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Projective Synchronization in Drive-Response Networks via Impulsive Control *
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Impulsive projective synchronization in 1 + N coupled chaotic systems are investigated with the drive-response
dynamical network (DRDN) model. Based on impulsive stability theory, some simple but less conservative criteria
are achieved for projective synchronization in DRDNs. Furthermore, impulsive pinning scheme is also adopted
to direct the scaling factor onto the desired value. Numerical simulations on generalized chaotic unified system

are illustrated to verify the theoretical results.

PACS: 05.45.Xt, 84.35. +i

Synchronization in coupled two chaotic systems
has attracted much attention for both theoretical in-
terest and practical applications since the seminal
work of Pecora and Carroll.! So far, different types of
chaos synchronization! =5 have been studied. Among
them, projective synchronization (PS) is one of most
interesting problems. On the other hand, impulsive
control synchronization has been well developed.[®:7]

In this Letter, impulsive projective synchroniza-
tion (IPS) in DRDNs is investigated. A class of chaotic
systems are called the partially linear systems in which
the state vector can be broken into two parts (u, z),
the equation for z is nonlinearly related to the other
variables, while the equation for the rate of change of
the vector w is linearly related to w via a matrix M
that depends on the variable z. PS may occur when
two systems are linked through the variable z.

The drive-response dynamical network model in
Ref. [4] is described by the equation

' =M(z)-ul, = f(ulz),
N
wl = M(z) .u;+czaiju;, i=1,2,...,N,
j=1 (1)

where the superscripts d and r represent the drive and
response systems, respectively, ul (i =1,2,..., N) de-
note the multi-dimensional state variables of the re-
sponse networks systems. N is the number of coupled
nodes and the constant ¢ > 0 is the coupling strength.
A = (aij) Nx N is real matrix reflecting the topology of
network. We give the impulses at instant time t; in
response networks:

al=M(z)-ul, z=f(u?2),

Wl =M(z)-ul, i=1,2,...,N,t#1t
N

5ui:cZa¢ju§, t=t,k=12.3,.... (2)
j=1

where the matrix A is irreducible satisfying a;; >
0,i # joai = — Y00y i = 1,2, N. It is
obvious that matrix A is semi-negative definitive and
eigenvalues of A are all negative except an eigenvalue
0 with multiplicity 1. The system (2) is said to be
realized impulsive projective synchronization (IPS), if
there exists a common scaling factor constant a(# 0)
such that lim;_ ||[ul —au?| = 0 for any i(1 < i < N).

For sake of simplicity and clarity, we only consider
a three-dimensional chaotic system in the DRDNs,
which is described by

T =mx +migy, Y=m2aT+ maay,
2.: = f(:l:, y7 Z),

Ui =M21T; + May;,

N N
5.131‘ =C E aijxj, 53/1‘ =C E aijyj,
j=1 j=1

t=tp, k=1,2,3,..., (3)

Ty = M11T; + Mi2y;
i=1,2,.. . Nt £t

where =x,y,2,x; and y; are the state variables;
mi1, M12, Mo1 and mos are the functions of z. No-
tation ¢, N and A = (aij)NxN are the same as the
above-mentioned ones.

Let e; = zy; — z;y,1 = 1,2,..., N, then de; =
xdy; — dx;y = CZ;.V:laijej,i = 1,2,...,N. If ¢
tends to 0 in evolution, PS between every system in
response networks and the drive system would be re-
alized. Further, if the whole response networks realize
complete synchronization, we can obtain the results
that the drive system and the response networks sys-
tem achieve PS with a common scaling factor.

Denote e = (e1,ea,...,en)’, then Je =
(de1,deq,...,0en)T = cAe, the system (3) can be
rewritten in vector form:

t#tkv ‘é:f(xvyvz)v
t=tp, k=1,2,3,....
(4)

é= (mi1 +mae,
de = cAe = Ii(e),
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We have translated the problem of realizing PS of (3)
into the stability problem of origin of the error system
(4).

Theorem 1. Let the impulses be equidistant and
separated by interval A, then Q € R™ " is a sym-
metric and positive definite matrix. Here ¢y > 0 is
an upper bound of my1(z) + mea(z) for any ¢. Sup-
pose that there exist constant scalars d > 0, v > 1
such that (i) Q1 = (I + cA)TQ + cA) —dQ < 0,
(ii) 2e0A + In(yd?) < 0, where I denotes the iden-
tity matrix. Then the origin of the error system (4) is
asymptotically stable, i.e., system (3) realizes IPS.
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Fig. 1. Simulation results of IPS with impulsive interval
A = 2 and feedback gain ¢ = 0.4: (a) temporal evolution

\/ Z?Zl(xi+1 —x;)?,

ey =1/ Z?Zl(yi_,_l —1;)2, (b) the evolution of the scal-

ing factor «;.
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Fig. 2. Trajectories of IPS in the  — y plane.

Proof. Construct a Lyapunov function V(¢,e) =
e’ Qe, where Q is a symmetric and positive definite
matrix; Amin(Q)|l€]? and Apax(Q)|le]|? are the func-
tions, Amin and Apax denote the smallest and largest
eigenvalues of a square matrix, respectively. V(t,e)
implies that Apmin(Q)]l€]|?> < V(t,e) < Amax(Q)]e]?.

For ¢ # ty, the derivative of V' (¢,e) along the solution
of (4) is DTV (t,e) = 2(my1 +ma)el Qe < gV (t, e).
For t = tg, we have DtV (ty, e + de) = el Qe +
dV(tk, e) < dV(tk, e).

