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Exact Solutions of (241)-Dimensional Euler Equation Found by Weak Darboux
Transformation *
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The weak Darboux transformation of the (2+1) dimensional Euler equation is used to find its exact solutions.
Starting from a constant velocity field solution, a set of quite general periodic wave solutions such as the Rossby
waves can be simply obtained from the weak Darboux transformation with zero spectral parameters. The constant

vorticity seed solution is utilized to generate Bessel waves.
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To find exact solutions of the (241)-dimensional
Euler equation is an interesting and important issue in
mathematics, fluid mechanics,[!! plasma physics,>?!
oceanography,[*! atmospheric dynamics,/®6! super-
fluid and superconductivity,l”! cosmography and
astrophysics,[®l statistical physics,!®) field theory, par-
ticle physics!? and condense matters.[11—13]

Because of the importance of the issue, there are
a large number of papers on the solutions of the Eu-
ler equation and the related Navier—Stokes equation.
To reach some special exact analytical solutions, one
usually use the standard group theory.['*] However, in
most cases, one has to study the problems numerically
because of the difficulty to find more exact solutions of
the nonlinear Euler equation.[*?! In 2001,¢! Li found
a (weak) Lax pair for the Euler equation and a spe-
cial (weak) Darboux transformation (DT) of the Lax
pair is obtained. Usually, a DT can be recursively find
new solutions from a known one. However, one fails
to reach new exact solutions from the DT of Ref. [16].
In this Letter, we try to find some new exact solutions
starting from the DT in its new form.

In Ref.[16], the author (2+1)-
dimensional Euler equation in its vorticity form

Q0+ [, =0, [¥,Q =99y — ¥, Q, (2)

where Q is the vorticity, v is the stream function, and
the velocity field {u,v} is linked to the vorticity and
the stream functions by

U= —ty, V="1)y, Q=10 —uy, = Ae. (3)

wrote the

The weak Lax pair for Eq.(2) has been given as
follows:

Lo = Xp, Ly =[Q,¢], (4)
o1+ Ap =0, Ap = [, ¢]. (5)

We should point out that this Lax pair is weak since
it can only be used to provell”]

[ + [, 9], 9] = 0. (6)

It has to be also emphasized that Eq. (1) is a defini-
tion equation of €2 with respect to ¥ and can not be
derived from the Lax pair (4) and (5).

In Ref.[17], the authors have also given a (weak)
DT for Eq.(2) with the zero spectral one. However,
up to date, there has been no one to construct new so-
lutions by means of the weak Darboux transformation
of Ref. [17].

Recently, we have obtained a new weak DT of
Eq.(2) with three spectral parameters. When the
spectral parameters are all taken to be zero, the new
DT is reduced to an equivalent form of Ref. [17]. How-
ever the new form is much easier to be applied to find
exact solutions than the original one. In this study, we
apply this transformation to generate new exact solu-
tions of the (2+1)-dimensional Euler equation. For
self-containing, we first prove the proposition of the
new weak DT and then choose different seeds to pro-
duce some new exact explicit solutions.

Proposition 1. If {Q,1, ¢} is a solution of the Eu-
ler equations (1) and (2) and the Lax pair (4) and (5),
and f is an arbitrary solution of the Lax pair with the
spectral parameter Ao, G = G(f) being an arbitrary
function of f, then {Q4, 11, ¢1} with the definition

Y1 =19 +p, ¢1=G(fle (7)

is a solution of Eq. (6) with ¢ — 1, — ¢1 and the
Lax pair

QIZQ+Q7

[Q1, 1] = M1,  d1e + [¢h1, 1] =0, (8)
if p and ¢ are determined by

[0,Go] = (M — NG — Gphofo, [p,Ge] =0, o)
9
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q = Ap. (10)

Proof: To prove the proposition 1, we only need to
prove that {Q4, 11, ¢1} satisfy the Lax pair (8). From
the first one of Eq. (8), we have

[Q1,81] =[Q+ ¢, Gp] = [Q, Gy] + [g, Gy
=G ] + G[Q, fle + [g,Gp] = MG,

By using

[Qvf] = )‘Ofa [Q,(,D] = AQD,

it yields the first formula of Eq. (9). In the same way,
from the second one of Eq. (8), we have

b1+ [Y1, 01] = Gy frp + Gy + [, Gyl + [p, Gy
=Grfip+ Gor + Gl fle
+ Gy, ] + [p, Gy] = 0.

