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In quantum droplets, the mean-field energy is comparable to the Lee-Huang-Yang (LHY) energy. In the

Bogoliubov theory, the LHY energy of a quantum droplet has an imaginary part, which has been neglected in

most studies for practical purposes. Thus far, most theoretical studies on quantum droplets have been based on
the extended Gross-Pitaevskii (GP) equation, which includes the contribution of the LHY energy to the chemical

potential. In this article, we present the density-functional theory of quantum droplets. In our approach, the

quantum fluctuations in quantum droplets, as described by an effective action, generate a real correlation energy

that can be determined consistently. Using density-functional theory, we calculated the energy, quantum depletion

fraction, and excitations of the droplet. Our results for the ground-state energy and quantum depletion fractions

were consistent with the Monte Carlo results. We also discuss the implications of our theory.

DOI: 10.1088/0256-307X/42/1/010302

1. Introduction. The creation of quantum droplets rep-
resents a breakthrough in the study of ultracold atoms in
recent years. Quantum droplets have been experimentally
realized in various systems, including dipolar Bose gases
such as 164Dy[175] and '%°Erl and binary boson mix-

39 [7-9

tures such as homonuclear I and heteronuclear K-

87Rb mixtures. [*°

I In these experiments, quantum droplets
were generated by tuning s-wave interactions using the
Feshbach-resonance technique. Quantum droplets in bi-
nary dipolar mixtures have also been predicted. "% In
these quantum droplets, the mean-field energy is tuned to
a weakly attractive energy, while the repulsive Lee-Huang-
Yang (LHY) energy[w] arising from the quantum fluctua-
tions becomes equally significant. The interplay between
these two energies gives rise to a quantum-droplet state
that is both self-bound and stable.

Due to the mean-field instability, the Bogoliubov the-
ory, which describes Gaussian fluctuations around a uni-
form condensate, predicts imaginary excitation energies in
the long-wavelength limit, indicating dynamical instabil-

4 noted that these unstable excitations con-

ity. Petrov[!
tribute minimally to the LHY energy and may become
stabilized after renormalization by integrating out high-
energy excitations. In practice, the LHY energy, with
its imaginary component neglected, is widely applied in
the extended Gross-Pitaevskii equation (EGPE) [+ to
simulate quantum droplets. However, recent studies em-
ploying the Beliaev theory ' % have demonstrated that
the dynamic instability predicted by the Bogoliubov the-
ory is artificial. When higher-order quantum fluctuations
are accounted for, the phonon energy becomes stable, as
shown for both nondipolar Bose mixtures'%'™ and single-

component dipolar Bose gases. [18]
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In this paper, we present a density-functional theory of
quantum droplets that self-consistently incorporates quan-
tum fluctuations without encountering imaginary energies.
The core of this method lies in accounting for the ef-
fects of higher-order fluctuations by renormalizing the s-
wave coupling constants. For a binary boson mixture, the
ground-state energies obtained using our approach show
better agreement with the Monte Carlo (MC) simulation
results['” compared to those derived from the extended
Gross-Pitaevskii equation (EGPE).!"¥) Similarly, for dipo-
lar quantum droplets, our predictions for quantum de-
pletion align more closely with MC results!?”! than those
based on Bogoliubov theory. Furthermore, we also discuss
the implications of our theory.

2. Density-Functional Approach. We studied a multi-
component Bose gas, with its Hamiltonian expressed as:

H= /drz RIGIE e + Vo (7)) a (7)

2Meo

by [ U o= 2l (0 ()],
M

where ,(r) is the for the
ocomponent, m. is the mass, V,(r) is the trap potential,
and Uy, (7 — 7') represents the interaction between the

boson field operator

bosons. For a BEC ground state, the condensate wave-
function is given by oo (1) = (Yo (r)) = \/noo (1)e!®e (™),
where no,(r) denotes the condensate density and ¢, (r)
denotes the condensate phase.

