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The 𝑉 (𝑧) Inversion Technique for Evaluation of an Adhesively Bonded Structure ∗
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Based on the fact that the evolution trace in incident angle and frequency of the resonance zeros of the reflec-
tion coefficient function for a water charged layered medium is equivalent to its guided wave mode dispersion,
the interfacial adhesion of a three-layer aluminum–adhesive–aluminum bonding structure is characterized nonde-
structively by determining the interface shear stiffness 𝑘t associated with the interfacial strength. The resonance
reflection function is obtained experimentally by the 𝑉 (𝑧) inversion technique using an ultrasonic focused trans-
ducer of wide-band and large angular aperture (up to ±45∘). The dispersion curves are numerically calculated,
adjusting the parameter 𝑘t so that the difference between the dispersion curves and the angular-frequency tracing
of the reflection zeros is minimum. The parameter 𝑘t at an interface of weakly adhered aluminum epoxy-resin is
estimated to be 1014 N/m3.

PACS: 43.40.Le, 43.35.Cg, 43.58.−e DOI: 10.1088/0256-307X/32/12/124303

The prediction of adhesion force at solid interfaces
has important significance for both the understanding
of its physical mechanisms[1,2] and the utilization of
bonding technique for material assembly that is widely
used in fabrication industries.[3] However, despite the
great efforts made, the evaluation of material adhe-
sion, especially interface adhesion, in a nondestructive
way has been a challenge for a long time. No technique
has been really available for its quantitative measure-
ment. Ultrasonic technique seems to be the only pos-
sible approach for its nondestructive evaluation due to
the mechanical nature of both the ultrasound and the
adhesion phenomenon.[4]

An adhesively bonded structure is often a three-
layer sandwich. Its adhesion force depends on two fac-
tors: the cohesive strength and the interfacial bonding
strength. Usually the interfacial failure occurs before
the cohesive one and thus is primordial to the struc-
ture strength. However its evaluation by using the
bulk wave reflection is much more difficult due to the
high acoustical impedance contrast between adhesive
and adherend. It has been shown that the shear wave
can be much more sensitive than the compression wave
to a weak interface,[5] while the use of a shear wave
transducer will encounter the coupling problem. The
technique to generate a shear wave by mode conver-
sion at the interface by using a compression wave at
oblique incidence needs very complicated experimen-
tal disposition.[6]

This work uses ultrasonic guided mode waves to
characterize the interface stiffness parameter by mea-

suring the resonance mode dispersion. Compared with
the echography technique, the above-mentioned sensi-
bility and measurement difficulties could be improved
for the reasons that the resonance modes are the wave
resonance in layer thickness, formed by the multi-
refection between the extremities (interfaces or sur-
faces) of a layer and depending on both the layer prop-
erties and the interface conditions. For certain modes,
there is concentration of both compression and shear
stresses along the interface.

We first establish the wave propagation model for
a multilayered structure, describing the boundary con-
ditions of a weak interface by two interfacial normal
and shear stiffness parameters 𝑘n and 𝑘t.[7] The plane
wave angular (incident angle) and frequency reflection
coefficient function 𝑅(𝜃, 𝑓) for a liquid immersed mul-
tilayer and its dispersion curves of guided mode waves
with or without charge can be calculated. If the den-
sity of the charging liquid is several times smaller than
that of the structure, the minima presented in the re-
flectance function (in its modulus) are equivalent to
the structure resonances. Their evolutions in the an-
gular and frequency plane coincide with the disper-
sion curves of the guided waves.[8] Based on this as-
sumption, we secondly use a focused wave technique,
also called the 𝑉 (𝑧) inversion technique, permitting
the reconstruction of the reflection function 𝑅(𝜃, 𝑓).
Comparing the measured 𝑅(𝜃, 𝑓) with the calculated
dispersion curves, the interface adhesion can be eval-
uated by adjusting the interfacial stiffness parameters
in a way that the differences between the dispersion
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curves and zero 𝑅(𝜃, 𝑓) are minimum. Some research
has confirmed that the normal interfacial stiffness 𝑘n
is less sensitive to the interface adhesion, especially to
a slip interface, so only the shear stiffness 𝑘t has been
taken into consideration in this study.[9]
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Fig. 1. Comparison of the reflection coefficient func-
tion 𝑅(𝜃, 𝑓) and the guided wave dispersion curves for
a three-layer aluminum (1.416mm thickness)-epoxy resin
(0.132mm)-aluminum (0.544mm). (a) Modulus of 𝑅(𝜃, 𝑓)
for the water immersed structure with two perfect inter-
faces (𝑘t = ∞). (b) Mode dispersion curves of the struc-
ture without charge (in vacuum). (c) Superposition of
|𝑅(𝜃, 𝑓)| and the dispersion curves of the same structure
with the upper interfacial stiffness 𝑘t = 1012 N/m3.

