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Dynamics of Two Dark Solitons in a Polariton Condensate
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We theoretically investigate dynamics of two dark solitons in a polariton condensate under nonresonant pumping,

based on driven dissipative Gross–Pitaevskii equations coupled to the rate equation. The equation of motion of

the relative center position of two-dark soliton is obtained analytically by using the Lagrangian approach. In

particular, the analytical expression of the effective potential between two dark solitons is given. The resulting

equation of motion captures how the open-dissipative character of a polariton Bose–Einstein condensate affects

properties of dynamics of two-dark soliton, i.e., two-dark soliton relax by blending with the background at a

finite time. We further simulate the relative motion of two dark solitons numerically with the emphasis on how

two-soliton motion is manipulated by the initial velocity, in excellent agreement with the analytical results. The

prediction of this work is sufficient for the experimental observations within current facilities.
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To date, there have been significant research in-

terests in exciton-polariton Bose–Einstein condensates

(BEC) in semiconductor microcavities as a novel plat-

form for realization and investigation of nonlinear

physics.[1−4] On the one hand, at the mean-field level,

the static and dynamic properties of a polariton BEC

can be well described by the nonlinear Schrödinger

equation or Gross–Pitaevskii equation (GPE), which

has been a paradigm of theoretical and experimental

studies of coherent nonlinear dynamics.[5−10] On the

other hand, a polariton condensate is intrinsically non-

equilibrium, with coherent and dissipative dynamics

occurring on an equal footing. This has provided a

new stage for practical applications of the GPE. Up to

date, the non-equilibrium nature of the polariton has

resulted in numerous intriguing nonlinear phenomena

in polariton condensates.[11,12]

In the quest for novel scenarios that display com-

bined effects of dissipation and nonlinearity on the

nonlinear phenomena, the study of soliton in polariton

condensates is among the hottest topics, with an em-

phasis on capturing the non-equilibrium nature of the

soliton with no analog in the static counterpart.[13−22]

Generally speaking, soliton is a kind of self-reinforcing

solitary wave, which is formed by the cancelation of

nonlinear effect and dispersion effect in mediums and

it can maintain its shape during propagation.[23−27]

Dark or bright solitons can exist provided that the

interaction is repulsive or attractive.[28,29] In a po-

lariton condensate, the nonlinearity of the polariton

condensate arises from strongly and repulsively in-

teracting excitons, where the interaction can be con-

trolled by Feshbach resonance.[30,31] A series of ex-

periments have demonstrated existence of the oblique

dark solitons and vortices,[32−36] or bright spatial and

temporal solitons.[37] For example, in condensates cre-

ated spontaneously under incoherently pumping, for-

mation and properties of dark solitons have been in-

vestigated theoretically in Ref. [38], and the existence

of stable dark soliton trains has been reported in the

non-resonantly driven spinor polariton BEC at one

dimension.[39] However, to our best knowledge, previ-

ous studies on solitons in a polariton condensate were

limited to the one-soliton problem, whereas the two-

soliton problem in non-equilibrium polariton BEC has

remained to be unexplored so far. It is the purpose

of the present work to investigate how the interplay

of nonlinearity, dispersion and dissipation affect exis-

tence and properties of two-dark soliton in a polariton

BEC.

In this Letter, we present the first analytical re-

sult on the two-dark soliton problem in the context of

a polariton BEC formed under non-resonant pump-

ing by solving the dissipative GPE. First, we use the

variational approach and analytically derive the time

evolution equations for the soliton parameters, i.e., the

relative distance between solitons. We compare this

analytical result with the numerical solutions for the

trajectory of two solitons directly obtained from the

dissipative GPE, finding a remarkable agreement be-

tween both of them. Our results open a new route to

observe stable two-solitons in non-equilibrium polari-

ton BEC within current experimental facilities.