‘We considered the case where the temporal and spa-
tial scales of the variances are significantly larger than the
intrinsic scales of the system. Under these conditions, the

(© 2025 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar
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local equilibrium assumption (LEA) can be applied, allow-

ing the system to be described by the effective action: (21]

Spa = /dt/dr{ > o (1) (e (r) + Vi (7)

(Sl

+ Voo (r))] - &} @

2Me

where n,(r) is the superfluid density, and & is the
interaction-energy density of the lowest-energy uniform
state with the superfluid density n, and phase gradient
V¢s. In the effective action Sgg, there is no term involv-
ing the time derivative of the density. *?! From the effective
action Sgg, the superfluid hydrodynamic equations can be
derived. ?!l In the ground state, the superfluid phase is uni-
form, ¢» = 0, and, for simplicity, the interaction energy
density &1 can be expressed as the sum of two components:
&1 = Emr+Ec, where the mean-field energy density is given
by

Evr (r /dr ZUM r — 7 e (r)ng (r).  (3)

o0’

The correlation energy density Ec, as a function of densi-
ties, arises from quantum fluctuations beyond the mean
field and should be determined self-consistently, as ex-
plained later in this section. The ground-state energy den-
sity, &, is then given by & = &k + &mr + Ec, where the
kinetic and potential energy densities are given by

’I") _ an(r)( h |Vn<7(r)|

2me  4nZ(r)

+ Va(r)). (4)

The superfluid-density distribution should satisfy the min-
imization condition of the ground-state energy, E = [ dré:

PV /ne(r)

2Me+/ne (1)

e far S
¢

+ o = Mo, (5)

ng: (1)

where o = 0E/ON, is the chemical potential and N, =
nsV is the boson number of the o component. From
Eq. (5), the density distribution of a nonuniform system
can be determined in a manner analogous to solving the
EGPE.

The central task is to calculate the correlation energy
density £c. In the dilute region, a typical approach in-
volves analyzing Gaussian fluctuations around the con-
densate and studying the Bogoliubov Hamiltonian. How-
ever, for systems such as quantum droplets, where beyond-
mean-field effects play a critical role, this approach is insuf-
ficient, and the effects of higher-order fluctuations must be
considered. 107181 Here, we propose that for a uniform sys-
tem, these significant fluctuation effects can be effectively
captured through Gaussian fluctuations derived from the

effective action in Eq. (2), as expressed by:

So= — /dt/er{éng(r)h8t5¢g(r)
o (‘v‘s”“ )‘ +na|v5¢g(r)|2)
+5 / dr' Z Upor (1 — 7')0n0 (7)0n050 (1)
+5 wa )onq(r)dng: (r) |, (6)
where

2

Xoo! = avigfba,' @
For the homogeneous system under consideration, only
the density and phase fluctuating fields, dn and d¢, ex-
hibit spatial dependence. Unlike the Bogoliubov theory,
in Eq. (6), the Gaussian fluctuations refer to the density
and phase fluctuations in the effective action, rather than
the fluctuations around the condensate. This approach ac-
counts for the crucial higher-order effects beyond the Bo-
goliubov theory. This renormalization of the Bogoliubov
theory is equivalent to a local correction to the s-wave cou-
pling constant, represented by x in Eq. (7). For a uniform
system, the correlation energy can be determined by inte-
grating out the fluctuating fields én, and d¢, in the action
S2, thus obtaining a self-consistent solution. Beyond the
dilute region, higher-order fluctuations in the effective ac-
tion should also be considered. In principle, the correlation
energy density can still be derived by integrating out all
fluctuating fields.

8. Implications on Quantum Droplets. Although the
quantum droplets we studied are in the dilute region, the
mean-field energy is very small and comparable to the LHY
energy. Therefore, it is crucial to properly determine the
correlation energy. In the following, we study the two
types of quantum droplets observed in experiments: the
binary boson mixture and the dipolar Bose gas.

8.1. Binary Boson Mizture. For a uniform binary bo-
son mixture with short-range interactions, the action S in
Eq. (6), which describes Gaussian fluctuations, is equiva-
lent to a renormalized Bogoliubov Hamiltonian, given by

Hgg = Zeka;rwak,o + Z gé,gu/nang/

k,o k,o,0’
1
. [aLga,w/ + §(akoa_,w/ + H.C.)], (8)

where €, = h2k2/2m, ako is the boson annihilation opera-
tor, g. ./ = Goo’ + Xoo’, and gy, is the coupling constant
between o- and ¢’-components. This effective Hamiltonian
can first be written as the Hamiltonian of two independent
single-species systems through a canonical transformation:

1
Hgg = ; [(Ek + 6)\)bL>\bk)\ -+ EEA(bkAb—kA + HC):|, (9)

where 4 are eigenvalues of matrix M, .+ = g}, _/\/TioTgr,

1 /7
€+ = D) [gilnl + 952”2 + \/(911711 - gézn2)2 + 49122'“177/2]7
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A==, bex =) Urolko, and uxe is the normalized eigen-
vector of matrix M,,/. From Eq. (9), two types of excita-
tion can be obtained from this Hamiltonian: phonon and

