
CHIN.PHYS. LETT. Vol. 31, No. 2 (2014) 024206

Distributed Qutrit–Qutrit Entanglement through Laser-Driven Resonant
Interaction *
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We propose to deterministically realize the qutrit–qutrit maximal entanglement for two atoms held in separate
cavities coupled by an optical resonator. We study such a system in the resonant regime and show that the
laser-driven resonant dynamics allow for the fast and robust creation of qutrit–qutrit entanglement.
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Entanglement is a subtle non-local correlation
between parts of a quantum system without clas-
sical analogues. An entangled state shared by
separate subsystems plays an important role for
the test of quantum nonlocality.[1−3] Moreover, it
is also a valuable resource for many protocols in
quantum communication and computation.[4] Entan-
gled quantum states come in many flavors, such
as Bell,[2] Einstein–Podolsky–Rosen,[1] Greenberger–
Horne–Zeilinger[3] and W states,[5] generally depend-
ing on the dimensionality and tensor product struc-
ture of the Hilbert spaces involved. All these states
have different qualities and are suitable for differ-
ent roles in quantum information protocols.[4] Thus a
strong motivation has been raised for the study of en-
tanglement and its correlative applications. Though
the fields of quantum communication and computa-
tion have been mainly built on the concept of qubits
(two-dimensional systems), the exploration of qubits
(multiple systems with Hilbert spaces of dimension
𝑑) has attracted much attention in the recent years.
Entangled qubits possess some interesting properties
that account for their usefulness: they violate local
realism more strongly than entangled qubits;[6] quan-
tum cryptographic protocols where qubits are replaced
with qubits are both more secure and faster (in that
more information may be sent, on average, per sent
particle).[7]

Schemes have been proposed for realization of
qutrit–qutrit entanglement. Typical examples can
be found in the cases that explore the matter–light
interaction,[9−15] for which two atoms held in a sin-
gle cavity are engineered in a maximal qutrit–qutrit
entanglement. In order to be used for quantum
communication protocols,[16,17] such an entanglement
should be generated between distant atoms, like atoms
trapped in different cavities. In this case, separate
atoms may be addressed individually in a more con-

venient way (as compared with the cases where atoms
are confined in a single cavity). Distributed atomic
entanglement requires a way to coherently mediate
the interaction between the separate atoms. Schemes
have also been proposed for engineering distributed
qutrit–qutrit entanglement[18−21] based on the proto-
type of two distant atoms interacting with the local
cavity modes that are coupled through an optical res-
onator (say, an optical fiber).[22−24] Notice that the
scheme in Refs. [19,20] employs the dispersive inter-
action for suppressing the excitation of either atoms
or photons, thus the operation time is relatively long.
Notice also that both the schemes based on the adia-
batic passage[18] and quantum Zeno dynamic[15] em-
ploy the weak laser driving as to guarantee the sys-
tem’s state evolution confined in the specific (‘dark
state’ or ‘Zeno’) subspace, they thus also suffer from
a slow operation process.

In this Letter, we make an alternative and pro-
pose to rapidly engineer qutrit–qutrit entanglement
based on the system composed of two distant atoms
held in separate cavities that are coupled by an opti-
cal resonator. In the scheme, the resonant interaction
between the distant atoms as well as between the cavi-
ties is driven by moderate laser fields, thus guarantees
a relatively faster operation process, as compared to
the previous ones in Refs. [18-21], due to the fact that
one of the methods for reducing the quantum decoher-
ence effect is to cut down the operation time. In this
context, the scheme might be favorable for the com-
plicated coherent control in quantum communication
and computation. We will then move on to study the
influences of imperfections and dissipation.

Our setup is schematically shown in Fig. 1(a). Two
distant atoms are individually held in two double-
mode cavities (A and B), which are connected by the
third optical resonator. The linking resonator can be
either the third cavity coupling the two distant cavi-
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ties (like in a photonic crystal), or a ‘short’ (in a sense
which will be specified shortly) optical fiber. For sim-
plicity, we will henceforth refer to the linking resonator
as to the ‘fiber’.
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Fig. 1. (Color online) The setup and the atom level con-
figuration for realizing qutrit–qutrit entanglement. (a)
Two atoms are trapped in double-mode cavities A and B,
respectively. The cavities are coupled by an optical res-
onator. (b) The involved atomic transitions for each atom
in the local cavity.