Model. We are interested in an exciton-polariton

BEC under nonresonant pumping created in a wire-

shaped microcavity similar to the one implemented
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in Ref. [40], which bounds the polaritons to a quasi-

one-dimensional (1D) channel. Within the framework

of the mean field theory, the polariton field described

by the condensate order parameter of 𝜓(𝑥, 𝑡) evolves

along an effectively 1D driven-dissipative GPE cou-

pled to a rate equation for the density 𝑛R(𝑥, 𝑡) of reser-

voir polaritons as follows:[41]

𝑖ℏ
𝜕𝜓

𝜕𝑡
=
[︁
− ℏ2

2𝑚

𝜕2

𝜕𝑥2
+ 𝑔C|𝜓|2 + 𝑔R𝑛R

+
𝑖ℏ
2
(𝑅𝑛R − 𝛾C)

]︁
𝜓, (1)

𝜕𝑛R

𝜕𝑡
=𝑃 − (𝛾R +𝑅|𝜓|2)𝑛R, (2)

where 𝑚 is the effective mass of lower polaritons; 𝑃

is the rate of an off-resonant continuous-wave pump-

ing; 𝛾C and 𝛾R describe the lifetime of the condensate

and reservoir polaritons, respectively; and 𝑅 is the

stimulated scattering rate of reservoir polaritons into

the condensate; 𝑔C and 𝑔R characterize the strength of

nonlinear interaction of polaritons and the interaction

strength between reservoir and polariton, respectively.

Note that the parameters of 𝑔C, 𝑔R, and 𝑅 have been

rescaled into the one-dimensional case by the width

𝑑 of the nanowire thickness as that (𝑔C → 𝑔C/
√
2𝜋𝑑,

𝑔R → 𝑔R/
√
2𝜋𝑑, 𝑅→ 𝑅/

√
2𝜋𝑑).

The emphasis and value of this work are to take ac-

count of the intrinsic dissipation and to search for the

possibility of the existence and dynamics of two-dark

soliton in a polariton condensate. It is well known that

the dark soliton is characterized with a localized dip in

the condensate density with an associated phase gradi-

ent. Hence, we first need to determine the steady state

of the model system based on Eqs. (1) and (2), which

serve as the density background of the dark soliton’s

propagation. Directly following Ref. [41], the stable

condensate appears under the condition of the pump-

ing 𝑃 in Eq. (2) that is larger than a critical value of

𝑃th = 𝛾R𝛾C/𝑅. Then, the steady homogeneous con-

densate and reservoir densities are expressed as fol-

lows: 𝑛0C = (𝑃 − 𝑃th)/𝛾C and 𝑚0
R = 𝛾C/𝑅.

For convenience, we proceed to rescale Eqs. (1) and

(2) into the dimensionless form. In more details, we

rescale 𝜓 → 𝜓/
√︀
𝑛0C and introduce 𝑚R = 𝑛R − 𝑛0R; as

a result, Eqs. (1) and (2) can be rewritten as

𝑖
𝜕𝜓

𝜕𝑡
+

1

2

𝜕2𝜓

𝜕𝑥2
− (|𝜓|2 − 1)𝜓 =

(︁
𝑔R𝑚R+

𝑖

2
�̄�𝑚R

)︁
𝜓, (3)

𝜕𝑚R

𝜕𝑡
= 𝛾C(1− |𝜓|2)− 𝛾R𝑚R − �̄�|𝜓|2𝑚R. (4)

Here, the dimensionless parameters are given by 𝑔R =

𝑔R/𝑔C, 𝛾C = 𝛾C𝛾R/𝛾R and �̄� = ℏ𝑅/𝑔C𝑛
0
C. Moreover,

the time 𝑡 and the space coordinate 𝑥 are measured

in units of 𝜏0 = ℏ𝑔𝑛0C and 𝑥h =
√︀
ℏ2/𝑚𝑔𝑛0C. Note

that Eqs. (3) and (4) are the starting point of investi-

gating the two-dark soliton problem in the context of

the polariton BEC. The non-equilibrium nature of the

model system is captured by the parameters of �̄� on

the right hand of Eq. (3). In the following, we are the-

oretically interested in how the nonequilibrium nature

affects the dynamics of two-dark soliton.