Ery = \/Gk(Ek + 26;‘)\). (10)

Both energies exhibit linear dispersion in the long-

magnon,

wavelength limit, with the phonon speed c_ and the
magnon speed c4

EX
=,/==. 11
“ m (11)

In this case, the correlation energy corresponds to the
renormalized LHY energy, as given by Ref. [23], and can
be expressed in terms of these two speeds from Eq. (9),
similar to the approach in the Bogoliubov theory:
Eo=———(5 +°). (12)
Speed c+ can be solved using Egs.(12) and (7). For
a dilute binary quantum droplet, where ¢y > c_ and

|goo’| > |Xoo’|, the correlation energy, to leading order,
is given by the LHY energy as presented in Ref. [14],

P 2m3
c =~ m(gum + g22na2

+ \/(g11n1 — g22m2)? + 4gZyning)®/?. (13)

The second derivatives of x,,/ can be computed, yielding a
positive phonon speed, in agreement with the results from

16 [17]

I and the path-integral approach.
This is also consistent with the results of Ref. [24], where

the Beliaev theory!

the phonon speed was obtained from the hydrodynami-
cal relation by considering only the real part of the LHY
energy in the ground-state energy.

From Eq. (13), the equation of state for gso = g11 is

given by:
E _ (&wr + &)V
N N
h27r(a11 +ai2)n 32 27rh2a?{2 a2\ 5 3
- O ks
m 15m a1l
(14)
where ag 5 = Zfr‘gg' is the s-wave scattering length, n =

N/V is the density, and N is the total particle number. In
Fig. 1, we present the results obtained using Eq. (14) for
different values of the interspecies scattering length ais
and compare them with the Monte Carlo (MC) equations
of state"” and the MF4+LHY prediction.'* In Ref. [14],
to avoid the existence of imaginary parts in the LHY en-
ergy, |ai2| is approximated as a11. The density-functional
equations of state from Eq. (14) do not contain imaginary
parts and are in close agreement with the MC results, par-
ticularly in the region where the density is lower than the
equilibrium density. When |ai2| deviates from aq1, for
na3; < 2 x 107*, our results agree well with the MC re-
sults, as shown in Figs. 1(a) and 1(b). At larger densities,
our results start to deviate from the MC data, probably
due to the higher-order effects neglected in our approach.

=
(a) 15 —pp (b) Sr—or (c) ST—or
1.0 —MF+LHY with a1s= —ap — MF+LHY with ajy= —ay 4+ — MF+LHY with ajp= —an
’ MC 4 MC MC
_ 05 - 3
3 0.0 app = —1.5an 3 app=—12an 3 2 apy=—1.0lay,;
K S Ry
—0.5
0
—-1.0
—1.5
0.0 0.5 1.0 0 1 2 3 0 1 2 3 4
n/ng n/ngy n/ny

Fig. 1. For the binary boson mixture droplet, !9 we compared the equations of state predicted by our density-
functional theory, the MF+LHY approximation with |ai12| = a11, (14] and MC results for different values of the

interspecies scattering length a12. The green dots represent the MC results,

[19] the blue line shows our results from

Eq. (14), and the red line depicts the MF+LHY prediction with |a12| = @11, as done in Ref. [14]. The definitions of
energy units Foy and density units ng are consistent with those used in Ref. [19].

The equation of state for the pairing state also showed

[25-28] There are cru-

good agreement with the MC results.
cial differences in the excitation spectra between the BEC
state and the pairing state, which can be used to deter-
mine the true ground state. In the BEC state of a binary
mixture, both phonon and magnon excitations are gapless.
In contrast, in the pairing state, the magnon excitation is
gapped, while the phonon mode remains gapless. Some
higher-order corrections can also be obtained by utilizing
the thermodynamic relation for compressibility, while ig-
noring the imaginary components in the compressibility
and energy due to fluctuations in the density channel. %
In contrast, within the framework of the density-functional

theory, both density and phase fluctuations are treated

self-consistently, and the correlation energy can be ob-
tained without the problem of imaginary components in
the LHY energy.

