length variance diverges,
signaling critical fluctuations. Crucially, near this critical
point, path lengths become power-law distributed (L™,
Fig. 3), indicating an emergent “critical thinking pattern”
of diverse strategic exploration.

Finally, we apply LaC to the symbolic Matsubara fre-
quency summation in Feynman diagrams—a challenging
problem in finite-temperature many-body quantum field
theory (QFT).[134 Remarkably, fine-tuning an 8-billion
parameter LLM P4 to its critical point using only low-
order diagrams enables it to learn the symbolic procedure
and solve unseen, more complex diagrams (Fig. 1, right
panel), outperforming models with nearly two orders of
magnitude more parameters (Table 1). Our work estab-
lishes LaC as a data-efficient strategy for Al-driven discov-
ery in theoretical physics and suggests that emergent rea-
soning in Al can be understood as a critical phenomenon.

2. Learning at Criticality: A Phenomenon. Before pre-
senting a theoretical model, we empirically demonstrate
that effective learning from sparse data, while achievable,
We tasked a
Qwen2.5-7B model, ?* initially unable to perform 7-digit

critically depends on the training regime.

base-7 addition, with learning this procedure from a single
problem instance. This specific task was chosen to probe
algorithmic reasoning. Its multi-step, rule-based nature
(requiring sequential digit-by-digit processing and explicit
base-7 carrying rules) serves as a strong proxy for delibera-
tive “System 2” cognition. Furthermore, its presumed rar-
ity in pre-training corpora, particularly when contrasted
with arithmetic in common bases like 2 or 10, significantly
minimizes the likelihood of the model recalling a mem-
orized solution rather than learning the underlying algo-
rithm.

We trained the model on this one example using direct-
advantage policy optimization (DAPO), (22) which is a vari-
ant of the GRPO algorithm.**?°l It operates by having
the LLM generate multiple potential reasoning paths for
a given problem. These paths are evaluated, and their
scores, relative to the group average, guide policy updates
to the LLM’s parameters. This process strengthens transi-
tions on paths yielding above-average rewards and weakens
those on paths performing below average, thereby pref-
erentially guiding the policy towards effective reasoning
strategies.

As shown in Fig. 1 (left panel), the training accuracy on
the single problem instance (blue circles) displays a sharp,
sigmoidal transition, indicating a sudden acquisition of the
solution. This transition is not perfectly singular, likely
due to multiple valid reasoning paths (e.g., different ways
to handle carrying operations), but the qualitative feature
is clear. More importantly, when we tested the model’s
performance on 128 new, unseen 7-digit base-7 addition
problems, its generalization accuracy (orange triangles)
peaked precisely in the vicinity of this learning transition.
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Fig. 1. Critical learning from a single training example.

(left) Training a Qwen2.5-7B model on one 7-digit base-7
addition. Training accuracy (blue circles) shows a sharp
transition. Generalization to unseen additions (orange tri-
angles) peaks precisely at this critical point before overfit-
ting. (right) Similar phenomenon for a Qwen3-8B model
trained on Matsubara frequency summation (2-loop sunrise
self-energy diagram). Generalization to other unseen 2-loop
diagrams is maximized at the critical learning point.

Although this initial peak generalization rate was approxi-
mately 7% —a modest absolute value, yet significant given
it stems from a single training example—we further vali-
dated that by carefully continuing the training within this
critical regime, the model progressively enhanced its ca-
pability to solve unseen instances [see the Supplementary
Materials (SM) for details] correctly. As training contin-
ued past this point (overfitting), the model’s general ability
declined, even as its performance on the single training ex-
ample remained perfect. This finding is the cornerstone of
our LaC proposal: it demonstrates the remarkable capac-
ity of an LLM to acquire genuinely generalizable, algorith-
mic understanding from even a single exemplar, provided
the training navigates and sustains it within a transient,
optimal learning state.

3. CoNet Model for Learning Transitions. LLMs gen-
erate text autoregressively, predicting subsequent tokens
based on prior context. When an LLM predicts a sequence
of tokens where each next token has nearly 100% certainty,
we consider these tokens to form a cohesive unit, which
we abstract as a “concept”. LLM reasoning can then be
viewed as a stochastic traversal-—akin to a random walk—
within an underlying network of these concepts. GRPO
training step effectively acts as an external “tuning pa-
rameter” that modifies the transition probabilities within
the LLM'’s implicit concept network, optimizing pathways
from the “question concepts” to the “answer concepts”.