The coupling of the fiber modes to the cav-
ity modes in the Schrödinger interaction pic-
ture may be modelled by the Hamiltonian
𝐻cf

I =
∑︀∞

𝑛=1

∑︀
𝑘=L,R ∆𝑛,𝑘𝑏

+
𝑛,𝑘𝑏𝑛,𝑘 + 𝜈𝑛,𝑘{𝑏𝑛,𝑘[𝑎+A,𝑘 +

(−1)𝑛𝑒𝑖𝜙f𝑎+B,𝑘)]+H.c.} (~ = 1 is used throughout this
work), where ∆𝑛,𝑘 is the frequency difference of the
𝑛th polarized fiber mode and the cavity mode with
the corresponding polarization (subscripts L and R de-
note, respectively, 𝜎+-circular and 𝜎−-circular polar-
ization), 𝑏𝑛,𝑘 and 𝑎A,𝑘 (𝑎B,𝑘) are the annihilation op-
erators for the polarized modes of the fiber and of cav-
ity A (B), 𝜈𝑛,𝑘 is the corresponding coupling strength,
and the phase 𝜙f is due to the propagation of the field
through the fiber of length 𝐿: 𝜙 = 2𝜋𝜔𝐿/𝑐.[23] In
the short fiber limit 2𝐿𝜈/(2𝜋𝑐) ≪ 1,[23] where 𝜈 is
the decay rate of the cavity fields into a continuum
of the fiber modes, only the resonant modes 𝑏L and
𝑏R of the fiber are excited and coupled to the cavity
modes. In this case, the interaction Hamiltonian 𝐻cf

I

describing the cavity–fiber coupling can be rewrit-
ten as 𝐻cf

I =
∑︀

𝑘=L,R 𝜈𝑘[𝑏𝑘(𝑎+A,𝑘 + 𝑎+B,𝑘) + H.c.],[23]

where the phase (−1)𝑛𝑒𝑖𝜙f has been absorbed into
the annihilation and creation operators of the polar-
ized modes of cavity B. In this work, the state of the
photon modes for cavity A (B) or the fiber is taken to
be |𝑖𝑖′⟩, with 𝑖 (𝑖′ ) denoting 𝑖 𝜎+- (𝑖′ 𝜎−-) photons.

The atoms have three excited states (|𝑒L⟩, |𝑒0⟩, and
|𝑒R⟩) and four ground states (|𝑔L⟩, |𝑔a⟩, |𝑔0⟩, and |𝑔R⟩),
which could be the Zeeman sub-levels of alkali atoms
in the excited- and ground-state manifold. We con-
sider here a possible implementation with 87Rb, whose
relevant atomic levels are shown in Fig. 1.(b). We
only illustrate the involved state transition by start-
ing from the initial state |𝑔a⟩A|𝑔0⟩B. Each atom is
assumed to be coupled (resonantly) to an external 𝜋-

polarized laser field and both 𝜎+- and 𝜎−-polarized
photon modes of the local cavity. Due to the dif-
ferent initial states for the two atoms, the involved
transitions for each atom are asymmetric. In cavity
A, the transitions |𝑔a⟩ → |𝑒0⟩ and |𝑒0⟩ → |𝑔L⟩ (|𝑔R⟩)
are coupled to the 𝜋-polarized laser field and the 𝜎+-
circular (𝜎−-circular) polarized cavity mode, respec-
tively. In cavity B, the transitions |𝑔0⟩ → |𝑒L⟩ (|𝑒R⟩)
and |𝑒𝑘⟩ → |𝑔𝑘⟩ are coupled to the 𝜎+-circular (𝜎−-
circular) polarized cavity mode and the 𝜋-polarized
laser field, respectively. We first assume that the fre-
quencies for the laser and cavity fields are selected in
such a way that additional transitions can not occur.
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Fig. 2. (Color online) The fidelity of the qutrit–qutrit
entanglement versus kinds of errors (all the parameters
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(𝑡A and 𝑡B are the required times for each atom
interacting with the local cavity fields, respectively).

