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Cylindrically Symmetric Solution in Teleparallel Theory
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The field equations of a special class of teleparallel theory of gravitation and electromagnetic fields are applied
to tetrad space having cylindrical symmetry with four unknown functions of radial coordinate 𝑟 and azimuth
angle 𝜃. The vacuum stress-energy momentum tensor with one assumption concerning its specific form generates
one non-trivial exact analytic solution. This solution is characterized by a constant magnetic field parameter
𝐵0. If 𝐵0 = 0, then the solution will reduce to the flat spacetime. The energy content is calculated using the
superpotential given by Møller in the framework of teleparallel geometry. The energy contained in a sphere is
found to be different from the pervious results.
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Theories of gravity based on the geometry of dis-
tance parallelism[1−7] are commonly considered as the
closest alternative to the general relativity (GR) the-
ory. Teleparallel gravity models possess a number
of attractive features from both the geometrical and
physical viewpoints. Teleparallelism is naturally for-
mulated by gauging external (spacetime) translation
and underlain the Weitzenböck spacetime[8] charac-
terized by the metricity condition and by the vanish-
ing of the curvature tensor. Translations are closely
related to the group of general coordinate transfor-
mations which underlies GR. Therefore, the energy-
momentum tensor represents the matter source in the
field equations of tetradic theories of gravity like in
GR.

Teleparallel theories of gravity, whose basic entities
are the tetrad field 𝑒𝑎𝜇 (𝑎 and 𝜇 are SO(3,1) and space-
time indices, respectively) have been considered a long
time ago by Møller[9] in connection with attempts to
define the energy of the gravitational field. Those the-
ories of gravity have been considered for a long time
in connection with attempts to define the energy of
the gravitational field.[9,10] It is clear from the proper-
ties of the solutions of the Einstein field equation of an
isolated system that a consistent expression for the en-
ergy density of the gravitational field would be given in
terms of second order derivatives of the metric tensor.
It is well known that there exists no covariant, non-
trivial expression constructed out of the metric ten-
sor, both in three and four dimensions that contain
such derivatives. However, covariant expressions that
contain second order derivatives of the tetrad fields
are feasible. Thus it is legitimate to conjecture that
the difficulties regarding the problem of defining the
gravitational energy-momentum is related to the ge-
ometrical description of the gravitational field rather
than being an intrinsic drawback of the theory.[11]

The problem of defining a consistent and unequiv-
ocal expression for the energy of the gravitational and

electromagnetic fields is still open and an important
question in GR. It is well know that the principle of
equivalence has led to the belief that the gravitational
energy cannot be localized.[12,13] However, the argu-
ment based on this principle regarding the nonlocaliz-
ibility of gravitational energy is controversial and not
generally accepted.[11] Therefore, it is legitimate to
conjecture that the difficulties associated to the prob-
lem of defining the gravitational energy is related to
the geometrical description of the gravitational field,
rather being an intrinsic nuisance of the theory.[11] The
first attempts to define the energy of the gravitational
field were based on pseudotensors,[14] which make use
of coordinate dependent expressions. More recently,
the idea of quasi-local energy, i.e., energy associated
to a closed spacelike two surface, in the context of the
Hilbert-Einstein action integral, has emerged as a ten-
tative description of the gravitational energy.[16]

As stated above, the calculations of energy within
the framework of GR theory have some problems.[9]
It is the aim of the present work to study a tetrad
having cylindrical symmetry and apply it to the field
equations of gravitation and electromagnetic. Solving
the resulting nonlinear differential equation we obtain
an exact solution. We then calculate the energy using
the superpotential of Mikhail et al.[16]

In teleparallel theory of gravity and electromag-
netism the spacetime is represented by the Weitzen-
böck manifold 𝑊 4 of distance parallelism. This theory
naturally arises within the gauge approach based on
the group of the spacetime translations. Accordingly,
at each point of this manifold, a gauge transformation
is defined as a local translation of the tangent- space
coordinate,[17] 𝑥𝑎 → 𝑥′𝑎 = 𝑥𝑎 + 𝑏𝑎 where 𝑏𝑎 = 𝑏𝑎(𝑥𝜇)
are the transformation parameters. For an infinitesi-
mal transformation we have 𝛿𝑥𝑎 = 𝛿𝑏𝑐𝑃𝑐𝑥