To model this process and understand the physics of
LaC, we propose the CoNet. In this minimal model, the
LLM’s abstract concept space is represented as a K-regular
random graph with N nodes (concepts). A reasoning task
is modeled as finding a path from a source node @ (ques-
tion) to a target node A (answer), constrained to a maxi-
mum path length of Limax = 200. The LLM’s token genera-
tion is simplified to a Markovian walk on this graph, where
the transition probability from concept i to a neighboring
concept j is

0:;
mo(jli) = ’ ;
ZkEneighbors(i) 0““

(1)

where 6;; € [0,1) are learnable parameters representing
transition strengths. For a given Q-A pair, M = 10%
reasoning paths (indexed by m) are sampled. Each path
receives a reward, and its advantage A,, (relative to the
average reward) guides the update of 6;; via a GRPO-
variant rule, %2122 Ag; o 37 AmVo,; logme(jli). This
reinforces transitions on above-average paths. It is im-
portant to clarify that CoNet is a minimalist abstraction
of the emergent reasoning process, not the LLM’s archi-
tecture. The model’s concepts (nodes) correspond to sta-
ble, low-entropy token sequences, while its learnable tran-
sitions (links) represent the probabilistic choices made at
high-entropy decision points during generation.

Simulations of CoNet (N = 8000 nodes, K = 5) reveal
a sharp learning transition (Fig. 2), a behavior that proves
robust across various model parameters as shown in the
SM. The accuracy (fraction of successful paths, serving as
an order parameter) displays a steep, sigmoidal increase.
Concurrently, the variance of the reasoning path lengths
exhibits a pronounced peak at the transition, analogous to
diverging susceptibility at a critical point in physical sys-
tems. These features are hallmarks of a continuous phase
transition and mirror the empirical learning peak.

The microscopic origin of this transition is revealed
in the hybrid nature of the reasoning path distribution
P(L) at criticality. As shown in Fig.3 (around step 30),
the distribution is effectively a superposition of two dis-
tinct search strategies. A peak at short lengths signi-
fies local exploration around an emergent optimal path,
a behavior that consolidates into a purely exponential de-
cay [P(L) ~ e™*F] post-transition (step 36). Coexisting
with this is a pronounced power-law tail, P(L) ~ L7
(y = 0.16), a canonical signature of scale-free, critical
phenomena (see the SM for similar results with a larger
maximum response length). The prominence of this ex-
ploratory, power-law mode is maximized at the transition,
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Fig. 2. Training dynamics of the minimal CoNet. The
figure shows the accuracy, average response length, and the
response length’s variance of the minimal model on the train-
ing problem, plotted against training steps. The accuracy
(blue) increases and the average response length (orange)
decreases in a sigmoidal manner. Concurrently, the response
length’s variance (red) exhibits a lambda-shape discontinuity
at the learning transition, mirroring the behavior of specific
heat at the lambda point marking the normal-to-superfluid
helium phase transition.
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Fig. 3. Distinct reasoning dynamics: critical power-law

search transitions to post-convergence exponential explo-
ration. Toy model reasoning response length distributions
P(L) across training epochs.
transition (e.g., step 30, orange), long exploratory responses
exhibit characteristic power-law decay P(L) ~ L~7 with
~v = 0.16 (dashed fit, left panel; also evident for early-stage
odd paths, right panel), a signature of scale-invariant crit-
ical search. Post-transition, as the policy converges (e.g.,
to a 7-step optimal odd path, step 34, dark grey), local
perturbations around this path display exponential decay
P(L) ~ e=*L (dotted fit, right panel). These distinct scal-
ing regimes characterize the evolution from broad, critical
exploration to refined exploitation, crucial for learning. Dis-
tributions are truncated at the maximum allowed response
length.

During the critical learning

directly causing the large path-length variance (suscep-
tibility). This “critical thinking pattern” represents a
diverse, long-range exploratory search, and its coexis-
tence with efficient exploitation is the hallmark of the
learning transition, enabling the discovery of generalizable
strategies before the system collapses into a single, non-
exploratory state.

4. Al for QFT. To demonstrate LaC’s potential for
addressing data-scarce, "™ symbolically complex prob-
lems in theoretical physics, we apply it to a challeng-
ing representative task: the symbolic evaluation of Mat-
subara frequency sums. ®*** This multi-step, algorithmi-
cally rich procedure is foundational to finite-temperature
QFTEY2 and methods like DiagMC for many-electron
problems. 1471735741 Ap example is the 2-loop sunrise self-
energy diagram Eq. (2), whose symbolic solution involves

contour integration and complex analysis.

Vot+re—u1

¥ 1 1 1
V2 Vo +€EoV1+E1V+ Ve — V1 +E2

vo,v1
e e
 Jo2miz4er Jo 2mizteg 2o —2 o’
2)

where v are fermionic Matsubara frequencies, € are energy
parameters, and f(z) is the Fermi-Dirac distribution. This

Vo

task is an ideal LaC testbed due to its structured complex-
ity, availability of low-order diagrams for sparse training,
and verifiable analytical solutions, allowing us to probe for
emergent algorithmic understanding.

The well-defined, symbolic nature of this procedure
makes it an ideal testbed for LaC. Specifically: (i) low-
order diagrams offer sparse training instances; (ii) com-
plexity scales with diagram order, naturally testing gen-

eralization; and (iii) exact analytical solutions permit un-
ambiguous verification. Our objective is to investigate if
an LLM, trained via staged LaC on minimal examples,
can acquire the algorithmic reasoning inherent in this task,
highlighting LaC’s potential for data-efficient learning of
complex physics procedures.