In the interaction picture, the Hamiltonian
describing the atom–cavity coupling in the ro-
tating wave approximation can be written as
𝐻ac

I =
∑︀

𝑘=L,R(𝑔A,𝑘𝑎A,𝑘|𝑒0⟩A⟨𝑔𝑘|+ΩA𝑒
𝑖𝜑A |𝑒0⟩A⟨𝑔a|+

𝑔𝐵,𝑘𝑎B,𝑘|𝑒𝑘⟩B⟨𝑔0| + ΩB𝑒
𝑖𝜑B |𝑒𝑘⟩B⟨𝑔𝑘| + H.c.],[25−27]

where 𝑔𝑥,𝑘 (𝑥= A, B) is the coupling strength of
the atom with the polarized photon mode in cav-
ity 𝑥 and satisfies 𝑔𝑥,𝑘 = 𝑔0𝐶𝑚,𝑚′ (with 𝑔0 and
𝐶𝑚,𝑚′ being the atom–cavity coupling constant and
Clebsch–Cordan coefficient, respectively), Ω𝑥 and 𝜑𝑥
are Rabi frequency and phase of the laser field,
and H.c. denotes Hermitian conjugate. We define
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the excitation number operator 𝑁e = |𝑔a⟩A⟨𝑔a| +
|𝑒0⟩A⟨𝑒0| +

∑︀
𝑘=L,R(|𝑒𝑘⟩B⟨𝑒𝑘| + |𝑔𝑘⟩B⟨𝑔𝑘| + 𝑏+𝑘 𝑏𝑘 +∑︀

𝑥=A,B 𝑎
+
𝑥,𝑘𝑎𝑥,𝑘). It is obvious that the excitation

number operator 𝑁e commutes with the Hamiltonian
𝐻I = 𝐻cf

I + 𝐻ac
I , thus the total excitation number is

conserved during the dynamics evolution of the entire
system.

We suppose that the system is initially in the state
|𝜓(0)⟩ = 1√

3
(|𝑔0⟩A +

√
2|𝑔a⟩A)|𝑔0⟩B|00⟩c1|00⟩f |00⟩c2 ≡

1√
3
(|𝜑0⟩+

√
2|𝜑1⟩). Preparation of this initial state can

be achieved by optical pumping or stimulated Raman
adiabatic passage with two lasers applied to the atom
in cavity A, one resonant with the transition from 𝐹=1
to 𝐹 ′ = 1, the other coupling levels 𝐹 = 2 and 𝐹 ′ =
1.[28] The state |𝜑0⟩ ≡ |𝑔0⟩A|𝑔0⟩B|00⟩c1|00⟩f |00⟩c2
will not evolve, as it is completely decoupled from
the Hamiltonian. However, the state |𝜑1⟩ ≡
|𝑔a⟩A|𝑔0⟩B|00⟩c1|00⟩f |00⟩c2 will evolve in the single-
excitation subspace {|𝜑1⟩, . . . , |𝜑𝑖⟩, . . . , |𝜑12⟩},[29]
where |𝜑2⟩ = |𝑒0⟩A|𝑔0⟩B|00⟩c1|00⟩f |00⟩c2, |𝜑3⟩ =
|𝑔L⟩A|𝑔0⟩B|10⟩c1|00⟩f |00⟩c2, |𝜑4⟩ = |𝑔L⟩A|𝑔0⟩B
|00⟩c1|10⟩f |00⟩c2, |𝜑5⟩ = |𝑔L⟩A|𝑔0⟩B|00⟩c1|00⟩f |10⟩c2,
|𝜑6⟩ = |𝑔L⟩A|𝑒L⟩B|00⟩c1|00⟩f |00⟩c2, |𝜑7⟩ =
|𝑔L⟩A|𝑔L⟩B|00⟩c1|00⟩f |00⟩c2, |𝜑8⟩ = |𝑔R⟩A|𝑔0⟩B
|01⟩c1|00⟩f |00⟩c2, |𝜑9⟩ = |𝑔R⟩A|𝑔0⟩B|00⟩c1|01⟩f |00⟩c2,
|𝜑10⟩ = |𝑔R⟩A|𝑔0⟩B|00⟩c1|00⟩f |01⟩c2, |𝜑11⟩ =
|𝑔R⟩A|𝑒R⟩B|00⟩c1|00⟩f |00⟩c2, and |𝜑12⟩ =
|𝑔R⟩A|𝑔R⟩B|00⟩c1|00⟩f |00⟩c2. The time evolution of
the entire system is governed by the Schrödinger
equation 𝑖 𝜕