It is obvious that the use of

ft+[¢7f]:05 §0t+[¢a¢]:07

arrives at the second formula of Eq.(1). The rela-
tion (10) just comes from the definition equation (1).
While Eq. (6) with ¥ — 11, — ¢1 is only a consis-
tent condition of Eq.(8). The proposition 1 is then
proven.

Because the Lax pair is weak, the DT given here
is only under the weak meaning.

Though the DT is only a weak one, it can still
be used to find exact solutions of the Euler equation.
Here are some interesting examples.

Ezample 1. Rossby waves and its generalization
from the constant flow. It is clear that for the (241)-
dimensional Euler equations (1) and (2), there is a
constant flow solution

u=—-b, v=a, (11)

i.e.

Y=az+by, =0, (12)

where a and b are arbitrary constants.
Substituting the seed solution (11) into the space
part of the Lax pair,

leads to
A= )Xo =0.

From

pr+Ap=0, fi+Af=0 (14)

and the seed solution (11), one can obtain that ¢ and
f are arbitrary functions of £ = ax+by and n = bt+=x,
ie.

o =F(n), [=Fl(&n), (15)

where Fy and F, are arbitrary functions of {&,n}.
When \; = 0, from the transformation theorem it
is easy to obtain

q=Q(F(&,m)), p=P(F(n)) (16)

from Eq. (9), where P and Q are two arbitrary func-
tions of F' = F(§,n) and

Because the DT theorem is only a weak one, in
order to ensure that the result is a solution of the Eu-
ler equation, we should substitute the result to the
original FEuler equation to verify whether the result is
really a solution of the Euler equation. For simplicity
of calculation, we rewrite the Euler equation system
(1) and (2) in the coordinates {£,n,t} for the new so-
lution {Q4,¢1}:

By = = (a® + 6)Prge + Yigy + 20¢h1g, = 0, (17)

E2 = Qlt + leﬁwln — lenwlf + an =0. (18)

It is straightforward to verify that Ej is satisfied

identically for Eq. (7) with the seed Egs. (12) and (16),
which is also guaranteed by Proposition 1.

Without loss of generality, one of the arbitrary

functions P and @ given in Eq. (16) can be fixed to a
convenient form

P = F(En). (19)

Under the simplification (16), the final result can be
summarized as the following conclusion.

If

H(X,Y) = H (316~ (a+ b)), 716 ~ (o~ b))

(20)
EH(m—l—y— (a —bt,y—z— (a+b)t)
=F(&n) (21)
is a solution of
Hxx + Hyy = Q(H), (22)
then
Q1 =Q(H), Y1=ax+by+ H, (23)

is a solution of the Euler equation system (1) and (2),
where @ is an arbitrary function of H. The simplest
periodic wave solution, the Rossby wave solution,

B(k2 + k2
g = BELER) e b kay 4 (ib — Kaa)t + o),

2
1 =ax + by + Beos(kiz + kay + (k1b — koa)t + z0),
(25)
is related to the special selection
k3 + k3
QF) = %Fl- (26)

In Fig. 1, the structure of the stream function of the
Rossby wave (25) is plotted with particular parameter
selections,

le, iEOZO, a:b:k1:k2:001 (27)

Ezample 2. Bessel waves from constant vorticity.
It is also easy to verify that the (2+1)-dimensional
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Euler equations (1) and (2) possess a linearly sheared
flow solution
u= -2y, v=2xz, (28)
i.e. the constant vorticity solution,
Yp=2"+y> Q=4 (29)

where the vorticity possesses a special constant value
4.
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Fig. 1. A special plot of the periodic wave for the stream
function v given by Eq.(25) with the special parameter
selections (27) at t = 0.
Substituting the seed solution ((28) into the space
part of the Lax pair (13) leads to

A=X=0.

