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Exact Solution of Klein—Gordon Equation by Asymptotic Iteration Method *
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Using the asymptotic iteration method (AIM) we obtain the spectrum of the Klein—-Gordon equation for some
choices of scalar and vector potentials. In particular, it is shown that the AIM exactly reproduces the spectrum

of some solvable potentials.

PACS: 03.65. Ge, 03.65. Fd

In relativistic quantum mechanics, the particle in-
teraction should be described by either the Klein—
Gordon (KG) equation or Dirac equation.!'»?] Re-
cently, there have been many studies on the KG equa-
tion with various types of potentials by using different
methods to describe the relativistic effects.>~15! Inter-
estingly, in most of the studies, equal scalar S(x) and
vector V(x) potentials have been considered in order
to obtain the bound-state solutions of the KG equa-
tion. On the other hand, there have been very few
studies with other choices of V(z) and S(z).l*6-19,
Dutra et al.'9 defined a transformation between vec-
tor and scalar potentials as V(z) = Vy + 35 (z), where
Vb and (3 are arbitrary constants. This choice is very
restricted. Here, to have a bound state solution,
must be less then 1, if V5 = 0. In this study, to avoid
this restriction, we define a more general transforma-
tion between corresponding potentials.

Recently, some methods have been developed in
order to solve the Schrédinger equation.20=22] One
of these methods is the asymptotic iteration method
(AIM) which has been introduced by Citci et al.l*’]
Subsequently, AIM has been used in many physi-
cal systems to obtain the whole spectra.(?3=32 This
method reproduces exact solutions of many exactly
solvable and also gives accurate result for the non-
solvable potentials such as sextic oscillator, deformed
Coulomb potential, etc. Although AIM has been ap-
plied to solve the Schrodinger equation for many po-
tentials, there have been very few studies on its appli-
cation to relativistic equations such as the KG equa-
tion.

In this study, we apply the AIM in order to obtain
the bound state energy spectrum for the KG equa-
tion with a general transformation between vector and
scalar potentials. In order to construct exactly solv-
able potentials for the KG equation, the vector po-
tentials are chosen linear, exponential and inversely
linear potentials. It is important that, when the vec-
tor potentials are chosen in this form, the KG equation

reduces to a Schrodinger-like equation with harmonic
oscillator, Morse oscillator and Kratzer potential, 3]
respectively.

In this Letter, we deal with the formalism of the
one-dimensional KG equation with scalar potential
greater than vector potential. A general description
of AIM is outlined. Some exactly solvable example
are treated by means of AIM. We construct a KG
equation including some physical potentials. For this
purpose we transform the KG equation in the form
of the Schrodinger-like equation, because there have
been a large number of papers to tackle the problem
in the framework of Schrodinger equation.

Generally, the s-wave Klein—Gordon equation with
scalar potential S(z) and vector potential V' (z) can be
written as™l (A =1,c=1)

L B V@P ~ I+ 5@} @) =0, (1)

where E is the energy, and m is the mass of the par-
ticle. Indeed, the radial wave function is expressed
as R(z) = f(z)/x. When the relation between the
potentials is S(z) > V(z), it is said that KG equa-
tion has a real bound state solutions. When these
two potentials is equal to each other, Eq. (1) reduces
to the Schrodinger-like equation whose solutions can
be obtained with many methods developed in non-
relativistic quantum mechanics. In this work, we try
to consider the case of S(z) > V(z) for the KG equa-
tion. When we rearrange Eq. (1), we obtain

[ Wealo) — (B2 =)} @) =0, ()

where
Veg = [S%(x) — V2(2)] + 2[mS(z) + EV (z)].

Recently in Ref. [19], the relationship between the cor-
responding potentials is considered to be
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where V) and 3 are arbitrary constants. In this con-
straint, in order to have the condition S(x) > V(x),
we must take the parameter (3 is less then 1, if V) = 0.
To avoid this restriction, we define the relationship
between potentials as

S(x) =V(z)(B-1), B=0. 3)

In this general description of scalar potential, by
choosing =0, 1, and 2, the scalar potentials lead to
the case of S(x) = =V (z), S(z) = 0 (purely vector
potential), and S(z) = V(x) respectively. The other
choices of § leads to the required condition for the
case of S(z) > V(x). Substituting the expression in
Eq. (3) in the s-wave KG equation yields

42
{5 - V@ V@42 +B) -} f@) =0, (&)
where ¢ = (E? —m?), A2 = (8% — 26) and B =
2[E — m(1 — 3)]. After some algebraic simplification,
Eq. (4) can be written as

{% - HAV(:c) + %]2 - 6] }f(:v) =0, (5

where § = ¢ + (B/2A)%

Now, after this formalism of the KG equation for
unequal vector and scalar potentials, the formulation
of the AIM that can be used to obtain the spectra of
KG is shown in the following.

The AIM is proposed to solve the second-order dif-
ferential equations and the details can be found in
Ref. [23]. First, we consider the following second or-
der homogeneous differential equation

Y (z) = Xoy' () + soy(z), (6)

where \g and sg are the functions, and y'(z) and y" (x)
denotes derivative of y with respect to x. It is easy to
show that the (n+2)!" derivative of the function y(x)
can be written as

Y"1 (@) = Ay () + sy(2), (7)
where A\, and s,, are given by the recurrence relations

A=A, 1 4 Sn1 + Anc1 o,
Sp =8h_1 + An_150- (8)

If we have, for sufficiently large n,

e 0] ©

Sn Sn—1

then the solution to Eq. (6) can be written as/??

y(x) = exp ( - /x adt) [Cl

+ Cs /33 exp (/S()\o + 2a)dt)d5}. (10)

In calculating the parameters in Eq. (8), for n = 0, we
take the initial conditions as A_; = 1 and s_; = 0[26]
and A, (x) =0 for

Ap(z) = M(2)sp—1(x) — Ap—1(x) s, (), (11)

where A, (z) is the termination condition in Eq. (9).

