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Nonlinear Landau—Zener Tunnelling with Two and Three-Body Interactions *
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We investigate the nonlinear Landau—Zener tunnelling of Bose—Einstein condensate (BEC) in an accelerating

optical lattice with two- and three-body interactions between the particles.

The influence of the three-body

interaction on the eigenstates and the transition probability are discussed both analytically and numerically. The
analytical eigenstates and the tunnelling probability are obtained, which are verified by numerical methods. It is
shown that the eigenstates and the tunnelling probability are modified dramatically by three-body interaction.

PACS: 03.75.Fi, 67.40. Db, 03. 65. Ge

Bose-Einstein condensates (BEC) in optical lat-
tices has been attracted increasing interest. The re-
lated phenomena of BEC in optical lattices, such as
Bloch oscillation,[!=4 Landau Zener tunnelling,[>—#!
energetic and dynamical instability, [~ self-trapping
phenomenon,'2=15 have been investigated. One of
the important discovery is that the energy band struc-
ture and the tunnelling properties are influenced dra-
matically by the interatomic interactions. It is shown
that, because of the repulsive interatomic interactions,
a loop structure will appear at the boundary of the
first Brillouin zone in the lowest Bloch band.!”! How-
ever, theoretical studies of BEC in optical lattices are
mainly focused on considering the two-body interac-
tions. It is clear that in low temperature and density,
where interatomic distances are much greater than the
distance scale of interatomic interactions, two-body s-
wave scattering should be important and three-body
interactions can be neglected. On the other hand, if
the atom density is high, for example, in the case of
the miniaturization of the devices in the integrated
atom optics, three-body interactions can start to play
an important role.'®=231 As reported in Ref. [24], even
for a small strength of the three-body interactions, the
region of stability for the condensate can be extended
considerably. The energy band structure and the sta-
bility of BEC are also influenced dramatically by the
three-body interactions.l'®) In this Letter, we focus
on studying the nonlinear tunnelling properties and
the nonlinear eigenstates of BEC with two- and three-
body interactions loaded into an one-dimensional ac-
celerating optical lattice. By using the two-mode ap-
proximation, the nonlinear eigenstates and the non-
linear tunnelling properties are discussed both ana-
lytically and numerically. The results show that the
three-body interaction modifies the eigenstates and

the tunnelling probability dramatically.

We focus on the situation that a BEC with two-
and three-body interactions is loaded into an one-
dimensional accelerating optical lattice. Due to the
tight confinement perpendicular to the optical lattice
from the waveguide potential, the dynamics of this
system is largely one-dimensional. Integrating out the
two perpendicular directions,*® the dynamics of the
BEC can be modelled by the 1D-GP equation in the
comoving frame of the lattice,!%:8:16:25]
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where ®(x,t) is the wavefunction of the condensate,
m is the mass of the atoms, a is the two-body s-wave
scattering length, v, is the strength of the periodic
potential, k; is the wave number of the laser light
which is used to generate the optical lattice. A force
of may; is represented in the vector potential gauge,
which may stand for either the inertial force in the co-
moving frame of an accelerating lattice or the gravity
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force, a, = , w, is the radial frequencies of the
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anisotropic harmonic trap. The term 3 922 P[P is a
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three-body interaction correction to the G-P equation.
For convenience, we cast Eq. (1) into the dimen-

sionless form
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where the variables are scaled as
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The dimensionless variables in Eq. (2) are defined as
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where N is the total numbers of atoms, ¢ and A rep-
resent the effective two- and three-body interactions.
Recent theoretical studies estimatel?!=23! that for
8TRb atoms, g2 ~ i x 10726 cm6 /s~ A x 10727 cmb/s.
Taking N ~ 10* — 10°, a; ~ 107 %m, &k, = L,
976nm
the three-body interaction is expected to be positive
with a value of 0 < A\ < 1.

In the neighbourhood of the Brillouin zone edge
k = 1/2, the wavefunction can be approximated by!®!

