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We investigate the effects of intrinsic noise on Turing pattern formation near the onset of bifurcation from the
homogeneous state to Turing pattern in the reaction—diffusion Brusselator. By performing stochastic simulations
of the master equation and using Gillespie’s algorithm, we check the spatiotemporal behaviour influenced by
internal noises. We demonstrate that the patterns of occurrence frequency for the reaction and diffusion pro-
cesses are also spatially ordered and temporally stable. Turing patterns are found to be robust against intrinsic
fluctuations. Stochastic simulations also reveal that under the influence of intrinsic noises, the onset of Turing
instability is advanced in comparison to that predicted deterministically.

PACS: 05.45.—a, 05.40. —a, 02.50. —r

Turing pattern formation is a prototype of dis-
sipative structures in systems driven far away from
equilibrium. In reaction—diffusion systems, this spa-
tially ordered and temporally static pattern is due to
the destabilizing effect of diffusion from homogeneous
states. It was firstly investigated by Alan Turing in
his effort to explain the basis for biologic structures
and patterns.!!) In recent years, intensive researches
have been carried out on the mechanism involving in
the formation of Turing pattern!? and various other
spatiotemporal patterns such as spiral waves, wave
fronts and propagations. A variety of chemical me-
dia such as bistable, excitable, and oscillatory sys-
tems have been examined. The mathematical descrip-
tion of such pattern formations in chemical systems
is often a set of non-linear partial differential equa-
tions in which the fluctuations have been averaged
out. Nevertheless, noises have been frequently shown
to play constructive roles in dynamic systems. They
can change drastically the global behaviour of the sys-
tem and lead to new phenomena which are not pre-
dicted by macroscopic differential equations. The ef-
fects of noise have been demonstrated in various situ-
ations such as noise-induced transitions!®/Horsthemke
and stochastic resonancel* in zero-dimensional sys-
tems, noise-induced phase transitions!®’ and pattern
formation®! in spatially distributed systems, noise-
induced fronts”l and wave nucleation,® interaction
of turbulence.l?) With only a few exceptions, most of
the works have focused on the influence of external
noises due to fluctuating environments. The effects
of intrinsic noise which is inherent and unavoidable in
reaction—diffusion systems have received much less at-
tention.

In this Letter, we examine the role of intrinsic
noise in Turing patterns. We are interested partic-
ularly in the influence of internal noise on the on-
set of Turing instability. In order to study the ef-
fect of internal noise in chemical systems, one has to
resort to a more fundamental model, such as the ap-
proach of Langevin equation, %! the chemical mas-
ter equation formulation,'? lattice-gas automata for
reactive systems,['¥ and the approach of microscopic
simulation.['®!Bird Here we adopt the approach of di-
rect stochastic simulations of the master equation for
our purpose. We choose the Brusselator model, and
examine the transition of the system from the homo-
geneous steady state to Turing pattern state. By using
Gillespie’s algorithm, we carry out stochastic simula-
tions of the reaction and diffusion processes in a two-
dimensional lattice. The results of simulation are com-
pared with those from macroscopic reaction—diffusion
rate equations. We show that the influence of intrin-
sic noise is significant in the vicinity of the Turing
bifurcation point. Due to the effect of internal fluctu-
ations, noisy Turing patterns can show up before the
onset of Turing instability that is predicted by the rate
equations. Particularly, the Turing pattern is robust
against strong internal noise.