Two Dark Solitons. Before investigating effects of

non-equilibrium nature of the model system charac-

terized by �̄� on the two-dark-soliton solution, we first

briefly review some important features of the normal

GPE, corresponding to Eq. (3) with 𝑔R = �̄� = 0. Un-

der the boundary condition of 𝜓 → 1 as |𝑥| → ∞, the

two-dark-soliton solution can be written as[42]

𝜓 = (𝐵 tanh𝑥+ − 𝑖𝐴)(𝐵 tanh𝑥− + 𝑖𝐴), (5)

with 𝐴2+𝐵2 = 1. Here 𝑥± = 𝐵(𝑥±𝑥0) is referred as

to the center position of two dark solitons and 2𝑥0 can

be treated as the relative center position between two

solitons. In general, we can obtain 𝑥0 = 𝑣s𝑡, 𝐴 = 𝑣s
and 𝐵 =

√︀
1− 𝑣2s with 𝑣s being the velocity of the

dark soliton. In order to better understand the trial

wavefunction of two dark solitons in Eq. (5), we plot

the density profile with the parameter of 𝑣s = 0 in

Fig. 1(a), characterizing that the phase of the two-

dark-soliton solution 𝜓(𝑥, 𝑡) has 𝜋 phase jump profile

[see Fig. 1(b)].
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Fig. 1. (a) Schematics of the condensate density of |𝜓|2
and (b) phase of the condensate order parameter of arg(𝜓)
corresponding to a stationary one-dimensional two-dark-
soliton solution in Eq. (5) with the parameter of 𝑣s = 0.

Adding the open-dissipative effects as captured by

�̄� introduces an external perturbation of the two dark

solitons in Eq. (5), which leads to two immediate con-

sequences: Firstly, all the parameters of two-dark-

soliton solution in Eq. (5) become slow functions of

time, i.e., 𝐴 → 𝐴(𝑡), 𝐵 → 𝐵(𝑡), and 𝑥0 → 𝑥0(𝑡),

while the functional form of the soliton remains un-

changed, which is at heart of the Lagrange approach

of quantum dynamics of two dark solitons in the pres-

ence of perturbation. Secondly, it is supposed that

the two dark solitons will relax by blending with the
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background at a finite time. Thus, we will rely on

the Lagrange approach of the dark soliton perturba-

tion theory which allows for the analytical treatment

of effects of the right hand in Eq. (3).
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Fig. 2. Dynamics of 1D two dark solitons in a polariton
BEC with different initial velocities. Left: the contour
plots of the two dark solitons of |𝜓|2. Right: the equa-
tions of motion of relative center mass of two dark soli-
tons corresponding to the analytical results (solid curves)
in Eq. (10) and the numerical results (dotted curved) by
solving Eqs. (3) and (4). The solid black lines are cal-
culated using the analytical results of the relative mo-
tion of two dark solitons, 𝜂 = 2𝑥0, in Eq. (10) in (b),
(d) and (f). For the parameters: (a) and (b) 𝑣s = 0.15,
𝑔R = 𝛾C = 𝛾R = �̄� = 0. In other plots, we have cho-
sen 𝑔R = 2, 𝛾C = 3, 𝛾R = 15 and �̄� = 1.5; (c) and (d)
𝑣s = 0.15; (e) and (f) 𝑣s = 0.32; (g) and (h) 𝑣s = 0.4.