O(x,t) = a(t)e™™ + b(t)e kDT, (5)

where |a|? + |b|> = 1. Substituting this into Eq. (2)
and comparing the coefficients of e’** and e/(k—1)7
we have
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Egs. (6) and (7) are the two-level models which de-
scribe the tunnelling dynamics of BEC with both
two- and three-body interactions in optical lattice.
Here, we focus on discussing the tunnelling proper-
ties at the Brillouin zone edge, ie., k = 1/2, so af-
ter the linearization of the quadratic kinetic terms
around k& = 1/2 and dropping a constant energy of
[l + (|a]* + |b*)/2], the Hamiltonian of Egs. (6) and

(7) is
H= (vd;lz Ul/3'2>’ (8)

A=+ S(1bf2 = [al?) + AL+ 2[al? bl + 2(6[2),

c

B= - g = (" = [al*) + A(1 + 2laf*[o|? + 2laf?).
The Hamiltonian is characterized by four parameters:
the linear coupling constant v between the two levels,
the level bias y(t) = at, where « is the sweeping rate,

the nonlinear parameters ¢ and A. Equations (6) and

(7) reduce to
() =# () ©

It is clear that the Hamiltonian of the system is mod-
ified by the three-body interaction .

In order to analyse the behaviour of the energy
levels in the nonlinear model when both two- and
three-body interactions are take into account, we de-
fine s = |b|2—|a|?®. One can obtain 1+2|a|?|b|?+2[b|? =
(5—s2+25)/2, 1+ 2|al?|b]* +2[a]? = (5 — s> — 25) /2.
Thus, the Hamiltonian becomes
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The nonlinear eigenstates are then defined as the so-
lution of the time-independent version of Eq. (9), ob-
tained by replacing i% with the energy e, we can ob-
tain
c
3

A
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After some elaboration we obtain
s34 (c+2e—3N)s+~v=0, (13)

[y 4+ (c+2X\)s])? — [A(s® = 5) +2¢]* = =02 (14)
Using Egs. (13) and (14), we can analyse the influ-
ence of the three-body interaction on the energy band
structure. It is clear that when A = 0, Egs. (13) and
(14) reduce to the corresponding result of Ref. [5]. We
can expect that three-body interaction should have
significant effect on the eigenstates of the system.
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Fig. 1.
c=0.1.

Energy levels for different A with v = 0.2 and

Figure 1 shows the energy levels for different A
with ¢ = 0.1 and v = 0.2. We can see that the en-
ergy band structures are influenced dramatically by
the three-body interaction. It is shown that for a
fixed ¢ = 0.1 < v = 0.2 a critical value A\g = 0.05
When A > Ay, a loop structure appears at
the tip v = 0 of the lower level. The loop width in-
creases with A\. More interestingly, one can find from

exists.



1566

WEI Xiu-Fang et al.

Fig.1 that the effect of three-body interaction on en-
ergy levels exhibits some new characters. The energy
levels are shifted upward as A increases. The upper
level around v = 0 is also charged dramatically. The
upper level around v = 0 is shifted upward quickly and
a flatter upper level occurs with increasing A\. These
characters do not occur when A = 0.0 One can ex-
pect that the appearance of the loop structure at the
lower energy level should be related to both ¢ and A.
The regions in which the loop structure can appear in
¢ — A plane are shown in Fig. 2 for different v. Figure
2 also shows that for fixed v and A, the loop structure
can occur only when ¢ > ¢g. The critical value ¢y de-
creases linearly with increasing A, the region in which
the loop structure can be excited is shifted upward
in the c¢g — A plane with increasing v. The linearly
variation of ¢y against A can be demonstrated as fol-
lows. According to the results reported in Ref. L16],
the loop width should be W = ((c + 2)\)F — v3)2,
When W — 0, we have ¢g = —2\ + v, i.e., the critical
value cg decreases linearly with increasing A. From
Figs. 1 and 2, one can conclude that the three-body
interaction has significant effects on the eigenstates.
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Fig. 2. Critical value ¢, as a function of A at different v.