𝑎 with 𝛿𝑏𝑎

being the infinitesimal parameters, and 𝑃𝑎 = 𝜕𝑎 the
generators of translations. Denoting the translational
gauge potential by Λ𝑎

𝜇, the gauge covariant derivative
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for a scalar field Φ(𝑥𝜇) reads

𝐷𝜇Φ = 𝑒𝑎𝜇𝜕𝑎Φ, where 𝑒𝑎𝜇 = 𝜕𝜇𝑥
𝑎 + Λ𝑎

𝜇, (1)

is the tetrad field which satisfies the orthogonality con-
dition 𝑒𝑎𝜇𝑒

𝜈
𝑎 = 𝛿𝜈𝜇. This nontrivial tetrad field in-

duces a teleparallel structure on spacetime which is
directly related to the presence of the gravitational
field, and the Riemannian metric arises as

𝑔𝜇𝜈
def.
= 𝜂𝑎𝑏𝑒𝑎

𝜇𝑒𝑏
𝜈 , (2)

with the Minkowski metric 𝜂𝑎𝑏 = diag(+1,−1,−1,−1).
The gravitational Lagrangian 𝐿 is an invariant con-
structed from 𝛾𝜇𝜈𝜌 and 𝑔𝜇𝜈 , where 𝛾𝜇𝜈𝜌 is the contor-
sion tensor given by

𝛾𝜇𝜈𝜌
def.
= 𝑒𝑎𝜇𝑒𝑎𝜈;𝜌, (3)

where the semicolon denotes covariant differentiation
with respect to Christoffel symbols. The most general
Lagrangian density invariant under parity operation
is given by the form[18]

ℒ def.
= (−𝑔)1/2 (𝛼1Φ𝜇Φ𝜇 + 𝛼2𝛾

𝜇𝜈𝜌𝛾𝜇𝜈𝜌 + 𝛼3𝛾
𝜇𝜈𝜌𝛾𝜌𝜈𝜇) ,

where 𝑔
def.
= det(𝑔𝜇𝜈), (4)

and Φ𝜇 is the basic vector field defined by

Φ𝜇
def.
= 𝛾𝜌

𝜇𝜌. (5)

Here 𝛼1, 𝛼2, and 𝛼3 are constants determined by
Møller such that the theory coincides with GR in the
weak fields:[18]

𝛼1 = − 1

𝜅
, 𝛼2 =

𝜆

𝜅
, 𝛼3 =

1

𝜅
(1 − 𝜆), (6)

where 𝜅 is the Einstein constant and 𝜆 is a free di-
mensionless parameter (throughout this study we use
the relativistic units, 𝑐 = 𝐺 = 1 and 𝜅 = 8𝜋). The
same choice of the parameters was also obtained by
Hayashi and Nakano.[19]

The electromagnetic Lagrangian density Le.m. is
given by[20]

𝐿e.m. = −1

4
𝑔𝜇𝜌𝑔𝜈𝜎𝐹𝜇𝜈𝐹𝜌𝜎, (7)

where 𝐹𝜇𝜈 is given by (Heaviside Lorentz rationalized
unites will be used throughout this study)

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇, (8)

and 𝐴𝜇 is the electromagnetic potential.
The gravitational and electromagnetic field equa-

tions for the system described by 𝐿𝐺 + 𝐿e.m. are as
follows:

𝐺𝜇𝜈 + 𝐻𝜇𝜈 = −𝜅𝑇𝜇𝜈 , 𝐾𝜇𝜈 = 0, 𝜕𝜈
(︀√

−𝑔𝐹𝜇𝜈
)︀

= 0,
(9)

where the Einstein tensor 𝐺𝜇𝜈 is defined by

𝐺𝜇𝜈 = 𝑅𝜇𝜈 − 1

2
𝑔𝜇𝜈𝑅. (10)