We focus on the relative center mass position of

two-dark-soliton solution corresponding to the time

variation of the parameter of 𝑥0(𝑡). As such, we can

obtain the equation of motion of 𝑥0 by employing the

Lagrangian approach for the perturbation theory of

soliton as Refs. [42–44], reading

𝑑

𝑑𝑡

(︁ 𝜕𝐿
𝜕�̇�0

)︁
− 𝜕𝐿

𝜕𝑥0
= −2Re

(︁∫︁ +∞

−∞
𝑅*𝜓

𝜕𝜓*

𝜕𝑥0
𝑑𝑥

)︁
. (6)

Here, the Lagrangian 𝐿 has the following form 𝐿 =∫︀∞
−∞[ 𝑖2 (𝜓

* 𝜕
𝜕𝑡𝜓−𝜓 𝜕

𝜕𝑡𝜓
*)(1− 1

|𝜓|2 )−
1
2 |
𝜕𝜓
𝜕𝑥 |

2 − 1
2 (|𝜓|

2 −
1)2]𝑑𝑥. The term of 𝑅* = (𝑔R + 𝑖�̄�/2)𝑚R is referred

as to dissipative effects induced by the reservoir. Di-

rectly substituting Eq. (5) into Eq. (6), the Lagrangian

𝐿 has the following specific form

𝐿 =2𝐿0 + 4
𝑑𝐵

𝑑𝑡
𝐴𝐵[tanh(2𝐵𝑥0)]

−1 + 16𝐵5𝑒−4𝐵𝑥0 ,(7)

with 𝐿0 = 2𝑑𝑥0

𝑑𝑡 [−𝐴𝐵 + tan−1
(︀
𝐵
𝐴

)︀
] − 4

3𝐵
3 being the

one soliton’s Lagrangian.

The next calculations of the right-hand side of

Eq. (6) require knowledge of the reservoir density 𝑚R.

In this work, we have limited the calculations in the

fast reservoir limit, under which the reservoir density

can be simplified to the following form

𝑚0
R =

𝛾C

𝛾R

(1− |𝜓|2). (8)

Substituting Eqs. (5) and (8) into Eq. (6), we can

routinely calculate the right-hand side of Eq. (6).

Next, directly following Ref. [43], we employ the

variational method by substituting Eqs. (5) and (8)

into Eq. (6) and obtain the equation of motion of the

two-soliton parameters as follows:

𝑑𝑥0
𝑑𝑡

= 𝐴,
𝑑𝐴

𝑑𝑡
= 8𝐵5 exp(−4𝑥0𝐵) + 𝐹eff . (9)

Here, the velocity of the center mass of soliton of

𝑑𝑥0/𝑑𝑡 is only connected with the parameter of 𝐴.

Such an approximation has been firstly adopted by

Ref. [43], which is further checked to be valid by com-

paring the numerical results with the analytical ones

as is expected.

By eliminating the variable 𝐴 in Eq. (9) under the

condition of 𝐴2 + 𝐵2 = 1, we can obtain the equa-

tion of motion of the relative center motion 𝑥0 of the

two-soliton as follows:

𝑑2𝑥0
𝑑𝑡2

= −𝜕𝑉 (𝑥0)

𝜕𝑥0
+ 𝐹eff , (10)

with 𝑉 (𝑥0) = 2𝐵4 exp(−4𝑥0𝐵) being the effective po-

tential of the relative center motion of the two solitons

and the dissipation-induced force 𝐹eff , reading

𝐹eff =
1

3
�̄�
𝛾C

𝛾R

𝐴𝐵2− 4

3
𝐵3𝑔R

𝛾C

𝛾R

(8𝐵2−12𝐵𝑥0+9)𝑒−4𝐵𝑥0

+
32

3
𝐵7𝑔R

𝛾C

𝛾R

(24𝐵𝑥0 − 25) exp(−8𝐵𝑥0). (11)

Equation (10) is the key result of this work, which

allows us to interpret the dynamics of the two-dark

soliton in terms of the motion of a classical parti-

cle trapped in an effective potential 𝑉 (𝑥0) subjected

to an external force 𝐹eff . Equation (10) can re-

cover the corresponding result in Ref. [43] as is ex-

pected. From Eq. (10), it is clear that the key physics

is that the effective potential of 𝑉 (𝑥0) is repulsive;

as a result, the two dark solitons is supposed to re-

pel each other when they move close to each other.