From the time part of the Lax pair (14) and the seed
solution (28), we find that ¢ and f are arbitrary func-
tions of

r =22+ y?, (30)

1
0=t+ 3 arctan g, (31)

namely,

‘P:Fl(’rve)v f:F2(T70)) (32)

where F; and F; are arbitrary functions of {r, 6}.
If Ay =0, it is easy to obtain

q=Q(F(r,0)), p=P(F(r,0)) (33)

from Eq.(9), where P and @Q are the two new ar-
bitrary functions of F = F(r,0) = G(f)p =
G(FZ(T> 9))F1 (Ta 0)

Similar to Example 1, we rewrite the Euler equa-
tion system (1) and (2) in the new coordinate system
{r,0} for the new solution {Q;,;}:

1

1
Fl = Ql — ’(,lerr - ;wlr - T—wae = 07 (34)

1
Po =y + Qi + Z—(eriﬁw — Qip¢1,) = 0.
r
(35)
It is evident that I's is identically satisfied for
Eq. (7) with the seed (29) and (33), which is also guar-
anteed by Proposition 1.

Similarly, without loss of generality, we can take
P(F) = F(r,0) (36)

for simplicity. Under the simplification (36), the final
result can be summarized as follows.

If F'= F(r,6) is a solution of
1 1
Fop 4+ =F, + —Fpy = Q(F), 37
+ o Fet - Fee = Q(F) (37)

then
U =4+Q(F), ¢¥1=r’+F, (38)

is a solution of the Euler equation system (1) and (2),
where @ is an arbitrary function of F'.

It is worthwhile to write down two special cases of
this example.

Case 1. General constant vorticity, Q; =
B,Q(F) = B — 4. In this case, the general solution
has the form

Y =B, i=+v-1 (39)

b= D@D () tat), (@)

where
z E4t+2arctan§ —iln(2? + y?), (41)

z* is the complex conjugate of z; g; and g, are ar-
bitrary complex functions of z and z*, respectively.
Obviously, when we take g, as the complex conjugate
function of g;, then the solution (40) is real.

Case 2. Q(F) = —A?F, with constant A. In this
special case, Eq. (37) can be solved via variable sepa-
ration approach and the final result reads

N
Q) =4 — A2 Z cos(2¢;(60 — 6,))
. [ClZJ;_(AT) + CZiNci (AT)], (42)

N
U =12 + Z cos(2¢;(60 — 6,))
i=1

[Cride; (Ar) + Coi N, (Ar)], (43)

where N is an arbitrary integer; c¢;, Cy;,Cs; and 6;
all are arbitrary constants; J., () and N, (z) are ¢;th
Bessel and Neumann functions of z; r and 6 are given
by Egs. (30) and (31), respectively.

In Fig. 2, four special Bessel waves are plotted for
the stream function

1
¥ = (2? 4+ y*) + 100 cos [2c<t + 3 arctan E)}
Y

Jo(2v/22 + y?) (44)

for ¢ =0,1,3 and 8, respectively, at time ¢t = 0.

Though the (weak) Lax pair and the first weak DT
theorem with zero spectral parameter of the (241)-
dimensional Euler equation have been given by Li et
al. for five years,®17l there is no one to use them to
obtain exact solutions of the model.
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Fig. 2. Four particular Bessel waves for the stream function ¢ given by Eq.(44) at t = 0 with (a) ¢ =0, (b) ¢ = 1, (¢)
c=3and (d) c=8.
A brief report on the new forms of the weak Dar- [2] Grasso D et al 2001 Phys. Rev. Lett. 86 5051
boux transformations has been given in Ref. [18] with- [3] Bergmans J and Schep T J 2001 Phys. Rev. Lett. 87
out proofs and examples for the both (2+1)- and 195002
. . . A [4] Marshall J et al 1997 J. Geophys. Res. Oceans (C3) 102
(34+1)-dimensional Euler equations. In this study, we 5753
make use of the new form of the weak DT theorem Canuto V M and Dubovikov M S 2005 Ocean Modelling 8
1

to construct exact solutions of the (241)-dimensional
Euler equation.

Starting from the constant flow solution, the weak
DT theorem generates a quite general solution taking
the Rossby waves as its special case.

Combining the constant vorticity seed solution and
the weak DT theorem results in another kind of waves
embodying various Bessel waves.

Because of the wide applications of the Euler equa-
tions, more exact solutions yielded via the weak Dar-
boux transformations for both (241)- and the (3+1)-
dimensional models are worth studying further.
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