8.2. Dipolar Bose Gas.
lar Bose gas with all dipoles aligned along the z-direction,

For a dilute uniform dipo-

the renormalized Bogoliubov Hamiltonian corresponding
to the quadratic action Ss is given by

1
Heg =Y (e +U' (R)n)alar+ 35U (k)n(ara_,+H.C.)
k
(15)
where U’(k) = U(k) +x, U(k) = g[1 + €qa(3 cos® ¢r — 1)],
g is the s-wave coupling constant, €44 is the strength of
the dipole-dipole interaction, and ¢ is the angle between
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k and the z-axis. The correlation energy is given by 23]
64, 5 Jna /
Ec=——=g'n"Vna®Qs(eqq), (16)

157
where ¢ = g+ X, €44 = gead/q’, a’ = mg'/(4nh?),

32)5/2
(i)s [(8+26y+33y2)«/1+y
1+\/1+y}
\/g )

and y = (1 — z)/3z. x as a function of the density can
be solved self-consistently using Eq. (16) and (17). In the
dilute limit, ¢’ =~ g, the correlation energy is given by the
LHY energy:

Qs(z) =

+ 15y3 In

64
157

where a = mg/(4wh?). The effective correction to the s-

gnQVna3Q5(edd), (17)

Eo~

wave coupling constant is approximately given by:
~ 22 gV Qs (caa) (18)
X~ ﬁg 5(€dd),

as found in Ref. [18].

For a quantum droplet, where e4q > 1, the function
Q5(€eqq) has a small imaginary part, which is neglected in
the EGPE. [1:31] However, in our approach, the imaginary
energy problem is avoided from the outset. From Eq. (16),
we obtain:

déc 32, — 64, 5 —
dn ~ 3yEd Vnet@slein) + pomgmVna

5 dg’ / ror \degg
oy G @slea) + Qs(ca) Gt ], (19)

where Q%(z) = dQs(x)/dx. In the dilute region, the den-
sity dependence of g’ and €}, is weak, and Eq. (19) can be
approximated as
ase
dn " 3w

Similarly, from Eq. (7), the correction to the s-wave cou-

gnVna®Qs (¢ia)- (20)

pling constant is approximately given by

_d’6c 16
T odn? T x

Thus, the renormalized s-wave coupling constant g’ can be

9Vnad Qs (cia)- (21)

obtained self-consistently as follows:

g = g+ 2 gVnatQs(ch). (22)
N
As described in Ref. [18], the renormalized parameter €y
is less than one, and the imaginary-energy problem is arti-
ficial. Here, we verify the accuracy of this approximation
by computing the quantum depletion fraction and compar-
ing it with the MC results.*”! For a uniform dipolar Bose
gas with density mn, in Bogoliubov theory, the quantum

depletion fraction is given by: [30]

I8 = S/na Qs (can), (23)

where

_ () ) 1+ VTFY
Qsla) = =2 [(2+5y)\/1+y+3y 1nT},

(1-z)
3x

Using the renormalized s-wave coupling constant g’, we

Yy =

obtain the corrected quantum depletion fraction as

i = 5 /naP TrQalela). (24)

In Fig.2(a), we compare the corrected depletion fraction
f$ with those from the MC calculation results®® and the
Bogoliubov theory. Our results are consistent with the MC
results, particularly in the region with a larger quantum
depletion fraction, and both deviate from the Bogoliubov
theory as the density increases. This suggests that dipo-
lar quantum droplets have stronger quantum fluctuations
than those described by the Gaussian fluctuations in the
Bogoliubov theory.

(a) 0.20
——Bogoliubov
o —— Corrected
,E 0.15 | MC
Q
@
&
o 0107
o
=
<L
2, 0.05 /
o
[
O0 5 10 15
Density (10%! m~3)
(b) 15 T T T
4
14 0
J -
P -
S)
< -
o 1.3 )/
7
1.2 v
1.1

0.5 1.0 1.5 2.0 2.5 3.0
Density (102! m—3)

Fig. 2. For the uniform system with parameters from the
162Dy droplet, [20] (a) the depletion fraction as predicted by
our density-functional theory, MC results, and the Bogoli-
ubov theory, for a scattering length of a = 60ag. The green
dots represent the MC results,[zo] the blue line shows our
results obtained using Eq. (24), and the red line shows the
Bogoliubov theory results from Eq. (23). (b)g’/g as a func-
tion of the density for €gq = 1.2, a = 107.5a¢ (dashed line)
and a = 60ag (solid line).
For dipolar Bose gases, the excitation energy in Bo-
goliubov theory is given by

eB = Ver(2nU (k) + €k). (25)

In the quantum-droplet region, where the strength of the
dipole-dipole interaction e4q > 1, there is an imaginary
part in the excitation energy for ¢ = /2, implying dy-
namical instability. In our density-functional theory, the
renormalized strength of the dipole-dipole interaction €l
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can still be less than one, thereby stabilizing the excitation
spectrum, which is given by

es = Vex(2nU' (k) + €r). (26)

In Fig. 3, we show the stable region of the renormalized
excitation spectrum for different droplet densities and eqq4.