Based on Eq. (10), we conclude the effective poten-

tial 𝑉 (𝑥0) = 2𝐵4 exp(−4𝑥0𝐵), which decays exponen-

tially with the 𝑥0 dominating in the case of 𝑥0 ≪ 1,

020501-3

http://cpl.iphy.ac.cn


Chin. Phys. Lett. 39, 020501 (2022)

i.e., two dark solitons are relative closer to each other.

This can be understood as follows: the effective poten-

tial physically originates from the overlapping between

the wave functions of two solitons and 𝑉 (𝑥0) is sup-

posed to only play an important role under 𝑥0 ≪ 1.

In contrast, in the case of 𝑥0 ≫ 1 under which the ef-

fective potential 𝑉 (𝑥0) decays exponentially with the

𝑥0, the dissipation effect, in particular the first term

of 𝐹eff in Eq. (11), which is independent of 𝑥0, plays a

more important role in such a case, resulting in two-

dark-soliton relax by blending with the background at

a finite time.

So far, we have developed an analytically physical

picture of two-dark-soliton solution based on Eq. (10)

and predicted features of the dissipation affecting the

dynamics of two-dark soliton compared to the coher-

ent case. In what follows, we plan to investigate dy-

namics of two-dark-soliton solution in a more broader

parameter regimes by numerically solving Eqs. (3) and

(4) with the initial wave function given by Eq. (5). We

focus on the interplay of nonlinearity, dispersion and

dissipation affecting the existence and properties of

two dark solitons in a polariton BEC.

We first briefly review some important features of

a two-dark-soliton solution in the coherent case, cor-

responding to the 𝑚R = 0 in Eq. (3). As a bench-

mark for later analysis, Eq. (10) can be simplified

to 𝑑2𝑥0/𝑑𝑡
2 = −𝜕𝑉 (𝑥0)/𝜕𝑥0. As a double check of

whether our analytical and numerical results are cor-

rect, we compare the analytical results (solid curves)

based on Eq. (10) with the numerical ones (circled

curves) in Fig. 2(b). As is expected, the analytical

and numerical simulations are in agreement with each

other very well, showing that the two dark solitons

repel each other because the effective potential 𝑉 (𝑥0)

in Eq. (10) between two dark solitons is repulsive.

Then, we consider how the non-equilibrium nature

of model affects the dynamics of two-dark-soliton so-

lution when the dissipation parameters are turned on.