We shall now obtain exact solutions to Eq. (2) for
different choices of S(z) and V(x).

We first consider the linear potential form of vec-
tor potential. Let V(z) = z, then the scalar potential
becomes S(z) = z(8 — 1). After substituting these
potentials the corresponding KG equation becomes

d? 9
{5~ [4a+B2A2 — o)} f@) =0.  (12)
After changing of variables y = Axz + B/2A, the
second-order differential Eq. (12) yields

(& w-aiw=0 03

which is the Klein—-Gordon Harmonic oscillator po-
tential. We note that Eq. (12) is in fact a Schrédinger
equation with an energy dependent potential.

Now, at this point we apply the AIM. In the limit
of large y, the asymptotic solutions to Eq.(13) can
be taken as any power of y times a decreasing Gaus-
sian. Therefore, it should has a solution in the form
of ‘normalized’ wavefunctions

f(y) = exp(=4*/2)x(y), (14)

where the functions f(y) are to be found by means
of the iteration procedure. Substituting Eq. (14) into
Eq. (13) yields

X" () = 2yx'(y) + (1 = 6)x(v), (15)

which is now amenable to an AIM solution. By com-
paring Eq. (15) with Eq. (6), we can write the Ag(y)
and s (y) values and by means of Eq. (9), we may cal-
culate A\, (y) and s,(y). These functions for some n
values are

Ao =2y, 50:(176%

M =3—6+4y% s =2(1-0)y,

Ao =8y +2(1 — 0)y + 2y(3 — 6 + 4y?),

5o =2(1—6)+ (1 —0)(3 -6+ 4y?),

Combining these results with the quantization condi-
tion given by Eq. (13) yields

S0 S1 S1 52
5=, 253
)\0 )\1 0 ) )\1 )\2 1 )
S92 S3

— =— =0y =35,

A2 A3 ?
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If we generalize these expressions, we find
obp=2n+1, n=0,1,2,---

If we go back to the definitions of parameters d, ¢, A
and B, it is easy to obtain

2(£ —m(1 - p)))?
426 — 5?)

which is exactly the same as the eigenvalue equation
obtained in Ref. [18]. From Eq. (16), one can find that

(=1+08)m=* /7

E? —m?+

=2n+1, (16)

Ef = , 17
" -1+ (-24+03)p (7
where v, = (=2+3)8(=1—-2n+ (=2+3)B(1+2m? +
2n)).
In this example, we deal with the exponential form

of scalar potential. Let V(z) = —e " and then
S(x) = —e~*%(1—-0). After substituting these expres-
sions into Eq. (5), we obtain the differential equation

2
[~ (e~ Bes) — g} fw) =0, (18)

where £ = —¢, and Eq. (18) is the equation form of the
Klein—Gordon Morse potential. We note that as in the
previous case, this can be interpreted as a Schrodinger
equation with an energy dependent potential. After
changing of variables y = e~*", we obtain

{d2 1d [B A? £

R el Hf(y)=0- (19)

a2y a2 | a2y?

Now, we reach a position that the differential equa-
tion is suitable for applying AIM. Therefore, Eq. (19)
should have a solution in the form of the normalized
wavefunctions,

A
1) = yV¥exp (= Zy)x(y). (20)
!
Substituting Eq. (20) into Eq. (19), one obtains

X'(y) = [72\/5 ;Z+2Ay}x’(y)

N {—B+2A\/§+Aa

Oé2y2

Jxw. ey

which is now amenable to an AIM solution. By com-
paring Eq. (21) with Eq. (6), we can write the A\g(y)
and so(y) values and by means of Eq.(9), we may
calculate A\, (y) and s,(y). These functions for some
low-lying values of n are

\ _ 2/t a—24y . _ —B+AQ2VE+a)
0= T 0= a2y )
A = [4¢ — By + 4A%y* — 3Aya

OZQ:I/Q

+ 202 + /€(—6Ay + 60)],
5= — 5 (VE— Ay+)[B - ARVE+ o)

Similar to the previous example, by combining these
results with the quantization condition yields

2 e (o2,

B2
T )}
N it

Ar g

From the above expressions, it is possible to write the
general formula of € as

o=((r+r3)a-g5) n<(m-g) @

where the relation of n is obtained by comparing our
parameters with that of in Refs. [35,36].If we go back
to the definitions of parameters £, and ¢, it can be
shown that

B

ot ((e Do )L @

which is exactly the same as the eigenvalue equation
obtained in Ref.[18] through a proper choice of pa-
rameters.

The last example is the Kratzer potential that
has an important role in quantum mechanical sys-
tems. In order to obtain the required potential form
in the KG equation, let us take V(x) = 1/ and then
S(x) =1/x(1— ). Substituting them into Eq. (5), we
reach the differential equation

2 A2 B
(e (G -3)-d@=o e
where £ = —¢, and Eq. (24) is the equation form of
the Klein—Gordon Kratzer potential. In this position,

to obtain the form of differential equation (6), we pro-
pose the wavefunction

f(z) = 2 exp(=/Ex)x(x). (25)
Substituting Eq. (20) into Eq. (19) yields

(@) =2[ YA

A+ (B+ 2A\/§T)w} (@), (26)

Comparing Eq. (26) with Eq. (6), we can write the
Xo(z) and so(z) values and we may calculate A, (x)
and sy, (z) from Eq. (9). The first two terms are

Ao = (2V/€y — 24)/x,
s0 = (A+ Bz + 2A\/€x) /a2,

==
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