Here 𝐻𝜇𝜈 and 𝐾𝜇𝜈 are given by

𝐻𝜇𝜈
def.
= 𝜆

[︁
𝛾𝜌𝜎𝜇𝛾

𝜌𝜎
𝜈 + 𝛾𝜌𝜎𝜇𝛾𝜈

𝜌𝜎 + 𝛾𝜌𝜎𝜈𝛾𝜇
𝜌𝜎

+ 𝑔𝜇𝜈

(︁
𝛾𝜌𝜎𝜆𝛾

𝜆𝜎𝜌 − 1

2
𝛾𝜌𝜎𝜆𝛾

𝜌𝜎𝜆
)︁]︁

, (11)

and

𝐾𝜇𝜈
def.
= 𝜆

[︀
Φ𝜇,𝜈 − Φ𝜈,𝜇 − Φ𝜌

(︀
𝛾𝜌

𝜇𝜈 − 𝛾𝜌
𝜈𝜇

)︀
+ 𝛾𝜇𝜈

𝜌
;𝜌

]︀
,

(12)
and they are symmetric and skew symmetric tensors,
respectively. The energy-momentum tensor 𝑇𝜇𝜈 is
given by

𝑇𝜇𝜈 = 𝑔𝜌𝜎𝐹
𝜇𝜌𝐹 𝜈𝜎 − 1

4
𝑔𝜇𝜈𝑔𝜆𝜌𝑔𝜖𝜎𝐹𝜆𝜖𝐹𝜌𝜎. (13)

The tetrad space having cylindrical symmetry is
given by

(𝑒𝑖
𝜇) =

⎛⎜⎜⎝
𝐴 0 0 0
0 𝐵 sin 𝜃 cos𝜑 𝐵1

𝑟 cos 𝜃 cos𝜑 −𝐵2 sin𝜑
𝑟 sin 𝜃

0 𝐵 sin 𝜃 sin𝜑 𝐵1

𝑟 cos 𝜃 sin𝜑 𝐵2 cos𝜑
𝑟 sin 𝜃

0 𝐵 cos 𝜃 −𝐵1

𝑟 sin 𝜃 0

⎞⎟⎟⎠
(14)

where 𝐴, 𝐵, 𝐵1 and 𝐵2 are unknown functions in 𝑟
and 𝜃.

Applying Eq. (14) to the field Eqs. (9) we note that
the two tensors 𝐻𝜇𝜈 and 𝐾𝜇𝜈 are vanishing identically
regardless to the value of the functions 𝐴, 𝐵, 𝐵1 and
𝐵2. Thus Møller field equations reduce for the tetrad
Eq. (14) to Einstein’s field equations. Applying the
transformation

𝑅 =
𝑟

𝐵
, (15)

to tetrad Eq. (14) we obtain

(𝑒𝑖
𝜇) =

⎛⎜⎝
𝐴 0 0 0
0 𝒳 sin 𝜃 cos𝜑 𝐵1

𝑟𝐵
cos 𝜃 cos𝜑 −𝐵2 sin𝜑

𝑟𝐵 sin 𝜃

0 𝒳 sin 𝜃 sin𝜑 𝐵1
𝑟𝐵

cos 𝜃 sin𝜑 𝐵2 cos𝜑
𝑟𝐵 sin 𝜃

0 𝒳 cos 𝜃 −𝐵1
𝑟𝐵

sin 𝜃 0

⎞⎟⎠ ,

𝒳 = (1− 𝑟𝐵′) (16)

with 𝐵′ = 𝑑𝐵(𝑟)/𝑑𝑟. Then the field equations (9)
take an intricate form. Here we will write the non-
vanishing components of Einstein tensor 𝐺𝜇𝜈 related
to Eq. (9) that have the form