𝜕𝑡 |𝜓(𝑡)⟩ = 𝐻I|𝜓(𝑡)⟩, where state vec-
tor |𝜓(𝑡)⟩ at time 𝑡 can be expressed as |𝜓(𝑡)⟩ =
1√
3
(|𝜑0⟩ +

√
2
∑︀12

𝑖=1 𝐶𝑖|𝜑𝑖⟩).
By setting 𝑔A ≡ 𝑔, 𝑔B =

√
2𝑔, 𝑣 = 1.56𝑔, ΩA =

ΩB = 1.1𝑔, 𝜑A = 𝜑B, and 𝑡 = 3.51/𝑔, we obtain a
qutrit–qutrit maximal entanglement (in the sense that
the local Von Neumann entropy is maximal)

|𝜓q⟩ =
1√
3

(|𝑔0⟩A|𝑔0⟩B + |𝑔L⟩A|𝑔L⟩B + |𝑔R⟩A|𝑔R⟩B),
(1)

leaving the cavities and fiber in vacuum state (i.e.,
|00⟩c1|00⟩f |00⟩c2). Let us stress that the laser-
driven resonant interaction discussed here possesses
the advantage of requiring a very short interaction
time. Compared with the schemes through adiabatic
passage,[18] virtual-excitation processes,[19,20] or even
quantum Zeno dynamics,[21] the time required in the
present scheme is shortened by at least an order of
magnitude.

In the above analysis, the system is assumed to op-
erate under ideal conditions. In the real experiments,
the potential errors include: (i) the mismatch of the
coupling rate 𝑔𝑥,𝑘 and Ω𝑥 (𝑥 = 𝐴, B; 𝑘 = 𝐿, R) for the
atoms with the local cavity and laser fields, as 𝑔𝑥,𝑘 and
Ω𝑥 are dependent on atomic position and might fluc-
tuate; (ii) the mismatch of the phase 𝜑𝑥 due to noise

in the phases of the laser fields; (iii) the mismatch of
the coupling rate 𝑣𝑘 for the cavity and fiber modes, as
𝑣𝑘 is decided by manufactured technology and might
be imprecise; (iv) polarization errors due to unstable
magnetic fields, which leads to mismatches in param-
eters related to polarization; and (v) timing error, due
to the finite switching rates of the interactions.
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Fig. 3. (Color online) The fidelity of the qutrit–qutrit
maximal entanglement versus the dimensionless parame-
ters (a) 𝑔𝑡 and 𝜅/𝑔 (𝜅 = 𝛽 = 𝛾 is set); (b) 𝜅/𝑔 and 𝛾/𝑔
(𝛽 = 0.01𝑔 is set).

In order to check out how the mentioned errors in-
fluence the generation of the entanglement, we define
the following fidelity as a measure of the reliability of
the qutrit–qutrit maximal entanglement

𝐹 = ⟨𝜓q|Trc1,f,c2 [𝜌(𝑡)]|𝜓q⟩, (2)

where 𝜌(𝑡) ≡ |𝜓(𝑡)⟩⟨𝜓(𝑡)| is the state of the entire sys-
tem at an arbitrary time (governed by Eq. (3) which
takes no account of dissipation), and Trc1,f,c2 denotes
the partial trace over the field degrees of freedom. We
first assume ‘perfect interaction’, and take the case
𝑔
A,L

