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A new construction scheme of a universal quantum network which is compatible with the known quantum gate-
assembly schemes is proposed. Our quantum network is standard, easy-assemble, reusable, scalable and even

potentially programmable.

Moreover, we can construct a whole quantum network to implement the general

quantum algorithm and quantum simulation procedure. In the above senses, it is a realization of the quantum

central processing unit.

PACS: 03.67. Lx, 89.80.+h, 03.65. Bz

The quantum computer!? has attracted consider-
able attention because it can speed up computation
greatly, and even exponentially, as compared with a
classical computer, for example, in factorization of a
large number® and search for unstructured data.* A
central part of the quantum computer is the quantum
network. As is well known, a universal quantum net-
work can be constructed by a set of elementary gates®
in principle. However, at present, knowledge of the
whole quantum networks for the main known quan-
tum algorithms is not complete, and the quantum net-
work for simulating Schrodinger equation has not been
found. This is because, from the scheme of Barenco
and co-workers, one does not know clearly how to
assemble and scale up the quantum networks for a
product of a series of quantum computing steps and
a summation for a set of quantum computing parts.
Therefore, knowing how to construct a whole quan-
tum network in a practical situation is still extremely
important. In order to solve this problem, we propose
a new construction scheme for a universal quantum
network in this letter. Our universal quantum net-
work can carry out a general quantum computing task
just like a quantum central processing unit (QCPU).
Moreover, it is standard, easy-assemble, reusable and
scalable, even programmable.® Consequently, it is a
realization of QCPU. In fact, as long as it is indeed
so, one can indeed truly make, at least in theory, a
quantum computer.

To arrive at the above goals, we first introduce an
auxiliary qubit A prepared in |0) , and define the uni-
versal quantum network for a transformation U acting
on k qubits as

2k_1

H exp{(Upnnm)(n| ® I4)-CT}, (1)

m,n=0

QW) =

where I and I4 are the identity matrices in the reg-
ister space and the auxiliary qubit space respectively,
and

Ct=Ir@c, = Ir®|1)44(0| (2)

is the so-called “Jointer” whose action is to put all
of the factors such as exp|U,,,|m)(n|] into a product
form. These factors are called the elements of quan-
tum circuit. If the graphics rules for these are given
out, the picture of the quantum network Q(U) can be
easily drawn. It is worth emphasizing that there is
an essential difference between the classical gate and
the quantum gate. This is just that the classical gate
is always to carry out a determined operation, but
the quantum gate can carry out a kind of operations.
For example, the quantum rotation gate can rotate a
state to any angle and then it needs one parameter ¢
or e'® to determine its operation. So are the elements
of quantum circuit.

Compared with the known schemes, the most im-
portant two new features of Q(U) are

QUL+ Uz +---+U,) =Q(U1)Q(Uz)---Q(U,), (3)

QULU,---U,) =I+CT [ [[CQ;) | cct, (4)

j=1
where I = Ir ® 14, and
C=Ir®ca=Ir®|0)s4(1| (5)

is the so-called “Connector” that is used to prepare a
transformed state so that this prepared state can be
used in the next successive transformation. Further-

more, note that there are the relations ¢ = CTA2 =0

and cAcL—i—cgcA = J4. Thus c4 and cg can be thought
of as the fermionic annihilate and create operators, re-
spectively, in the auxiliary qubit. From this, the aux-
iliary system might be extended to a larger system
beyond a qubit if one can easily implement a nilpo-
tent transiting operator by it. Obviously, Eq.(3) is a
quantum network for a summation of a set of quan-
tum computing parts. In order to put the quantum
network for a product of a series of quantum com-
puting steps into a form of full multiplication, we use
two registers respectively to the input state space and
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the output state space including one auxiliary qubit.
Then we define