It is known that the loop structure appears at
v = 0, breaking down the adiabatic evolution even in
the adiabatic limit. This breakdown of adiabatic evo-
lution can be confirmed by numerical calculation of
the tunnelling probability directly from Eq. (9). One
can also expect that the tunnelling probability should
be modified by the three-body interaction. The nu-
merical results of the tunnelling probability for differ-
ent three-body interaction strengths A are shown in
Fig.3, with v = 0.2 and ¢ = 0.1. We can see that
the tunnelling probability increases with A\. The tun-
nelling probability for A > 0.05 is not zero in the adi-
abatic limit « — 0. At the critical point Ay = 0.05,
the transition probability seems to vanish with o with
a nonzero slope.
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Fig. 3. Numerical results of the tunnelling probability as
a function of « for different A (v = 0.2 and ¢ = 0.1).

The tunnelling probability can be estimated theo-
retically. With a = |a|e®®, b = |b|e'® s = |b]? — |a|?
and the relative phase 8 = 0, — 6,, Eqgs. (6) and (7)
can be reduced to

L5(1) = — vy/T= (D) sin (1), (15)

d B vs(t)
%H(t) =75+ (c+2\)s(t) + 1—732(15) Ccos 0(t)(.16)

It is clear that, when A = 0, Egs. (15) and (16) re-
duce to the result reported in Ref.[7]. On the other
hand, because of the three-body interaction, the coef-
ficient of the nonlinear term in Eq. (16) is modified to
¢+ 2X. Thus, according to the results of Ref.[7], the
tunnelling probability can be easily obtained for two
limiting cases.

When (¢+2))/v < 1, the tunnelling probability T
is thus found to be

T2
T~ ( - —) 17
exp 5 (17)
where the factor in the exponent is given by

4 (€ 1 1 c+2\13
=— 1+ 2?)7 — dz,
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When (¢ + 2)\)/v > 1, the tunnelling probability T is
given by

P=1-[p2, =1- (;)2‘/+mdt
2_00 2

-exp(— %@(t—to)2>‘ =1- 7;1,,
“ 9
where the factor & satisfies
v\2 |m
A= a+2(c+ 22 (f) I 20
a=a+2c+2))(3 = (20)
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It is clear that when A = 0, the results given by
Egs. (17)—(20) reduce to the corresponding results of
Ref. [5].
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Fig. 4. Numerical results of the exponential dependence
of the tunnelling probability as a function of 1/a for dif-
ferent A. The results are for subcritical values of the in-
teraction (¢4 2X\) < v =0.2.
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Fig. 5. Tunnelling probability as a function of o for dif-
ferent A\ with (c+ 2X) > v.

For the case of (¢ + 2))/c < 1, the numerical re-
sults of the tunnelling probability for different three-
body interaction strength A are shown in Fig.4 with
v = 0.2 and ¢ = 0.02. We can see that the tun-
nelling probability vanishes exponential with a. From
the slope of the curves, we can find that for small «,
I ~ exp[—q(mv?/2a)].

For the case of (¢ + 2X\)/c > 1, the tunnelling
probability given by both analytical results of Eq. (19)

and direct numerical results of Eq. (9) are presented in
Fig.5. The results indicate that the tunnelling prob-
ability increases with A when ¢ and v are fixed. It
is also shown that the analytical results are in good
agreement with the numerical results, especially for
larger (¢ + 2X)/c.

In summary, we have investigated the tunnelling
properties of BEC with repulsive two- and three-body
interactions immersed in an one-dimensional acceler-
ating optical lattice. With the mean-field theory and
two-mode approximation, the nonlinear eigenstates
and the tunnelling properties are investigated both
analytically and numerically. The results shown that
the eigenstates and the tunnelling probability are in-
fluenced by the three-body interaction dramatically.
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