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In this Letter, we truncate the functional expansion of the non-uniform first-order direct correlation function

(DCF) around the bulk density at the lowest order. But the truncation is performed formally and exactly by
making use of functional counterpart of the Lagrangian theorem of differential calculus. Consequently the ex-

pansion coefficient, i.e. the uniform second-order DCF, is replaced by its non-uniform counterpart whose density
argument is an appropriate mixture of calculated density distribution and the bulk density with a mixing pa-

rameter determined by a hard-wall sum rule. The non-uniform second-order DCF' is then approximated by the
uniform second-order DCF with an appropriate weighted density as its density argument. The present formally

exact truncated functional expansion predicts the density distribution in good agreement with simulation data

for hard sphere and Lennard—Jones fluid exerted by an external field.

PACS: 71.15. Mb, 05. 70. —a, 64. 60. —i, 05. 20. Jj

Density functional theory (DFT) of non-uniform
systems was pioneered by the work of van der Waals on
interfaces.[!l It was further motivated by the work of
Hohenberg and Kohn!?! for the ground state of quan-
tum systems and it was generalized to finite temper-
atures by Mermin.l3] Over the past several decades,
in the field of classical statistical thermodynamics, we
have witnessed great progresses made in DFT. Its sta-
tus as a powerful theoretical tool has been established
for the study of non-uniform systems, such as freezing,
adsorption, wetting transition, capillary condensation
and filtration, etc.l*! According to different types of
approximation used, DFT has evolved into four dif-
ferent versions: including functional perturbative ex-
pansion approximation (FPEA), weighted density
approximation (WDA),[®l fundamental measure the-
ory (FMT),I" and our previous DFT that is based
on the universality principle of the free energy den-
sity functional and test particle trick. Our DFT can
be divided into two types: onel®l concerns the bridge
functional concept, the other[®! concerns the incorpo-
ration of bulk fluid radial distribution function into
the density functional. In this Letter, we concentrate
on the FPEA, but we do not strive to make approx-
imations for the higher-order direct correlation func-
tions (DCFs) and we include more terms. We trun-
cate the functional expansion series at the lowest or-
der, i.e. the first order, but the truncation is made
formally and exactly by applying the Lagrangian the-
orem of differential calculus to the functional expan-
sion. The validity of the new truncation is tested by
applying it to calculate the density profile of the hard-
sphere fluid and Lennard-Jones (LJ) fluid exerted by
several external potentials.
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To calculate the density profile of inhomogeneous
fluids, it is convenient to carry out the functional ex-
pansion at the level of the first-order DCF, although
it is also possible to proceed at the level of free energy.

A formal Taylor expansion of the non-uniform
first-order DCF C()(r;[p]) around the uniform sys-
tem of bulk density p, can always be written as

cM(r;p))
:Cél)(Pb) + /drl(P(ﬁ) - Pb)CSQ)(\T‘ —7r1l;508)
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[p(rm) = pel G5 (71 rniipe), (1)
where each functional derivative, i.e. the expansion co-
efficient Cén) (r,r1, -, Pn_1;Pp), 7 > 2, is evaluated
at the initial density p,. We do not strive to approxi-
mate the expansion coefficients of the higher orders, as
done in the previous literature. Instead, we truncate
the series at the first order. To make the truncation
an accurate representation, one can evaluate the last
functional derivative not at the initial p, but at some
pb+ Ap — ps), with X between 0 and 1.1'% The proce-
dure is the functional counterpart of the Lagrangian
theorem of the differential calculus, which has not yet
been employed in the studies of DFT in spite of a
well-known fact.

According to the above procedure, Eq. (1) reduces
to

O (wi o) =" (eu) + [ dra(o(rs) - o)

x C2(r,71; [y + A(p — pv))).

(2)
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In the above equations, subscript 0 represents the
uniform case, and its removal corresponds to the non-
uniform case. It should be noted that the expansion
coefficient 082) has been replaced by C(? in Eq.(2)
because of the substitution of the bulk density p, by
the non-uniform density distribution py + A(p — pp)-

In the formalism of DFT, the density profile equa-
tion of non-uniform single component fluid reads

p(r) = v exD{—Bipuns(r) & CO (s []) 05%1,)20
3
where @oxt (1) is the external potential responsible for
the generation of the density distribution p(r), and
B = 1/kT with k being the Boltzmann constant and T
being the absolute temperature. Substituting Eq. (2)
into Eq. (3) yields

p(r) =py exp { — Bext(r) + /d"'l(P("'l) — pp)

0(2)(7"7"'1;[Pb+/\(P*Pb)])}' (4)

The key is to approximate the non-uniform second-
order DCF C®) (7, 71;[py + A(p — pp)]) and to choose
the appropriate mixing parameter A.