Figure 1 gives the reflectance function 𝑅(𝜃, 𝑓)
and its comparison with the guided wave dispersion
curves for an aluminum-epoxy resin-aluminum adhe-
sively bonded structure used in this study. For these
two being directly comparable, the phase velocity 𝑣p
of the guided waves is transformed into the incident
angle 𝜃 by the relation 𝜃 = sin−1(𝑣0/𝑣p), where 𝑣0 is
the wave velocity in the charging liquid (water). Fig-
ures 1(a) and 1(b) are the modulus of 𝑅(𝜃, 𝑓) and the
dispersion curves for the three-layer structure with a
perfect adhesion condition (𝑘t = ∞) at the two in-
terfaces, while Fig. 1(c) is the superposition of these
two for the structure with its upper interface having
a weak stiffness (𝑘t = 1012 N/m3).

The 𝑉 (𝑧) technique has been originally developed
in acoustic microscopy to obtain a local measurement
of surface wave velocity for imaging the elastic con-
trast of a sample.[10] It refers to the measurement of
the transducer response 𝑉 at an acoustic lens as a
function of the normal distance 𝑧 between the lens and
a testing sample. Working in the tone-burst mode,
the interference between the normal reflection and the
surface wave leaky results in a periodicity in the am-
plitude of 𝑉 (𝑧) output from which the surface wave
velocity can be derived.[11] If the sample is a layered
structure, no periodicity will exist,[12] and the multi-
mode guided waves can be generated, whose incident
angles are covered within the angular aperture of the
focus lens (see Fig. 2). In this case, either the time
resolved signal 𝑉 (𝑧, 𝑡) or frequency scanning has been
employed to obtain 𝑉 (𝑧, 𝑓).[13] An inversion algorithm
can be established permitting the reconstruction of the
angular and frequency reflection coefficient function
𝑅(𝜃, 𝑓) from 𝑉 (𝑧, 𝑓). The algorithm demonstration
can be found in Refs. [14,15]. The direct relation and
its inversion are given by

𝑉 (𝑧, 𝑓) =

∫︁ ∞

−∞
𝑃 (𝜃, 𝑓)𝑅(𝜃, 𝑓)𝑒−𝑗4𝜋𝑓𝑧 cos 𝜃/𝑣0𝑑𝜃,

(1)

𝑅(𝜃, 𝑓) =

∫︀∞
−∞ 𝑉 (𝑧, 𝑓)𝑒𝑗4𝜋𝑓𝑧 cos 𝜃/𝑣0

𝑃 *(𝜃, 𝑓)
, (2)

where 𝑃 (𝜃, 𝑓) is a function depending only on the
properties of the lens, characterizing the angular aper-
ture of the focus beam and the transducer frequency
bandwidth in which the reflectance function 𝑅(𝜃, 𝑓)
can be reconstructed, 𝑃 *(𝜃, 𝑓) is different from 𝑃 (𝜃, 𝑓)
according to the lens geometry (point or line focus).
For 𝑉 (𝑧) measurement, 𝑃 *(𝜃, 𝑓) is the lens deconvo-
lution function that has the role to calibrate the lens
response or normalize the inverted 𝑅(𝜃, 𝑓). This func-
tion can be determined by measuring a 𝑉 (𝑧) response
𝑉0(𝑧, 𝑓) obtained on an acoustic reflector having uni-
form reflectance 𝑅(𝜃, 𝑓)=const=1. From Eq. (2), we
have

𝑃 *(𝜃, 𝑓) =

∫︁ ∞

−∞
𝑉0(𝑧, 𝑓)𝑒𝑗4𝜋𝑓𝑧 cos 𝜃/𝑣0𝑑𝑧. (3)

Compared with other mode waves measurement
techniques (such as the laser technique), the 𝑉 (𝑧) re-
construction method presents several advantages: (i)
it is a local measurement avoiding the effect of at-
tenuation of guided waves at high frequency; (ii) it is
a multi-wave modes measurement; and (iii) it uses a
single transducer and simple experimental setup com-
pared with other traditional measurement methods
(such as the pitch-patch technique).

The experimental setup for 𝑉 (𝑧) inversion is shown
in Fig. 3. The instruments employed consist of
a pulser/receiver (Olympus 5058PR), a step motor
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(driver Newport MM4006 ILS-100MVTP), and a dig-
ital oscilloscope (Tektronix TDS3032). The line fo-
cus lens used in this work has a central frequency of
5 MHz, a half angular aperture of 45∘, a focal length
of 25 mm and a transducer width of 10mm.