QLU ---U,) = (Ip)w|CT | [[ cQUy | cCt|
=1 out
while the initial state is now prepared into (|7 (¢)))in ®
(|#(t)) ®|0) 4)out- Therefore, in our scheme, a whole
quantum network is constructed wvia the so-called
“motherboard” with many “slots”. A slot is an in-
terspace between a pair of connectors and so a moth-
erboard is made of some connectors. The quantum
networks for a series of quantum computing steps,
just like some “plug-in boards”, are inserted into these
slots, and the quantum networks for a set of quantum
computing parts, even like some “building blocks”, are
put together directly. All of them are very easily as-
sembled and scaled as a whole quantum network.
Obviously, Q(U) is universal and Eq.(1) is an al-
ternative for the formula of Reck et al.” since it keeps
the advantages such as the product form, only involv-
ing two states (not qubit) and a close relation with
the elementary gates etc. For example, the simplest is
a quantum network for a transformation S of a single
quantum state: |n) — e'®n|n),|m)(m # n) — |m)

Q(S) = exp{C"} exp{[(e'*" —1)|n)(n|® 1] CT}, (7)

where exp{CT} = Q(IR) is a quantum subnetwork for
an identity gate and we construct Q(S) by decom-
posing this transformation into I + ('~ — 1)|n)(n|.
In particular, when «,, = =, this transformation is a
reflection of |n), which can be used in Grover’s algo-
rithm. Another example is a quantum subnetwork for

Ui)=LoLe -QU;® - oI
QU(1) = exp{(U(i) ® 1) - C'}. (8)

For a controlled gate Ucontrol = [0)(0| @ Iz +|1)(1|QU,
we have

Q(Ucontrol) = eXp{(|0><O|®I2®IA)CT}
-exp{(|1><1|®U®IA)C’T}. (9)

When U is a NOT gate, it is a quantum network
for the controlled NOT. Likewise, we can write down
a quantum network for the Toffoli gate (controlled—
controlled-NOT), in which the third qubit experiences
NOT if and only if the others are in the state |1):

Q(Toffoli) = exp{Ct}exp{—(|1)(1|®|1)(1|&T
®14)C"} exp{(I1)(1] @ |1)(1|

®N®IA)CT}7 (10)

since we can decompose Urorop = I — [1){1| @ |1){1| ®
I+ |1)(1|®1)(1|® N, where N is a NOT gate. There-
fore, all the elementary quantum gates can be written
down by our quantum networks. This implies that
our construction scheme is compatible with the known
quantum gate-assembly schemes because as soon as we

have obtained an expression of a quantum computa-
tion in terms of a set of the elementary quantum gates,
we can first construct the quantum subnetworks for
these elementary quantum gates and then easily as-
semble them into a whole quantum network by virtue
of the properties of our quantum network.

Furthermore, every factor in Q(U) is an exponen-
tial form which may be easy to implement in exper-
iment. Even our scheme can be applied to an irre-
versible and/or non-unitary transformation.

It is easy to see that Q(U) acting on |¥) @ [0) ,
just carries out a general quantum computation:

Q) ®10), =[¥) @ 10), + ¥)' @ 1) 5, (11)
and its reversible operation reads

k—1
I ep{-Unnlm)(n|® L)CT}. (12)

m,n=0

QI(U)=

Thus, two project measurements,

D CtC=Ir® 1) 4401, (13)
P = CC'=Ip®|0)44(0], (14)

result in an output state |¥)' ®|1) , and an input state
|¥) ® |0) ,, respectively.

In mathematics, every element of quantum circuit
is directly related to a natural basis |m)(n| of the op-
erator in Hilbert space and a matrix element U,,,, of
the transformation matrix for a quantum computa-
tion. This implies that the parameters of the ele-
ments of the quantum circuit can be reset; that is,
our quantum network is potentially programmable.®
On the other hand, this feature also makes it possible
for them be constructed by the elementary quantum
gates.® In fact, it is easy to prove that |m)(n| can
be written as a product of a general exchange trans-
formation and a measurement |n)(n| from left or a
measurement |m)(m| from right

Im){n| = E(m,n)|n)(n| = |m)(m|E(m,n),  (15)

where
1:[ E(G+1,7), (n<m)
E(m,n) = nmm—1
( ) H En—j7—-1,n-3j), (n>m)
I};._ (n=m).
(16)

E(m,m+1)=E(m+1,m)

2k 1

- ¥

j=0;j#m,m+1

9) 1+ Im){m + 1] + |m + 1) (m].