Stochastic simulation of spatially distributed sys-
tems would probably be inconvenient in the past be-
cause it would cost great deal of computer CPU time,
but it is nowadays becoming practically applicable
with the invent of fast computers. Mesoscopic inves-
tigations of Turing pattern formation in chemical sys-
tems has been investigated so far only with reactive
lattice-gas automata by Kapral and his colleagues.!*!
For our purpose, we adopt the Brusselator which is a
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toy model that exhibits spiral waves and Turing pat-
terns. It consists of the following four reaction steps,

R:AX™ U Ry: B+U v 4D,
Ry:2U +V 2 30, Ry:U ™.,

where k; (1 = 1,2,3,4) are rate constants, and the
concentrations of A and B are constants and homoge-
neous so that the system is sustained far away from
equilibrium. Both species U and V diffuse with diffu-
sion constants D, and D, respectively. The kinetic
reaction—diffusion equations for the Brusselator model
can be written as

Ou/ot =a +u*v — (b+u) + D, Au, (1)
v/ot =bu — u?v + D, Av, (2)

where u and v denote the concentrations of species
U and V. In our simulations, we consider b as a
control parameter, with other parameters fixed a =
1, k, = 1¢ = 1,2,3,4), D, = 89, D, = T1.1.
The system has the homogeneous steady state with
ug = a, vg = b/a. Linear stability analysis around
(up, vo) yields that the steady state loses it stability
and give way to Truing Pattern at the critical point
be = (1 4+ an)?,n = \/D,/D,*. With these pa-
rameters, the onset of Turing bifurcation locates at
b. ~ 1.833.

We perform stochastic simulations of the above re-
actions on a lattice. The basic idea of the approach is
to divide the lattice into many spatial cells which are
macroscopically small and microscopically large. Each
cell is considered to be well-mixed, and is described by
the numbers of reactive particles in it. The variables
for each cell change as a result of two processes: chem-
ical reactions, which are modelled by discrete Markov
jumps, and diffusions whereby particles jump to an
adjacent cell as Markov random walks. The time evo-
lution of the stochastic system is then governed by the
multivariate master equation. The master equation is
overwhelmingly difficult for direct analysis. Therefore
we resort to the approach of direct stochastic simula-
tion. We assume that the species U and V react and
diffuse stochastically on the two-dimensional lattice,
which has been subdivided evenly into N x N square
cells with size h. A cell on the lattice can be indexed
as (4, J), and the populations of the dynamical species
in the cell can be denoted as U; ; and V; ;.

The constant € is introduced to measure the pop-
ulation size of the system.['9) It is the volume of the
system effectively to determine the population scales
of reacting species. () is also related with the micro-
scopic reaction coefficient. When we perform stochas-
tic simulation of the reactions Ry, R, R3 and Ry, the
microscopic reaction probabilities for the reactions are
calculated from the macroscopic reaction rates ky, ko,
ks and k4 as ki, ko/Q, k3/Q% and k4. As the fewer the

particles are contained in each cell, the more intensive
the intrinsic fluctuation is, therefore by controlling the
parameter (2, the intrinsic noise strength can be ad-
justed.

When carrying out simulations, the stochastic sim-
ulation of the evolution of the reacting system is per-
formed by repeatedly determining stochastically when
and which individual reactions occur. As the com-
puter time is linearly dependent on the total number
of reaction channels when applying the original Gill-
spie’s direct approach, the stochastic simulation would
cost great deal of CPU time when the lattice of the
system is large. In order to speed up Gillspie’s algo-
rithm, we organize the data of reaction probabilities
into a tree.['8] The binary tree structure of data has
been proven to be most efficient.l??! The second or-
der Runge-Kutta method is adopted for the numeri-
cal integration of the partial differential equations (1)
and (2). In both stochastic and deterministic simu-
lations, the zero-flux-boundary condition is applied.
In stochastic simulations, this condition is realized by
forbidding the random diffusions of species U and V'
toward the outside of the boundaries.

For the purpose to characterize quantitatively the
spatial pattern, we introduce an order parameter to
measure the inhomogeneity of the pattern formation
during its evolution, that is

1 2
o = Z (ui’j - m Zu”) . (3)
1,] 2,]
As the system is stochastic and inherent fluctuations
are always present, ¢ is not constant but an evolving
and always fluctuating quantity even when the tran-
sient processes have died out. In our simulations, o
is also a criterion for judging whether the system has
stochastically evolved to its asymptotic state. We find

d
that it is enough when d—j < 4 x 107471 for the

stochastic dynamics to be asymptotic.