Leaky guided 
waves

Pulse excitation s0 (t) 

z

Coupling 
fluid kx

Focal plane in fluid 
x

θ
Sample position Oz

O

Layered structure 
having reflectance 

function R(θ֒f) 

Focus 
transducer or 

lens

t

V ↼z֒t↽ response
excitation

Lens or sample
displacement in z

kz k

Fig. 2. Principle and schematic diagram of 𝑉 (𝑧) inver-
sion.
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Fig. 3. Experimental setup for the 𝑉 (𝑧) measurement.

Figure 4 presents an example of registered 𝑉 (𝑧, 𝑡)
data and its Fourier transform 𝑉 (𝑧, 𝑓). In practice,
the relative translation in 𝑧-direction between the lens
and the sample has only a finite range. The integrals
in Eqs. (1)–(3) are limited in positive 𝑧 by a defocus-
ing distance 𝑧max between the focal plane and the lens
surface, and in negative 𝑧 by taking 2 or 3 times the

length of 𝑧max. In Fig. 4(a), the time delay in signals
𝑉 (𝑧, 𝑡) introduced by the translation in 𝑧 are compen-
sated for by a quantity of ∆𝜏𝑖 = 2𝑖∆𝑧/𝑣0, where ∆𝑧
is the step in 𝑧, and 𝑖 is the step number between the
lens and the sample. The inversion of the reflectance
function can be numerically calculated by

|𝑅(𝜃𝑛, 𝑓𝑚)| = |
∑︁
𝑧𝑖

𝑉 (𝑧𝑖, 𝑓𝑚)𝑒𝑗[2𝜋𝑓𝑚(𝑡0+Δ𝜏𝑖)]

· 𝑒𝑗[4𝜋𝑓𝑚(𝑧0+𝑧𝑖) cos 𝜃𝑛/𝑣0]∆𝑧|

= |
∑︁
𝑧𝑖

𝑉 (𝑧𝑖, 𝑓𝑚)𝑒𝑗4𝜋𝑓𝑚𝑧𝑖(1+cos 𝜃𝑛)/𝑣0∆𝑧|,
(4)

which means that the time reference 𝑡0 and the posi-
tion reference 𝑧0 during the experimental acquisition
will have no effect on the inversion of the reflectance
function 𝑅(𝜃, 𝑓) in its modulus.
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Fig. 4. Experimental 𝑉 (𝑧) data: (a) 𝑉 (𝑧, 𝑡) signals (time
sampling rate=100MHz; 𝑧 sampling step Δ𝑧 = 75µm);
(b) 𝑉 (𝑧, 𝑓) function obtained by performing Fourier trans-
form of 𝑉 (𝑧, 𝑡) at each 𝑧 position (frequency resolution
Δ𝑓 = 0.02MHz).

Table 1. The sandwich structure adhesive samples with different interfacial bonding qualities.

Samples Upper Al layer Upper interface Middle adhesive layer Lower interface Lower Al layer
#1 Good 1.42mm good 0.132mm good 0.55mm
#2 Weak 1.42mm week 0.147mm good 0.557mm

For interface adhesion evaluation, several adhe-
sive bonding samples have been prepared in the lab-
oratory. They are realized by adhering two alu-
minum plates (type 1060D) of different thicknesses
with an adhesive of epoxy resin (type AD850), which
is a typical sandwich structure. The aluminum has
such material properties: longitudinal wave velocity

𝑐l,Al = 6212 m/s, shear wave velocity 𝑐t,Al = 3110 m/s
and mass density 𝜌Al = 2699 kg/m3; those of epoxy-
resin are 𝑐l,epoxy = 2200 m/s, 𝑐t,epoxy = 920 m/s and
𝜌epoxy = 1280 kg/m3. A good interface adhesion is
ensured by a careful cleaning of the aluminum sur-
faces to be adhered. A weak interface adhesion is
simulated by sputtering on the surface a thin layer
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(several µm) Teflon (PTFE). The samples have a size
of 25 cm× 20 cm and the thickness of each layer con-
stituting the structure is listed in Table 1. There is
a slight difference in the thickness of the aluminum

plates and the adhesive layers for different samples.
They are determined experimentally by measuring the
time of flight by using echography with a 50 MHz
acoustic lens.
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Fig. 5. The inverted reflectance function |𝑅(𝜃, 𝑓)| and its comparison with the guided wave dispersion curves of the
sample #1 having a ‘good’ adhesion for the two interfaces: (a1) |𝑅(𝜃, 𝑓)| obtained at the thicker aluminum side; (a2)
comparison with the calculated Lamb wave dispersion curves of the single thicker aluminum layer; (b1) |𝑅(𝜃, 𝑓)|
obtained at the thinner aluminum side of the sample; (b2) comparison with the calculated Lamb wave dispersion
curves of the single thinner aluminum layer; (c1) fusion of |𝑅(𝜃, 𝑓)| of (a1) and (a2); and (c2) comparison with the
calculated guided wave dispersion curves of the sample with a perfect interface stiffness 𝑘t = ∞.