= 𝑔
A,R

≡ 𝑔, 𝑔
B,L

= 𝑔
B,R

≡
√

2𝑔, Ω𝑥 = 1.1𝑔,
𝜑A = 𝜑B, and 𝑣𝑘 ≡ 1.56𝑔 as a reference, under such
conditions qutrit–qutrit maximal entanglement is ob-
tained at the reference time 𝑡 = 𝑇0 (𝑔𝑇0 = 3.51). We
then set the errors in the parameters 𝑔𝑥,𝑘, Ω𝑥, 𝜑𝑥,
𝑣𝑘 and 𝑡𝑘 to be 𝛿𝑔𝑥,𝑘

, 𝛿Ω𝑥
, 𝛿𝜑𝑥

, 𝛿𝑣𝑘 and 𝛿𝑡𝑘 (𝑥= A,
B; 𝑘= L, R), respectively. In Fig. 2, the fidelity is
plotted versus all these kinds of errors. Notice that
these fidelity plots display a number of symmetries,
which trivially reflect the choices of the error parame-
ters and the symmetry of the system under exchange
of the two atoms with the cavities and fiber. More-
over, we find that the fidelity is very robust against
errors in the parameters 𝑔𝑥,𝑘, Ω𝑥, 𝜑𝑥, and 𝜈𝑘. A devi-
ation 𝛿𝑔𝑥,𝑘

≃ 10%𝑔𝑥,𝑘, 𝛿Ω𝑥 ≃ 10%Ω𝑥, 𝛿𝜑𝑥 ≃ 10%𝜑𝑥, or
𝛿𝜈𝑥,𝑘

≃ 10%𝜈𝑥,𝑘 will cause only a reduction of smaller
than (or, approximately) 1% in the fidelity. We note
that the influence of the timing error 𝛿𝑡𝑘 on the fi-
delity is a bit more serious, as compared with that of
the other errors. However, we find that a deviation
𝛿𝑡𝑘 ≃ 5%𝛿𝑡𝑘 will cause only a reduction of smaller
than 3% in the fidelity.

In all the above arguments, we have ignored the
influences of dissipation in the system. Here we take
into account the dissipation due to atomic sponta-
neous emission and photon leakage from the cavities
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and fiber. The master equation of motion for the den-
sity matrix of the entire system can be expressed as

𝜌̇ = − 𝑖[𝐻I, 𝜌] +
∑︁

𝑥=A,B

[︁ ∑︁
𝑘=L,R

𝛽

2
(2𝑏𝑘𝜌𝑏

†
𝑘 − 𝑏†𝑘𝑏𝑘𝜌

− 𝜌𝑏†𝑘𝑏𝑘) +
𝛾

2

∑︁
𝜎=L,R,𝜋

(2𝐴𝑥,𝜎𝜌𝐴
†
𝑥,𝜎 −𝐴†

𝑥,𝜎𝐴𝑥,𝜎𝜌

− 𝜌𝐴†
𝑥,𝜎𝐴𝑥,𝜎)

+
∑︁

𝑘=L,R

𝜅

2
(2𝑎𝑥,𝑘𝜌𝑎

†
𝑥,𝑘−𝑎

†
𝑥,𝑘𝑎𝑥,𝑘𝜌−𝜌𝑎

†
𝑥,𝑘𝑎𝑥,𝑘)

]︁
,
(3)