(a)
2.2 P
-
-
2.0 F 4
-
= Unstable -
S 18 Y
Ve
. e Stable
o
1.6 ,
/
1.4 o
/
1.2
(b) 2.0
1.5
Unstable
§ 100 ¢ —6— —06— — —0— — -0
Stable
0.5
U() 2 4 6 8 10
Density (102! m—3)
Fig. 3. For the uniform system with parameters from

the 162Dy droplet, (201 the blue line in (a) shows the sta-
ble boundary of the excitation spectrum predicted by our
density-functional theory, and the red line in (b) shows the
stable boundary of the excitation spectrum predicted by Bo-
goliubov theory.

In the experiments, the systems are non-uniform with
finite sizes. The dynamical instability occurs when the
ground state becomes degenerate with the first excita-
tion state. ®?l Nonetheless, the energy density of a uniform

system is important for the theoretical treatment of non-

study based on density functional theory. *°]
Our approach can also be extended to a dilute binary
dipolar Bose gas, with an effective quadratic Hamiltonian

given by
Heg = ZEkGLUCLkaJr Z Uzor (K)\/Moigr
ko k0,0
. [a;rwak(,/ + %(akaafkcr’ + H~C~)]7 (27)
where Ul ,/(k) = Usor(k) + Xoors Usor(k) = gio +

gt (3cos® o — 1)], g5,/ and g2, are the coupling con-
stants of the s-wave and dipolar interactions. In a uniform
state, the correlation energy can be obtained from this ef-
fective Hamiltonian in the same manner as described in
Ref. [12
the s-wave coupling constant, which can be determined

], except that there is now a correction, X,o/, to

self-consistently as shown in Eq. (7). The correlation en-

ergy density is given by %

\[7713/2 5/2
o= "Jr 57 Z/ dOy sin 0,122 (k),  (28)

where

I+ (k) = naUyy (k) + n2Uss (k ) + 4ninaUs3(k),

)£ /A2 (k
(29)

A(k) = n1Ui; (k) — naUsq (k). Thus, the correction to the
s-wave coupling constant can be obtained as:

Vom3/? /2
co! = dbf, sin 6
X 623 g/o & Sin Oy

T2 (k) [g[ﬂ(k)lﬂf (k) + L (k) Lo (R)|, (30)
where
Iicr(k) = 813:;0{:)

L CD7AR) Uy, (k) + 205 Ui3 (k)
VAZ(k) + 4ninoU 2 (k)

I

uniform systems, such as in the EGPE and a recent MC (31)
Loty = Qo) DT ARG (k) + 205 U3 (k) (1) AlR) Uy 10 () + 205 Ui ()]
*oo Mg [A2(k) + dninaU, 3 (k)]3/2
()T U (R)Us (R) + 20,15 Ui (k) (32)
VA2(E) + 4ninaU 2 (k) ’

& labels the component different from o, 1 = 2, 2 = 1.
As done previously, the density dependence of g/, is ne-
glected. From Eq. (30), the correction to the s-wave cou-
pling constant x,./ can be solved, and other renormalized
physical quantities can be obtained thereafter.

4. Discussion. It is worth mentioning that den-

sity functional theory was used to study *He droplets (341
where the interaction parameters were treated phenomeno-
logically.
droplets,

In the density functional theory of quantum
quantum fluctuations renormalize s-wave cou-
pling constants, which can be determined self-consistently
in the dilute region. The results from our approach are
consistent with those of the EGPE but do not suffer from

the imaginary-energy problem. Our results for the ground-
state energy and the quantum depletion fractions agree
with the MC results.
tum depletion, our approach should be superior because it

For systems with significant quan-

treats quantum fluctuations self-consistently.
Acknowledgements. We would like to thank Z.-Q. Yu
for helpful discussions.
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