− 𝜅𝑇00 = 𝐺00, −𝜅𝑇11 = 𝐺11,

− 𝜅𝑇12 = 𝐺12, −𝜅𝑇21 = 𝐺21,

− 𝜅𝑇22 = 𝐺22, −𝜅𝑇33 = 𝐺33, (17)

where 𝐺𝜇𝜈 is defined by Eq. (10).
Now we are going to find a special solution to the

nonlinear partial differential equations (17). When

𝐴 =
1

Λ
, 𝐵 =

1

2
ln(4

√
Λ),

𝐵1 =
𝐵

Λ
, 𝐵2 = 𝐵Λ, (18)
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where Λ is defined as

Λ = 1 +
1

4
𝐵0

2𝑟2 sin2 𝜃. (19)

The form of the vector potential 𝐴𝜇, the antisym-
metric electromagnetic tensor field 𝐹𝜇𝜈 and the stress
energy-momentum tensor 𝑇𝜇

𝜈 are given by

𝐴𝑡 =𝐵0𝑟 cos 𝜃,

𝐹 =𝐵0 (cos 𝜃𝑑𝑡 ∧ 𝑑𝑟 + 𝑟 sin 𝜃𝑑𝜃 ∧ 𝑑𝑡) ,

𝑇0
0 = − 𝑇3

3 =
𝐵0

2

8𝜋Λ4
,

𝑇1
1 = − 𝑇2

2 =
𝐵0

2(1 − 2 sin2 𝜃)

8𝜋Λ4
,

𝑇1
2 = 𝑟2𝑇2

1 =
−𝐵0

2 sin 𝜃 cos 𝜃

8𝜋𝑟Λ4
. (20)

Using Eq. (18) in Eq. (16) we obtain

(𝑒𝑖
𝜇) =

⎛⎜⎜⎝
Λ 0 0 0
0 sin 𝜃 cos𝜑

Λ
cos 𝜃 cos𝜑

𝑟Λ −Λ sin𝜑
𝑟 sin 𝜃

0 sin 𝜃 sin𝜑
Λ

cos 𝜃 sin𝜑
𝑟Λ

Λ cos𝜑
𝑟 sin 𝜃

0 cos 𝜃
Λ − sin 𝜃

𝑟Λ 0

⎞⎟⎟⎠ , (21)

where Λ is given by Eq. (19). The associated Rieman-
nian metric of tetrad Eq. (21) takes the form

𝑑𝑠2 = Λ2
(︀
𝑑𝑡2 − 𝑑𝑟2 − 𝑟2𝑑𝜃2

)︀
− 𝑟2 sin2 𝜃

Λ2
𝑑𝜑2, (22)

which is the line-element given before by Melvin.[21]
In what follows we will calculate the energy us-

ing the superpotential derived form Møller’s theory
by Mikhail et al.[16] which has the form

𝒰𝜇
𝜈𝜆 =

(−𝑔)1/2

2𝜅
𝑃𝜒𝜌𝜎

𝜏𝜈𝜆
[︀
Φ𝜌𝑔𝜎𝜒𝑔𝜇𝜏 − 𝜆𝑔𝜏𝜇𝛾

𝜒𝜌𝜎

− (1 − 2𝜆)𝑔𝜏𝜇𝛾
𝜎𝜌𝜒

]︀
, (23)

where 𝒰𝜇
𝜈𝜆 is the superpotential derived from Møller’s

theory and 𝑃𝜒𝜌𝜎
𝜏𝜈𝜆 is defined as

𝑃𝜒𝜌𝜎
𝜏𝜈𝜆 def.

= 𝛿𝜒
𝜏𝑔𝜌𝜎

𝜈𝜆 + 𝛿𝜌
𝜏𝑔𝜎𝜒

𝜈𝜆 − 𝛿𝜎
𝜏𝑔𝜒𝜌

𝜈𝜆, (24)

with 𝑔𝜌𝜎
𝜈𝜆 being a tensor defined by

𝑔𝜌𝜎
𝜈𝜆 def.

= 𝛿𝜌
𝜈𝛿𝜎

𝜆 − 𝛿𝜎
𝜈𝛿𝜌

𝜆. (25)

The energy is expressed by the surface integral[22]

𝐸 = lim
𝑟→∞

∫︁
𝑟=constant

𝒰0
0𝛼𝑛𝛼𝑑𝑠, (26)

where 𝑛𝛼 is the unit three-vector normal to the surface
element 𝑑𝑆.