From Ref.[11], we can approximate the second-
order non-uniform DCF through the second-order uni-
form DCF with a weighted density as the later density
argument. Thus, C®) (7, 71; [py+A(p—ps)]) can be ap-
proximated by its uniform counterpart CO(Q) (Ir—r1);0)
in which p is the so-called weighted density. Because
the numerical value of C®) (7, 71;[py + Ap — pp)]) is
related to two points, so it is reasonable to make the
weighted density p in C(()z)(|r —r1|; p) also related to
the two points r and r;. Then the natural procedure
is to make p be related to the mean value of the two
points r and 7y, i.e. we make the following approxi-
mation

CA(rri;loy + Ap — pb)])
2 -

=G (I~ mlial(r +7)/2). (5)

The specification of p can be made by following
and extending the spirit of the simple weighted den-
sity approximation (SWDA)!'2! for the non-uniform
first-order DCF which employs the normalized uni-
form second-order DCF as the weighting function for

the calculation of the weighted density to its second-
order counterpart, i.e. p is defined by

) = [ ar'Oor) = )+ prullr = in) (6)
with w(|r — 7'|; pp) defined by
w(lr = 'l o) = CP(Ir = v/l ) /CE (pv). (7)

Here Cél)l(pb) is the first-order density derivative of
the uniform first-order DCF C(()l)(pb) which can be

obtained by numerical integration
et (o) = [ arc i) ®

In this Letter, we specify the mixing parameter A
by making the theoretical prediction of Eq. (4) satisfy
the sum rule which specifies bulk pressure P by hard-
wall contact density p.,

P = p,kT. (9)

Here p,, can be obtained from p(0.5) in Eq. (4) when
the external potential has the following form

Yext(2) = 00 z/o < 0.5,
=0 05<z/o, (10)

where o represents the fluid particle diameter. The
specified numerical value of A is also suitable for other
cases of the external potential following the universal-
ity of the free energy density functional, which means
the independence of the free energy density functional
(and its functional derivative, i.e. the non-uniform
first-order DCF) on the concrete external potential re-
sponsible for the formation of the density distribution
profile.[8:9-13]

To test the present formally exact truncation,
firstly we apply the present DFT approach to a hard-
sphere fluid near a single hard wall and confined in a
spherical cavity. For the former case, the external po-
tential is of the form of Eq. (10). For the latter case,
it is in the following form

Ir|/o > R,
Ir|/o <R, (11)

Lpext(r) = o0,
= 07

where R is the spherical cavity radius.
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ahd A

0 ———— .
1.0 2.0 3.0 4.0 5.0 6.0

z/o

Fig. 1. Density profiles of a hard-sphere fluid near a hard
wall for two cases of bulk density. The lines correspond
to the predictions of the present method, and the symbols
represent the corresponding simulation data.['®] The co-
ordinate for the upper curve should be shifted down by
one unit.

The necessary quantities, i.e. the uniform second-
order DCF C(g?) (r;pp), can be obtained from the
Percus—Yevick approximation.4) The employed equa-
tion of state for the bulk hard-sphere fluid is from the
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Carnahan-Starling empirical approximation.['®! The
calculated density distribution is plotted against the
corresponding simulation datal'®'"] in Figs.1 and 2
for the two cases of the external potentials. It can
clearly be seen that the predictions from the present
truncation are in good agreement with the correspond-
ing simulation data and are even more accurate than
that of the available most accurate DFTs, 89! although
we have not plotted the predictions of the DFTs in

Refs. [8] and [9] for clarity.
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Fig. 2. Density profiles of a hard-sphere fluid confined

in a spherical cavity with a hard wall R = 4.5¢0 for two
cases of bulk density. The lines correspond to the pre-
dictions of the present method, and the symbols represent
the corresponding simulation data.[!7] The coordinates for
the upper curve should be shifted down by one unit.
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Fig. 3. Density profile of a LJ fluid (pp0® = 0.75, kT /e =
1.304) confined between two hard walls with H/o = 13.
The line corresponds to the prediction of the DFT, and
the triangles represent the corresponding Monte Carlo
results.[19] Only half the slit for the simulation data is
shown.