Figure 5 presents the 𝑉 (𝑧) inversion results ob-
tained on the sample #1. Figures 5(a1) and 5(b1)
show the inverted |𝑅(𝜃, 𝑓)| obtained by 𝑉 (𝑧) acquisi-
tion at the sample side having a thick aluminum layer
and at the side having a thin aluminum layer. The
two reconstructed |𝑅(𝜃, 𝑓)|’s do not have similar wave
modes. Most of the identified mode branches in the
|𝑅(𝜃, 𝑓)| obtained at the thicker aluminum layer side
correspond to the Lamb wave modes for the single
thick aluminum layer (labeled A𝑖 and S𝑖); those ob-
tained at the thin aluminum layer side correspond to
the Lamb wave modes for the single thin layer (labeled
A*

𝑖 and S*
𝑖 ). Figures 5(a2) and 5(b2) are the compar-

ison between |𝑅(𝜃, 𝑓)| and the Lamb wave dispersion
curves of their corresponding single layer. By the fu-
sion of these two |𝑅(𝜃, 𝑓)|’s, which is their logarithmic
summation, the result given in Fig. 5(c1) represents
hence the 𝑉 (𝑧) inversion for the whole sandwich sam-
ple. Figure 5(c2) is the superposition of the fused
|𝑅(𝜃, 𝑓)| and the guided wave dispersion curves calcu-
lated for the sample having ‘perfect’ interface stiffness
(𝑘t = ∞) at the both interfaces. In the latter case, the
modes cannot be labeled as A𝑖 and S𝑖 like the Lamb
wave modes for a single layer but as M𝑖 (for 𝑖 from 0
to 16) due to the non-symmetricity of the three-layer
structure in its thickness. There is a good coincidence
between the reconstructed |𝑅(𝜃, 𝑓)|’s and the guided

wave dispersion curves, confirming the good interface
adhesion of the sample #1.
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Fig. 6. The inverted reflectance function |𝑅(𝜃, 𝑓)| and
its comparison with the guided wave dispersion curves of
the sample #2 having a ‘weak’ adhesion at the thicker
aluminum-adhesive interface: (a) fusion of the |𝑅(𝜃, 𝑓)|
obtained at the two sides of the sample; (b) comparison
with the calculated guided wave dispersion curves of the
sample having a weak interface stiffness 𝑘t = 1014 N/m3

at the thicker aluminum–adhesive interface.

Figure 6 shows the results for the sample #2. Fig-
ures 6(a) and 6(b) are the fused inversion of |𝑅(𝜃, 𝑓)|
and its superposition with the guided wave dispersion
curves calculated for the structure having an imper-
fect interface stiffness 𝑘t at its upper interface. They
are obtained after several simulations and compar-
isons from which the best fitting between |𝑅(𝜃, 𝑓)|
and the mode dispersion corresponds to a 𝑘t value
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of 1014 N/m3. Such a 𝑘t can be considered as a mean
weak adhesion of the interface because a completely
slipped or a strong adhered interface has a 𝑘t value
inferior to 1011 N/m3 or superior to 1018 N/m3, re-
spectively.

In conclusion, the angular and frequency re-
flectance function |𝑅(𝜃, 𝑓)| can be used for the non-
destructive evaluation of the interface adhesion in an
adhesively bonded layered structure by analyzing its
minima evolution corresponding to the guided wave
dispersion of the structure. The shear interfacial stiff-
ness parameter 𝑘t describing the interface adhesion
quality has been determined by comparing the mea-
sured 𝑅(𝜃, 𝑓) with the calculated guided wave disper-
sion curves under their best fitting. The 𝑉 (𝑧) inver-
sion technique is an efficient and practical approach for
𝑅(𝜃, 𝑓) function measurement. The value of 𝑅(𝜃, 𝑓)
has to be reconstructed by 𝑉 (𝑧) inversion on the two
sides of the sample. Though the 𝑘t value has been
determined to be infinite for an interface with good
adhesion and to be 1014 N/m3 for a weak interface,
more measurements must be carried out for a series of
samples having different levels of the interface adhe-
sion to confirm this conclusion.

We acknowledge Dr. Xu Yan-Feng in Ultrasonic
Lab at Tongji University for his help in the experi-

mental implementation.
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