Now we are in a position to calculate the energy as-
sociated with solution (18) using superpotential (23).
As is clear from Eq. (26), the only component which
contributes to the energy is 𝒰0

0𝛼. Thus substitut-
ing Eq. (18) into Eq. (23) we obtain the non-vanishing
value,

𝒰0
01 =

𝐵0
2𝑥

[︀
𝐵0

2(𝑥2 + 𝑦2) + 8
]︀

128𝜋
,

𝒰0
02 =

𝐵0
2𝑦

[︀
𝐵0

2(𝑥2 + 𝑦2) + 8
]︀

128𝜋
,

𝒰0
03 = 0. (27)

Substituting Eq. (27) into Eq. (26) we obtain

𝐸(𝑟) =
1

6
𝐵0

2𝑟3 +
1

60
𝐵0

4𝑟5. (28)

This result depends on the constant 𝐵0, as is expected.
We have studied a cylindrically symmetric solution

in the teleparallel theory of gravitation and electro-
magnetic fields. The axial vector part of the torsion,
𝑎𝜇 of this solution is identically vanishing. The asso-
ciated metric of Eq. (21) gives rise to the same Rie-
mannian metric given before by Melvin.[21,23] Energy
distribution in Melvin’s universe have been computed
by many authors[12,25] using different definitions of the
energy momentum complexes within the framework of
GR theory.

It was shown by Møller[26] that a tetrad descrip-
tion of a gravitational field equation allows a more
satisfactory treatment of the energy-momentum com-
plex than GR. Therefore, we have applied the super-
potential method given by Mikhail et al.[16] to calcu-
late the energy. As is clear from Eq. (28) that en-
ergy depends on the constant magnetic 𝐵0 and if
this constant equal to zero, then 𝐸 = 0 since solu-
tion (18) will reduces to a flat spacetime, i.e. 𝑑𝑠2 =
𝑑𝑡2 − 𝑑𝑟2 − 𝑟2(𝑑𝜃2 − sin 𝜃2𝑑𝜑2).

Table 1. Comparison between the results of energy using different energy momentum complexes.

Energy momentum complex Energy Equation
Møller

Within the Framework of 1
6
𝐵0

2𝑟3 + 1
60

𝐵0
4𝑟5 (28)

Tetrad Space-time
Møller

Within the Framework of 1
3
𝐵0

2𝑟3 − 1
15

𝐵0
4𝑟5 + 1

70
𝐵0

6𝑟7 (29)
GR Space-time

Landau and Lifshitz, Papapetrou
Within the Framework of 1

6
𝐵0

2𝑟3 + 1
20

𝐵0
4𝑟5 + 1

140
𝐵0

6𝑟7 + 1
2520

𝐵0
8𝑟9 (30)

GR Space-time
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It is of interest to mention here that Radinschi[24]
has calculated the energy distribution of Melvin met-
ric using Møller energy momentum complex within the
framework of GR and has obtained

𝐸(𝑟) =
1

3
𝐵0

2𝑟3 − 1

15
𝐵0

4𝑟5 +
1

70
𝐵0

6𝑟7. (29)

Also Xulu[25] has calculated the energy of the same
metric using the energy momentum complexes given
by Landau and Lifshitz and by Papapetrou and he has
obtained

𝐸(𝑟) =
1

6
𝐵0

2𝑟3 +
1

20
𝐵0

4𝑟5 +
1

140
𝐵0

6𝑟7 +
1

2520
𝐵0

8𝑟9.

(30)
It is clear that there is a difference between the results
obtained by Radinschi, Xulu and the results obtained
in this study. The difference of energy of the same
spacetime within GR is due to the fact that there are
many definitions of energy momentum complexes.[14]
However, this problem does not exist in the telepar-
allel theories because it has only one definition of the
energy-momentum complex.[18]

A comparison between the results of the energy us-
ing different energy momentum complexes are given in
Table 1.