In this end, we devise two scenarios: First, we choose

a small initial velocity of 𝑣s and the two dark solitons

will never penetrate but repel each other governed by

the effective potential of 𝑉 (𝑥0) in Eq. (11) when they

are closer each other. Then, when the initial velocity

of 𝑣s is larger than a critical value, the two dark soli-

tons will overcome the effectively repulsive potential

and penetrate. In the first scenario, we have chosen

the initial soliton’s velocity with 𝑣s = 0.15. As shown

in Figs. 2(c) and 2(d), the relative motion’s minimum

value is positive due to the reduction of their repul-

sive force between the solitons rooted into the inter-

action between atoms. Moreover, the numerical re-

sults (black solid curves) based on Eq. (10) find re-

markable agreement with the analytically ones (blue

dotted curves). Compared with Fig. 2(b) without dis-

sipation, the results with the introduction of dissipa-

tion in Fig. 2(d) show that dark solitons are rebounded

into farther positions, suggesting that the dissipation

increases the repulsive effective potential. In the sec-

ond scenario, the initial velocity of 𝑣s is chosen to

be large enough to penetrate each other as shown in

Figs. 2(g) and 2(h). Note that our analytical results

in Eq. (10) are valid under the condition that the rel-

ative distance of two solitons should be larger than

the width of soliton. Therefore, our analytical results

in Eq. (10) are supposed to be invalid when penetrat-

ing each other. In contrast, before and after collision

of two dark solitons corresponding to the relative dis-

tance of two solitons being larger than the width of

soliton, our analytical results in Eq. (10) are found to

be consistent with the numerically ones as shown in

Figs. 2(e) and 2(f). Lastly, we can also determine the

critical velocity of the two dark solitons just penetrat-

ing each other both numerically and analytically. As

shown in Figs. 2(e) and 2(f), the critical velocity is

numerically calculated to be 0.32 for the parameters

used in this work by directly solving Eqs. (3) and (4).

If the initial velocity of the dark soliton is above 0.32,

the two dark solitons will penetrate each other, oth-

erwise, repel each other. Such a critical value of the

initial velocity 0.32 can be analytically understood by

taking the right hand of Eq. (10) as zero. As such, the

analytical critical value of the initial velocity is cal-

culated to be 0.34, which agrees well with the above

numerical value of 0.32.

Conclusion and Outlook. In summary, we have in-

vestigated the dynamics of two dark solitons appear-

ing in polariton BECs under nonresonant pumping.

We derive analytically the evolution equations for the

solitons’ parameters. Within the framework of La-

grangian approach, our analytical results capture the

essential physics about how the open-dissipative ef-

fects affect the relative motion of two solitons at a

finite time. We also solve the dissipative equation by

the initial wave function of two dark solitons in a nu-

merically exact fashion. The numerical results are in

remarkable agreement with the analytically ones. We

have also studied the collision of two solitons in po-

lariton BECs under nonresonant pumping. By ma-

nipulating the initial velocity, the two solitons can re-

pel or penetrate each other. Although the model sys-

tem studied in this work is limited to a polariton con-

densate under nonresonant pumping, the variational

method used in this work can be directly extended to

the case of a polariton condensate under the resonant

pumping.
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From Dark Solitons to Vortices and Vortex Rings (Philadel-
phia: SIAM)

[25] Kevrekidis P and Frantzeskakis D 2016 Rev. Phys. 1 140
[26] Xu X, Chen L, Zhang Z and Liang Z 2019 J. Phys. B 52

025303
[27] Zhou Q 2022 Chin. Phys. Lett. 39 010501
[28] Liang Z X, Zhang Z D and Liu W M 2005 Phys. Rev. Lett.

94 050402
[29] Bradley C C, Sackett C A, Tollett J J and Hulet R G 1995

Phys. Rev. Lett. 75 1687
[30] Takemura N, Trebaol S, Wouters M, Portella-Oberli M T

and Deveaud B 2014 Nat. Phys. 10 500
[31] Takemura N, Anderson M D, Navadeh-Toupchi M, Oberli

D Y, Portella-Oberli M T and Deveaud B 2017 Phys. Rev.
B 95 205303

[32] Jia C Y and Liang Z X 2020 Chin. Phys. Lett. 37 040502
[33] Grosso G, Nardin G, Morier-Genoud F, Léger Y and
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[42] Kivshar Y S and Królikowski W 1995 Opt. Commun. 114
353

[43] Ankiewicz A, Akhmediev N and Devine N 2007 Opt. Fiber
Technol. 13 91

[44] Theocharis G, Schmelcher P, Oberthaler M K, Kevrekidis
P G and Frantzeskakis D J 2005 Phys. Rev. A 72 023609