where 𝐴𝑥,𝜎 =
∑︀

𝑦,𝑧 |𝑦⟩𝑥⟨𝑦; 𝑖𝜎|𝑧⟩𝑥⟨𝑧| (𝑦 = 𝑔L, 𝑔0, 𝑔R;
𝑧 = 𝑒L, 𝑒0, 𝑒R) is the atomic lowering operator, with
𝑥⟨𝑦; 𝑖𝜎|𝑧⟩𝑥 being the Clebsch–Gordian coefficient (i.e.,
𝐶𝑚,𝑚′) for the dipole transition |𝑒⟩ → |𝑔⟩ with po-
larizaition 𝜎= L, R, 𝜋; 𝛾, 𝛽 and 𝜅 stand, respec-
tively, for spontaneous emission rate and for the fiber
and cavity decay rates (assumed for simplicity to be
equal for the two cavities and for the two polarized
modes). The contribution of the thermal photons
has been neglected, as is reasonable at optical fre-
quencies. The master Eq. (3) is numerically solved in
the subspace ∀ ∈ {∀full, |𝑔L⟩A|𝑔0⟩B|00⟩𝑐1 |00⟩𝑓𝑖𝑏|00⟩𝑐2 ,
|𝑔R⟩A|𝑔0⟩B|00⟩𝑐1 |00⟩fib|00⟩𝑐2}. In Fig. 3(a), the fidelity
of the qutrit–qutrit maximal entanglement is plot-
ted versus the dimensionless parameters 𝑔𝑡 and 𝜅/𝑔
(𝜅 = 𝛽 = 𝛾 is set). While in Fig. 3(b), the fidelity (at
𝑇0 = 3.51

𝑔 ) is plotted versus the dimensional parame-
ters 𝜅/𝑔 and 𝛾/𝑔 (𝛽 = 0.01𝑔 is set). In the calcula-
tions, we still set 𝑔

A,L
= 𝑔

A,R
≡ 𝑔, 𝑔

B,L
= 𝑔

B,R
≡

√
2𝑔,

Ω𝑥 = 1.1𝑔, 𝜑A = 𝜑B, and 𝑣𝑘 ≡ 1.56𝑔. From Fig. 3(a),
we note that the fidelity is almost unaffected by the
three decay rates 𝜅, 𝛽 and 𝛾 when 𝜅 = 𝛽 = 𝛾 ≤ 10−3𝑔,
and is 0.986 when 𝜅 = 𝛽 = 𝛾 = 10−2𝑔, larger than the
one (<0.87) obtained in Ref. [19]. We note that, for
the previous scheme through the adiabatic passage,[18]

the decay rate 𝜅 ≡ 10−2𝑔 alone degraded the fidelity
down to 𝐹 = 0.95. The great improvement is of course
due to the reduction in the interaction time. Appar-
ently, the fidelity decreases rapidly when the three de-
cay rates 𝜅, 𝛽 and 𝛾 become larger; it is about 0.875
when 𝜅 = 𝛽 = 𝛾 = 10−1𝑔, and almost is spoiled
when 𝜅 = 𝛽 = 𝛾 = 𝑔. For the available parameters
(𝑔, 𝜅, 𝛾)/2𝜋= (12, 1.5, 1.5) MHz, the condition with
𝛽 = 0.01𝑔 might be enough to estimate the fiber’s
loss.[30] In such a case, the operation time is 47 ns,
and the fidelity is 0.8686.

From Fig. 3(b), it can be seen that the decay rates
𝜅 ≡ 10−1𝑔, 𝛽 ≡ 10−1𝑔, and 𝛾 ≡ 10−1𝑔 alone lead
to the fidelity larger than 0.9766, 0.9788, and 0.9155,
respectively. Thus the influences of the dissipation
due to the photon leakage from the cavities and fiber
is slighter than that due to the atomic spontaneous
emission. Note that these consequences are superior
to the previous ones via the virtual excitation pro-
cesses in Ref. [20].

In summary, we have proposed a resonant scheme,
different from all the previous ones (i.e., via adiabatic
passage or dispersive interaction), for the determinis-
tic generation of qutrit–qutrit entanglement for a pair
of atoms held in separate cavities connected by an op-
tical fiber or optical resonator. In the scheme, the
fast operation for the qutrit–qutrit entanglement off-
sets the deficiency due to strong excitations in the
cavities, fiber and atoms, making the effects of dissi-
pation superior to those of the virtual scheme. In this
aspect, the proposed resonant strategy is thus very im-
portant for the topic of complicated quantum control
where the reduction in the operation time is one of the
main purposes. In addition, the scheme is very favor-
able as it proves to be rather robust against the pos-
sible errors in system parameters. The scheme could
find potential applications in multidimensional quan-
tum alphabets for distributed quantum information
processing.
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