To test further the validity of the present formally
exact DFT, we apply it to the LJ fluid confined be-
tween two hard walls situated at z =0 and z = H re-
spectively. In this case the external potential is given

by

0 050<z<H-—0.50

oo otherwise

Boon(z) = { (12)

The interaction potential of the LJ fluid model is

in the form of

u(r) = 4el(o/r)'* = (o/r)°], (13)

where ¢ and ¢ characterize the interaction range and
strength, respectively.

2.0

A=0.41 r. =2.5

A=049 r. =25

Fig. 5. Density profile of a LJ fluid (ppo® = 0.82,kT /e =
1.35) near a single hard wall. The line corresponds to
the prediction of the DFT, and the triangles represent the
corresponding Monte Carlo results.[20]

There is no analytical expression for the second-
order DCF for the uniform LJ fluid, but we can solve
the Ornstein—Zernike (OZ) equation at several state
points near the considered bulk state point. Then
we tabulate these data prior to the iteration proce-
dure, and employ the interpolation procedure to ob-
tain the required second-order uniform DCF during
iteration. Thus, the difficulty without the analyti-
cal expression for the second-order uniform DCF can
be overcome easily. Here we choose the Malijevsky—
Labik bridge function from various existing bridge
functions, such as the Percus—Yevick bridge func-
tion, the hypernetted-chain bridge function, and the
Martynov—Sarkisov bridge function, etc.'8 When the
predictions from the Malijevsky—Labik bridge function
for the second-order uniform DCF are employed as the
input, the present theory supplies the best predictions
of the density distribution profile for the calculated
non-uniform LJ fluid. The calculated density profile
at one state point for different external potential is
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plotted in Figs.3 and 4 with the corresponding simu-
lation data.['®] The figures show the prediction power
of the present theory for the non-hard sphere fluid as
a whole. Furthermore, we calculate the density distri-
bution profile for the LJ fluid near a single hard wall
at another state point.
the corresponding simulation datal?’! are plotted in
Fig. 5. To compare the present theoretical predictions
with the corresponding simulation data, we truncate
the LJ fluid potential range at r. = 2.50 for the calcu-
lation of Figs. 3-5. In short, Figs. 1-5 indicate that the
present truncation can supply very good predictions
for the density distribution.

Compared with previous DFTs, the advantages
of the present FPEA can be summed up as follows.
Firstly, it is conceptually very simple, it is based on a
well-known mathematical theorem, and it does not as-
sociate with a complicated principle. The universality
of its mathematical basis determines the theoretical
universality for applications to various interaction po-
tential fluids. Secondly, the required input parameters
of the present theory, the second-order uniform DCF
and the equation of state can be obtained from the
highly mature integral equation theory (IET) of fluid
state physics. In particular, the widely used thermo-
dynamically self-consistent IET can produce reliable
second-order uniform DCF and the pressure. Thus,
the input parameters of the present DF'T can be ob-
tained self-consistently by a single self-consistent IET.
Thirdly, the present DFT is also computationally very
simple. Compared to the WDA, the present theory
employs the SWDA to approximate the non-uniform
second-order DCF, but achieves higher accuracy than
that of the complicated WDAI[S! which is more accu-
rate than the SWDA but inferior to the available most
accurate DFTs[®9! in accuracy. Therefore, the present
DFT keeps the computational simplicity of the SWDA
but achieves even higher accuracy than the available
most accurate DFTs[®9]. The underlying spirit of the
present theory can, if it is carried out at the level of the
free energy, directly predict the excess Helmholtz free
energy of the non-uniform systems, which is crucial
in the construction of the phase diagram. We will re-
port the related numerical results elsewhere. It is well
known that the perturbation expansion is a basic tool
to solve theoretical physics problems. From the point
of view of mathematics, the Lagrangian theorem can

The calculated results and

be applied to any Taylor expansion, so the method-
ology explored here can be extended to various prob-
lems concerning any Taylor expansion in theoretical
physics.
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