(17)

The order of product in Eq.(16) is arranged as left
multiplication with index j increasing. It is clear



168 WANG An-Min

Vol. 18

that the generalized exchange gate E(m,m + 1) for
two neighbour basic states |m) and |m + 1) is Her-
mian and unitary. It is easy to see that its action
on |m) or |m + 1) leads to their exchange and keeps
the other basic states invariant. Note that for two
qubits, F(2,3) is a CNOT gate and E(1,2) is a swap-
ping gate.” While E(m,n) is just an exchange trans-
formation of arbitrary two states |m) and |n); that is,
E(m,n)|n) = |m) and (m|E(m,n) = (n|. Thus the

universal quantum network for U is just defined by

2k_1

1 eo{UnnBE(m,n)n)n| @ 1) - 1.

m,n=0

QW) =

(18)

The key point is the efficiency of a universal quan-
tum network. It seems that a universal quantum net-
work consisting of 2% x 2% basic elements is the same as
a classical computer in the use of computing resources.
In fact, this is the price to be paid for universality. Be-
cause the basic elements of the quantum circuit only
act on a branch (path) of the quantum data flow from
its definition, Q(U) needs 2* x 2* basic elements in
general. However, in practice, our construction is ob-
tained in terms of the symmetries and physical fea-
tures in a quantum computation. Therefore, many
elements of the quantum circuit do not really appear.
Quantum Fourier transformation'® is an example.!!
Generally speaking, the number of elements of a real-
ization of QCPU for the transformation U is at least
equal to the number of the inequality matrix elements
in U, except for zero.

Our universal quantum network proposed in this
letter leads to a general design principle for a quan-
tum algorithm and quantum simulation. That is, we
ought to find such a suitable and optimized decompo-
sition that the quantum subnetworks for its compo-
nents can be as effectively and easily constructed as
possible. The process of decomposition can continue
until our aim is served. In principle, this is possible
if a quantum computation can be effectively carried
out. In order to do so, we need to use the fundamen-
tal laws of physics, especially the principles and fea-
tures of quantum mechanics, for example, the coor-
dinate system choice, representation transformation,
picture scheme and quantum measurement theory, if
we think that a quantum computing task is a physi-
cal process. Moreover, we have to use the symmetry
properties of every computing part and/or step U® as
far as possible, such as the direct product decompo-
sition, the transposing invariance Uf, = Uf = or the
row equality U: , = Ut for all n or the line equality
Ui, = Ui, for all m as well as make U; with zero
elements and equal elements as many as possible. In
general, we can always find some symmetries through
decomposing U into a summation U; +Us 4+ --- + U,

and/or a product UUs - - - U,,. In this letter, we have
obtained the whole quantum networks for Shor’s algo-
rithm, Grover’s algorithm and simulating Schrodinger
equation in general. This means that our universal
quantum network can generally describe the known
main results in quantum computation.

In the above sense, we have designed a universal
quantum network which can carry out general quan-
tum computing; that is, a realization of QCPU is given
out. Obviously, our construction scheme can keep the
advantages in the known schemes. More importantly,
our method simplifies the construction for a universal
quantum network in terms of the elementary quantum
gates and standardizes the process of construction as
a procedure; that is, from the elementary quantum
gates to the elements of quantum circuit, again to
the quantum subnetworks for the quantum comput-
ing parts U; (U = Uy + Uz + --- + U,.) and/or the
quantum computing steps U; (V = ViV, ---V,), and
finally to a whole quantum network. Moreover, each
step in this procedure is facile and can be determined.
The significance of simplification and standardization
is to provide not only the facility in engineering, but
also the realizability in an effective construction. Fur-
thermore, our construction provides a way to reuse
and update a quantum subnetwork as well as the po-
tential possibility to program a quantum network.
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help and for his hosting my visit to Centre of Quan-
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Markus Grassl for his helpful comments.
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