We first examine the Turing pattern formation at
the level of mesoscopic description. From a homo-
geneous initial state, we simulate stochastically the
system with parameters that lie beyond the point of
Turing bifurcation. During the stochastic evolution,
spots of Turing pattern turn up gradually. A snap-
shot of the pattern is depicted in Fig.1(a). The spots
scatter in the media with roughly equal distance from
each other. Due to intrinsic fluctuations, the stochas-
tic Turing pattern is not as regular as the strict hexag-
onal pattern obtained by direct numerical integration
of Eq. (1) and (2). Figures 1(b)-1(c) demonstrate the
diffusion flows of species U and V, respectively, on the
lattice. The arrows indicate the direct of the flows,
and the arrow length represents the flux. The in-
hibitor V' diffuses much faster than the activator U
because D, > D,. The narrowed regions where the
species diffuse very slowly are recognized to be the
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boundaries between the Turing spots. Both species
diffuse much faster in the regions of spot than out-
side, while U diffuses away from and V diffuses into
the centre of the spot. We find that at or near the
boundary of a spot, the abundances of species U and

V adopt roughly the homogeneous state. In order to
sustain the balance between the fast diffusions in the
region of spots, the third reaction step R3 is found to
occur much more frequently than the second reaction
step Rs.
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Fig. 1. (a) Snapshot of Turing pattern generated by encoding U field by grey scale, with white and black corre-
sponding to high and low concentration, respectively. Here (b) and (c) show the diffusion flow vectors of species
U and V, respectively; (c) shows that the net diffusive fluxes of V (also of U as can be seen in (b)) flow very
slowly away in the neighbourhood of the solid and dotted lines. The closed lines circle spots of the pattern, where
the diffusive fluxes achieve the maximal and the third reaction step occurs much more frequently than the second
reaction step. Parameters: b = 1.95, Q2 = 100, lattice size N = 100.
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Fig. 2. Grey-scaled patterns of occurrence frequency for
the reaction and diffusion processes as b is adjusted, with
white and black corresponding to high-frequency and low-
frequency respectively, for the parameters, i.e. Rows from
(1) to (6): b = 1.55,1.65,1.75,1.85,1.95,2.05, respec-
tively; Columns (a) to (f) are in turn for the diffusions
of species V and U, and R1, R2, R3, R4a. Column (g) is
for the concentration of U for the purpose of comparison.
Other parameters: Q = 20, N = 100.

One of the merits of the stochastic simulation ap-
proach is that it allows one to check the occurrence fre-
quencies of the reaction and diffusion processes. The
pattern of occurrence frequency reveals how these pro-
cesses corporate to sustain the spatially stable pattern
of inhomogeneity. During the stochastic simulations,
we have performed the frequency census for each of

the processes in the system. We first check the situa-
tion with fixed 2 = 20 and therefore definite strength
of intrinsic noise. We adjust the control parameter b
to scan it across the bifurcation point, and examine
the patterns of the frequency distribution for the re-
actions and diffusions. The results are shown in Fig. 2.
The data are processed after the system has evolved
to its asymptotic state, and the frequencies of diffu-
sions and reactions are then counted and encoded in
grey scales. When the parameter b is larger than the
critical value b. = 1.833, as demonstrated in rows (4),
(5), and (6) in Fig.2, the patterns of occurrence fre-
quency for the diffusion of V and U, and Rs, Rs, R4
are closely similar to the patterns of U field (in column
(g) and rows (4), (5), (6)), with the spots of occur-
rence overlapping with those of Turing pattern. The
occurrence patterns for the diffusion of V' (see first col-
umn in Fig. 2) are negative while the patterns for the
processes of diffusion of U, and Ry, R3, and R, are
positive. The pattern for reaction R; is basically ho-
mogeneous because the species U is pumped onto the
lattice at a constant rate. When b is decreased below
be, as depicted in rows (1), (2), and (3) in Fig. 2, the
spatial inhomogeneity in the patterns fades away. It is
remarkable that even when b < b, the stochastic simu-
lation of the system can still generate Turing patterns
of low amplitude, as has been demonstrated in row
(3) of Fig.3 with b = 1.75. Even with larger distance
from the deterministic bifurcation point (b, = 1.833)
when b = 1.55 (row (1)) and b = 1.65 (row (2)), the
stochastically generated patterns still have spatial in-
homogeneity. This is due to the influence of intrinsic
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fluctuations.