020501-5

http://cpl.iphy.ac.cn
http://dx.doi.org/10.1038/nature05131
http://dx.doi.org/10.1103/RevModPhys.82.1489
http://dx.doi.org/10.1103/RevModPhys.82.1489
http://dx.doi.org/10.1103/RevModPhys.85.299
http://dx.doi.org/10.1080/00107514.2010.550120
http://dx.doi.org/10.1103/PhysRevB.90.205304
http://dx.doi.org/10.1103/PhysRevB.90.205304
http://dx.doi.org/10.1088/0268-1242/22/5/R01
http://dx.doi.org/10.1103/PRXQuantum.2.030320
http://dx.doi.org/10.1103/PRXQuantum.2.030320
http://dx.doi.org/10.1088/0034-4885/80/1/016503
http://dx.doi.org/10.1088/0034-4885/80/1/016503
http://dx.doi.org/10.1088/0256-307X/37/3/030501
http://dx.doi.org/10.1088/0256-307X/37/3/030501
http://dx.doi.org/10.1088/0256-307X/37/5/050502
http://dx.doi.org/10.1088/0256-307X/37/5/050502
http://dx.doi.org/10.1103/PhysRevLett.105.020602
http://dx.doi.org/10.1103/PhysRevLett.105.020602
http://dx.doi.org/10.1103/PhysRevE.94.043310
http://dx.doi.org/10.1103/PhysRevE.94.043310
http://dx.doi.org/10.1088/1367-2630/abe79f
http://dx.doi.org/10.1088/1367-2630/abe79f
http://dx.doi.org/10.1103/PhysRevB.101.125304
http://dx.doi.org/10.1103/PhysRevB.101.184509
http://dx.doi.org/10.1103/PhysRevB.101.184509
http://dx.doi.org/10.1364/OE.27.010185
http://dx.doi.org/10.1364/OE.27.010185
http://dx.doi.org/10.1103/PhysRevB.97.155304
http://dx.doi.org/10.1038/s41467-018-07709-6
http://dx.doi.org/10.1038/s41467-018-07709-6
http://dx.doi.org/10.1103/PhysRevX.10.041028
http://dx.doi.org/10.1103/PhysRevX.10.041028
http://dx.doi.org/10.1103/PhysRevResearch.2.042041
http://dx.doi.org/10.1364/OPTICA.405946
http://dx.doi.org/10.1103/PhysRevB.92.064306
http://dx.doi.org/10.1103/PhysRevB.92.064306
http://dx.doi.org/10.1016/j.revip.2016.07.002
http://dx.doi.org/10.1088/1361-6455/aaf4dd
http://dx.doi.org/10.1088/1361-6455/aaf4dd
http://dx.doi.org/10.1088/0256-307X/39/1/010501
http://dx.doi.org/10.1103/PhysRevLett.94.050402
http://dx.doi.org/10.1103/PhysRevLett.94.050402
http://dx.doi.org/10.1103/PhysRevLett.75.1687
http://dx.doi.org/10.1103/PhysRevLett.75.1687
http://dx.doi.org/10.1038/nphys2999
http://dx.doi.org/10.1103/PhysRevB.95.205303
http://dx.doi.org/10.1103/PhysRevB.95.205303
http://dx.doi.org/10.1088/0256-307X/37/4/040502
http://dx.doi.org/10.1103/PhysRevLett.107.245301
http://dx.doi.org/10.1103/PhysRevB.82.020509
http://dx.doi.org/10.1126/science.1202307
http://dx.doi.org/10.1088/0256-307X/37/3/030302
http://dx.doi.org/10.1088/0256-307X/37/3/030302
http://dx.doi.org/10.1038/nphoton.2012.50
http://dx.doi.org/10.1103/PhysRevLett.118.157401
http://dx.doi.org/10.1103/PhysRevLett.118.157401
http://dx.doi.org/10.1103/PhysRevLett.112.140405
http://dx.doi.org/10.1038/nphys1750
http://dx.doi.org/10.1103/PhysRevB.89.235310
http://dx.doi.org/10.1016/0030-4018(94)00644-A
http://dx.doi.org/10.1016/0030-4018(94)00644-A
http://dx.doi.org/10.1016/j.yofte.2006.12.001
http://dx.doi.org/10.1016/j.yofte.2006.12.001
http://dx.doi.org/10.1103/PhysRevA.72.023609