References
[1] Hayashi K and Shirafuji T 1979 Phys. Rev.D 19 3524
[2] de Andrade V C and Pereira J G 1997 Phys. Rev.D 56 4689
[3] Kopezyński W 1982 J. Phys.A 15 493
[4] Maluf J Ulhoa W S C, Faria F F and da Rocha-Neto J F

2006 Calss. Quant.Grav. 23 6245
[5] Nashed G G L 2007 Mod. Phys. Lett.A 22 1047
[6] Nashed G G L 2006 Int. J.Mod. Phys.A 21 3181
[7] Nester J M 1988 Class. Quantum Grav. 5 1003
[8] Weitzenböck R 1923 Invariantentheorie (Noordhoff,

Groningen)
[9] Møller C 1962 Tetrad Fields and Conservation Laws in

General Relativity; Proceedings of the International School
of Physics “Enrico Fermi” ed Møller C (London: Academic)
Møller C 1962 Conservation Laws in the Tetrad Theory of
Gravitation; Proceedings of the Conference on the Theory
of Gravtion ed Warszawa and Jablonna (Gauthier-Villars,
Paris and PWN-Polish Scientific Publishers, Warszawa,
1964) (NORDITA Publicatiobns) No 136

[10] Maluf J W, da Rocha-neto J F, Toribio T M L and Castello-
Branco K H 2002 Phys. Rev.D 65 124001

[11] Babak S V and Grishchuk L P 1999 Phys. Rev.D 61
024038.

[12] da Rocha-Neto J F and Castello-Branco K H 2003 J.High
Energy Phys. 0311 002

[13] Misner C W, Thorn K S and Wheller J A 1973 Gravitation
(Freeman, San Francisco).

[14] Landau L D and Lifshitz E M 1980 The Classical Theory o
Fields (Oxford: Pergamon)

[15] Brown J D and York Jr. J W 1993 Phys. Rev.D 47 1407
[16] Mikhail F I, Wanas M I, Hindawi A and Lashin E I 1993

Int. J. Theor. Phys. 32 1627
[17] Vargas T 2004 Gen.Rel. Grav. 36 1255
[18] Møller C 1978 Mat. Fys.Medd.Dan.Vid. Selsk. 39 13
[19] Hayashi K and Nakano T 1967 Prog. Theor. Phys. 38 491
[20] Kawai T and Toma N 1992 Prog. Theor. Phys. 87 583
[21] Melvin M A 1964 Phys. Lett. 8 65
[22] Møller C 1958 Ann.Phys. 4 347
[23] Melvin M A 1965 Phys. Rev.B 139 225
[24] Radinschi I and I-Ching Yang 2005 Fizika B 14 311
[25] Xulu S S 2000 Int. J.Mod. Phys.A 15 2979

Xulu S S 2000 Int. J.Mod. Phys.A 15 4849
[26] Møller C 1961 Mat. Fys.Medd.Dan.Vid. Selsk. 1 10

100401-4

http://cpl.iphy.ac.cn
http://dx.doi.org/10.1103/PhysRevD.19.3524
http://dx.doi.org/10.1103/PhysRevD.56.4689
http://dx.doi.org/10.1088/0305-4470/15/2/020
http://dx.doi.org/10.1088/0264-9381/23/22/011
http://dx.doi.org/10.1142/S021773230702141X
http://dx.doi.org/10.1142/S0217751X06031478
http://dx.doi.org/10.1142/S0217751X06031478
http://dx.doi.org/10.1103/PhysRevD.65.124001
http://dx.doi.org/10.1103/PhysRevD.61.024038
http://dx.doi.org/10.1088/1126-6708/2003/11/002
http://dx.doi.org/10.1103/PhysRevD.47.1407
http://dx.doi.org/10.1007/BF00672861
http://dx.doi.org/10.1023/B:GERG.0000022386.29438.be
http://dx.doi.org/10.1143/PTP.38.491
http://dx.doi.org/10.1143/PTP.87.583
http://dx.doi.org/10.1103/PhysRevB.139.225
http://dx.doi.org/10.1142/S0217751X00002005