In order to examine the influence of intrinsic noise
on Turing pattern formation, we adjust the noise
strength by varying the parameter of ). As the value
of  is decreased, the populations of species U and
V will fall down, and results in more intensive inter-
nal noises. Figure 3(A) demonstrates the dependence
of o on control parameter b when the value 2 adopts
100, 20, and 5, respectively. The order parameter o is
calculated when the system is asymptotic. The curve
denoted by PDE is the deterministic result of Egs. (1)
and (2). With a large value of = 100 (asterisks in
Fig.3(A)), and when b is far away from b, stochastic
simulations reveal that the system evolves into sta-
ble homogeneous state in which ¢ is close to zero.
When b approaches b., o grows gradually, while in
contrast the deterministic transition is much sharper
(open squares). The inhomogeneity is obvious even
when b = 1.75,1.80 (< b.), implying the existence
of Turing pattern before the onset of the bifurcation
point predicted by Eq. (1) and (2). We see that due
to the internal noise, the onset of transition to Truing
pattern is advanced. Beyond b, the stochastic results
overlap roughly with the deterministic results with
Q = 10,100. With small value Q@ = 5 (triangles),
o is much larger as b is below b. than with large Q.
The simulated Turing transition is vague as b crosses
the onset of Turing instability.

0.8 T T T
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Fig.3. (A) Behaviour of o versus b as Q is adjusted.
The open squares are from stochastic simulations, and the
other symbols are from partial differential equations (1)
and (2). (B) Snapshots of Turing pattern encoded from
U field simulated stochastically with different Q. Param-
eters: b = 2.05, Q = 2 for (a), Q =5 for (b), @ = 20 for
(c), and © = 100 for (d).

Figure 3(B) depicts the asymptotic snapshots of U
field when €2 grows from 2, to 5, 20, and 100, respec-

tively. From our stochastic simulations, the averaged
particle number of species U or V in a cell is about
5.2 for (a), 13.7 for (b), 56.0 for (c), and 281.3 for (d),
respectively. As the abundances grow, the intrinsic
noise strength is decreased, and the patterns become
clearer and more ordered. With Q@ = 5 (panel (b) in
Fig.3(B)), the mean particle number is quite small,
and the Turing pattern is obviously supported under
the influence of intensive intrinsic noise. We can see
that the Turing pattern is quite robust against inher-
ent strong fluctuations. This finding is in agreement
with the results of lattice-gas automata reported by
Kapral’s group.['?]

In summary, we have simulated stochastically the
chemical master equation for the Brusselator model
at the neighbourhood of Turing bifurcation. Our
stochastic simulations demonstrated that the spatial
patterns of occurrence frequency for the reaction and
diffusion processes are also Turing-like, and that it
is their corporation that produce the Turing pattern.
Simulations demonstrated that Turing pattern can
survive and is robust to intensive inherent fluctua-
tions. We find that even when the particle numbers
of reaction species are just above 10, the Turing pat-
tern can still be supported. This finding might be sig-
nificant for the formation of biological patterns and
structures where the abundances of biological macro-
molecules are typically very small. Under the influ-
ence of intrinsic noises, the onset of Turing instability
is advanced in comparison to that predicted by the
deterministic rate equations.
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