Our training employed a staged LaC strategy with a
Qwen3-8B model ** using GRPO. Phase 1: LaC training
on only tree-level and 1-loop Matsubara sums. This not
only enabled solutions for these simpler diagrams but also
induced initial generalization to higher-order diagrams de-
composable into these learned components. Notably, while
the base model had zero success on the challenging sunrise
self-energy diagram Eq.(2)—a 2-loop graph with nested
frequencies—this first LaC phase elevated its performance
to a non-zero baseline. Phase 2: This crucial improve-
ment enabled a second LaC phase focused specifically on
the sunrise diagram. As shown in Fig.1 (right panel), the
model again exhibited a sharp learning transition for this
complex task. Critically, at this new critical point, the
ability gained from mastering the sunrise diagram is gener-
alized to other 2-loop topologies (e.g., polarization, vertex
functions), where performance was previously negligible,
confirming the LaC hypothesis. Phase 3: Finally, starting
from this enhanced critical state, we incorporated all 2-
loop diagrams into the LaC training until a critical point
was reached for this comprehensive set.

The results are shown in Table 1. The base Qwen3-
8B model’s success is modest for 1-loops (45.0%) and 2-
loops (18.4%), and minimal for 3-loops (0.9%) and 4-loops
(0.2%). The latter non-zero values reflect occasional solu-
tions to simple, decomposable higher-order diagrams, not
general complex reasoning. In contrast, the fully fine-
tuned model (Qwen3-8B-2-loop, post-Phase 3) greatly im-
proved accuracy on its 2-loop training set. Crucially, it
then achieved strong accuracy on complex 3-loop prob-
lems, despite no explicit training on them, and general-
ized to 4-loop cases. This LaC-trained model far surpasses
its base and larger models (DeepSeek-R1, Qwen3-32B),
underscoring LaC’s efficiency. This success demonstrates
that navigating critical points enabled the LLM to develop
an emergent, algorithmic grasp of Matsubara summation.

Table 1. Critical learning transition enables generalization
for Matsubara sums. Qwen3-8B, fine-tuned on problems up
to 2-loop complexity, exhibits a sharp increase in success
rate. This critical learning phase facilitates robust gener-
alization to unseen 3-loop overlapped sums. Consequently,
this fine-tuned 8B model markedly outperforms significantly
larger base models (Qwen3-32B, DeepSeek-R1 671B) on this
task, indicating data-efficient acquisition of algorithmic rea-
soning.

Accuracy (%)
Model Problem
1-loop 2-loop 3-loop 4-loop

DeepSeek-R1-0120(671B)  12.5 10.0 1.1 0.4

Qwen3-32B 47.8 25.5 1.6 0.6
Qwen3-8B 45.0 18.4 0.9 0.2
Qwen3-8B-1-loop 90.2 25.5 3.3 0.8

Qwen3-8B-2-loop 97.5 56.9 9.5 1.7
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5. Conclusion. We addressed the challenge of “Sys-
tem 2” Al reasoning in data-scarce science by introducing
“learning at criticality” (LaC), where LLM fine-tuning via
RL induces a critical phase transition towards generaliz-
able algorithmic understanding from minimal data.

This LaC principle was first shown with 7-digit base-
7 addition: generalization from a single example peaked
at the sharp learning transition. Our minimal physical
model CoNet indicates that it is a continuous phase tran-
sition, revealing power-law scaling in reasoning paths—a
signature of emergent “critical thinking”. Critically, ap-
plying LaC to symbolic Matsubara frequency summation,
an 8-billion parameter LLM, trained on a few low-order di-
agrams, learn the procedure and solves unseen, more com-
plex diagrams, substantially outperforming models nearly
two orders of magnitude larger. Important open questions
remain regarding how the LaC phenomenon scales with
LLM size. While our CoNet model provides a tractable
framework for exploring network parameters, the equiv-
alent scaling experiments on LLMs are computationally
expensive. We therefore leave this investigation for future
work.

Critically, this LaC-induced phase transition occurs in
an implicit concept network linked to “System 2” reason-
ing, differentiating it from grokking phenomena which oc-
cur during pre-training or supervised fine-tuning and are
associated with “System 17 pattern matching.*?*%! LaC
thus provides a novel mechanism for cultivating advanced
Al capabilities.

This work provides both a physical framework for un-
derstanding emergent Al reasoning and a practical, data-
efficient strategy for applying it to data-scarce domains like
theoretical physics. The implications of LaC extend deeply
into domains like QFT, where navigating immense sym-
bolic complexity with limited examples of optimal strate-
gies is paramount. ***°! Beyond theoretical physics, LaC
provides a pathway towards Al systems as powerful sci-
entific collaborators, equipped to tackle complex symbolic
manipulations and accelerate discovery across diverse fron-
tiers of knowledge where data is sparse but the demand for
deep reasoning is high.
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