Let A(t) = o, dy, = d,k = 1,2,..., it follows the
conditions of impulsive stability theorems,®7 then
the origin of the error system (4) is asymptotically
stable. This completes the proof.

Many chaotic partially linear systems such as
Lorenz system and Chen system satisfy that mq; +
mos < 0, then g9 > 0 can be any small, let Q = I in
theorem 1, then the following corollary holds.

Corollary 1. Suppose that mi; + maoy < 0 and
there exist constants d(0 < d < 1) such that ©; =
(I +cA)T(I + cA) —dI < 0, then for any interval
A > 0, the origin of the error system (4) is asymptot-
ically stable.

It has been known that the scaling factor
of PS in two coupled partially linear systems is
unpredictablel?l. The case is the same here. From
an application point of view, we need to control the
ultimate state of synchronized dynamics of model
(3). The goal is to realize (z;,y;)7 — a(z,y)’ as
t — o0, i = 1,2,...,N, where « is a desired scal-
ing factor. We apply the pinning controll® on just
any one of the nodes in response networks of system
(3). Without loss of generality, node 1 is selected to
be under pinning control. The impulses in Eq. (3) are

replaced by dz; = chvzl ajjz; — ck(x1 — ax),dy; =
N N

e i a1y —ck(yi —ay), 6z = ¢ 75_, aijxy, 6y =

ch-V:laijyj, 1= 2,...,N, t = tk, k = 1,2,3,....

Here a can be any desired value, k > 0 is a constant.

The corresponding pinning matrix can be written as

an—k ann ain,

a21 a22 G2N,
A= .
5

aN1 aN2 aNN

Similarly, we obtain the following theorem and corol-
lary.

Theorem 2. Let the impulses be equidistant and
separated by interval A, then Q € R™*"™ is a sym-
metric and positive definite matrix. Here g9 > 0 is
an upper bound of mq1(z) + maa(z) for any ¢. Sup-
pose that there exist constant scalars d > 0,y > 1
such that (i) Qy = (I +cA)TQU + cA) — dQ < 0,
(i) 2e0A + In(yd?) < 0. Then IPS with desired scal-
ing factor a can be achieved in pinning drive-response
network.

Corollary 2. Suppose that mi; + moy < 0 and
there exist constants d(1 > d > 0) such that Qy =
(I+cA)T (I+cA)—dI < 0, then for any interval A > 0,
IPS with desired scaling factor « can be achieved in
the pinning drive-response model.
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Remark 1. It is worth noting that any width of
impulsive interval A > 0 can be arbitrarily selected to
implement PS with desired scaling factor under cer-
tain conditions in corollary 2. This has theoretically
solved the open problem remained in Ref.[5] when
N =1 in pinning response networks.
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Fig.3. Temporal evolution of error e;,ey, with gain
c=1.35.
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Fig. 4. Simulation results of IPS with designed scaling
factor a = —2, A =2, ¢ = 0.4: (a) temporal evolution of
the synchronization error ez,ey, (b) the evolution of the
scaling factor «;.
We place the general unified chaotic system!® on
nodes of networks

& =(2504+10)(y — x),
7y =(28 — 350)x — zz + (296 — 1)y,
1
Z=xy— §(9+8)z, (5)
0 here and

where # € [-0.016,1.15]. Set 6 =

mi1 + mae = —11 < 0, the impulsive coupling con-
figuration matrix

-1 1 0 0
1 -3 1 1
A= 0 1 -1 0
0 1 0 -1

In this numerical simulation, we can take any inter-
val A > 0. Obviously, if 0 < ¢ < 0.5, there exists
the constant d(0 < d < 1) to ensure that the condi-
tion of corollary 1 is satisfied. Here, we let the im-
pulsive coupling ¢ = 0.4, A = 2 and the initial val-
ues are (1,2,3,4,5,6,7,8,1,9,10). The numerical re-
sults are depicted in Figs. 1 and 2. Figure 1(a) shows
temporal evolution of the response networks synchro-

. 3
nization errors e, = \/Zizl(]}i_ﬁrl —z;)2 — 0 and

ey = \/Z?=1(yi+1 —y;)2 — 0. Figure 1(b) depicts
that all the scaling factors «; = max{x;/x,y;/y} tend
to the unpredictable a = 0.5465. Figure 2 shows the
trajectories of IPS in the z — y plane. However, if we
set the gain ¢ = 1.35, which is obviously not satisfied
the condition of corollary 1, the synchronization will
not be achieved, as shown in Fig. 3.

The example of pining control is illustrated with
the desired scaling factor « = —2. Let A = 1,5, k = 1;
0,c,A and the initial values are the same as mentioned
above. Figure 4(a) shows the final synchronization of
the response networks. Figure 4(b) illustrates that the
pinning model with unified system has achieved IPS
with the desired scaling factor a = —2. Figure 5 indi-
cates the trajectories of IPS with &« = —2 in the z —y
plane.
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Fig. 5. Trajectories of IPS in the z—y plane with designed
scaling factor o = —2.

Remark 2. Numerical results are rather general
here, for any interval A > 0, § € [—0.016,1.15] and
the scaling factor o # 0, IPS with desired scaling fac-
tor always occurs as is expected and observed in the
stable region of 0 < ¢ < 0.5.



No. 8

GUO Liu-Xiao et al. 2819

In summary, the scheme of impulsive projective
synchronization (IPS) has been investigated with a
drive-response network (DRDN) model. Further-
more, impulsive pinning control method is adopted
to control the desired scaling factor. Some simple but
effective and less conservative sufficient conditions are
theoretically derived. Numerical simulations on uni-
fied chaotic system support the theory results. The
main advantage is any width of impulsive interval A,
which will be easily applied to real situations.
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