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Quantum binary symmetric channels are defined via the invariance of fidelity under unitary transformations of
the input density operators. In this definition, they not only include the most studied case of the depolarizing
channel but also other channels. We investigate the character of the latter and find the maximum of the coherent

information to estimate the capacities of the channels.

PACS: 03.67.—a

In recent years, considerable progress has been
made in developing a general quantum theory of in-
formation and communication.[' =3 Particularly, as in
classical information theory, the efficiency of infor-
mation transmission is one of the most basic ques-
tions in quantum information theory. Unlike classical
theory, in quantum theory there are two very differ-
ent forms of transmission efficiencies, classical capac-
ity and quantum capacity of quantum channel, de-
pending on the nature of the information to be con-
veyed. Following the proof of the quantum analogue
of Shannon’s fundamental theorem for noiseless cod-
ing by Schumacher,* the problem of classical capac-
ity of quantum channels has been solved.56! In the
past few years, the concept of channel fidelity has
been developed(”l and a substantial amount of work
has been devoted to the transmission of quantum in-
formation through noisy quantum channels.[$=19 The
concept of coherent (quantum) information!®! was de-
fined to characterize the amount of quantum informa-
tion transmitted by quantum channels. It is generally
believed that the maximum of coherent information
represents a lower bound on quantum channel capac-
ity in Shannon’s definition. The upper bound is given
by the corresponding asymptotic quantity and is very
difficult to carry out for the channels other than quan-
tum erasure. In this letter, we will calculate the max-
imum of the coherent information as an estimation of
the channel capacity.

In what follows, we shall outline the question of
how to describe the quantum channel, and introduce
the symmetric property of the binary channel, then
calculate the maximum of the coherent information
of the quantum binary symmetric channel (QBSC).
Finally, we shall give a discussion and conclusion.

Suppose a quantum system @ is subjected to a
dynamical evolution, which may represent the trans-
mission of @ via a noisy quantum channel. In gen-
eral, the evolution of ) will be represented by a su-
peroperator e, which gives the mapping from initial
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states (described by density operators p to final states
p' = e(p), where we use primes to denote states af-
ter evolution. The superoperator has a normalized
operator-sum representation,® which involves a col-
lection of operators A, acting on Q’s Hilbert space
Hgq, that is

pl=c(p) =) AupA;. (1)

The operators A, must satisfy a normalization
condition

> AfA, =19 (2)
"

An important quantity in quantum information the-
ory is the entropy exchange S., which is S, = S (W),
with von Neumann entropy S (W) = —Tr (W log, W),
and W is a density operator with components W, =
TrA, pA;. The coherent information is defined as

I, =S (pl) —Se. (3)

Suppose the collection of operators O, forming the
basis for any operator acting on H¢ can be expanded

on. Then
A= A0, (4)

where A,, are the expanding coefficients. Then Eq.
(1) can be expressed as

p' = B,r0,p07, (5)

where

Byr =Y AuAs,
73

are the elements of the channel matrix, which charac-
terize the quantum channel. The eigenvalue problem
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of W is critical in the calculation of the coherent in-
formation. Denote TrO,pOg as T,g, then

Wi = Z AuaTaﬁAzﬂ
af

In the matrix form W = ATAT and B = At A. The
eigenequation of W is| AT AT — A\| = 0. This is equiv-
alent to

BT - | =0, (6)

provided that A is a square matrix and B is not sin-
gular. Accordingly for given channel matrix B and
initial state p, the coherent information I, can be cal-
culated.

Firstly, let us in retrospect look at the definition
of the symmetry of a classical binary channel. Such
a channel is characterized by the set X = {0,1} of
possible inputs, the set of Y = {0,1} of possible out-
puts, and a set of conditional probabilities that re-
late the possible outputs to the possible inputs. If
the conditional probabilities have the properties that
PY =0X =1) = P(Y = 1|X = 0) = p and
PY=1X=1)=PY =0X=0)=1—p. Then
the channel is a binary symmetric channel. We can
see that symmetry means that error probability is un-
related to the inputs.

Now, in quantum theory, the inputs and outputs
are quantum states of a discrete-state quantum sys-
tem. Although the quantum extension of conditional
probability is proposed,® it is not fruitful now. On
the other hand, the idea of fidelity is rather commonly
mentioned in the literature on quantum information.
In the quantum version of the Fano inequality, ex-
change fidelity Fo = 3_  (TrpA,) (TrpA;) was used,
and 1-F, roughly corresponds to the classical prob-
ability of error P,.8] Thus we shall make use of fi-
delity rather than conditional probability in investi-
gating the symmetry of a quantum channel.

Definition: A quantum channel is strong symmetry
if its exchange fidelity is invariant under any unitary
transformation of the input density operators.

This is

Z (TiUpU* A,) (TUpU T A
Z TrpA,) TrpAI) , (7)
1

where U is an arbitrary unitary operator acting on
He-

For the binary channel, symmetry also means
strong symmetry. A particularly useful operator ba-
sis is the collection of Pauli matrices o = (04,0y,0)
together with identity matrix I, which is widely used
in quantum error-correcting coding. We denote these
as 09 =1, 0y = 04, 02 = 0y, 03 = 0, respectively. In
this operator basis, the input density operator can be

expressed as

(I+b o)

23
1, by = 1. Since

Z Ap,abou

substituting it into Eq. (7), we conclude
> Bag (bbF — babg) =0, (8)
ap

where bY is the Bloch vector of density operator
U =UpUT, and bY = b because U is a unitary oper-
ator. The solution of Eq. (8) is

b is the Bloch vector, b = |b| <

Tr (pA,,) ZAWTr )

B.sg+ Bga =0, for oa#p, )
By = By = Bass.

Then we can write Eq. (2) in the form of
Z B,@aO'aU,Q = I,
af

combine this with Eq. (9) and obtain
i#7),

From the definition of B we know that B is a Hermite
matrix (an important property for measurable physi-
cal quantity), so that the diagonal elements are real,

and the remaining nonzero off-diagonal elements are
imaginary. At last the matrix of a QBSC will be

Bi]‘ =0 (’L,j = 1,2,3 . BOO + 3311 =1.

p Wy iws  dws
—iw1

0
—iws q 0 ’
0

o oK

—iu)g
with

1
qug_a p+3q:1a

3
w = (w1, ws,ws) being a real vector, and w = |w|.
The explicit form of matrix T will be

1 b by b

by 1 —iby iby

by by 1 —iby | (11)
by —iby iby 1

and Eq. (6) will be
)\4 - Ag + a2>\2 - a3)\ + Ay = 0, (12)
with
ay=(p+q) (3-0")q+ (w-b)’ —w?
[¢* 3p + q) — 2¢0°] (1 - 17%),
ag = (pq — w2) q° (1 — b2)2 .

as
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Now let us consider how to solve Eq.(12) analyt-
ically in some special cases. The first case of interest
is b = 1. Eq. (12) reduces to

AN —A+2¢(1 —2¢) —w?sin®0] =0,  (13)

where 60 is the angle between w and b. In this case,
the transmitted initial state is a pure state, the coher-
ent information will be always zero. Secondly, when
(w - b)2 = w?b?, which includes the depolarizing chan-
nel as a special case of w = 0, Eq. (12) can be decom-
posed into

>\2—(p+q))\+(1—b2) (pq—wQ)ZO, (14)

A =22+ (1-b*) ¢ =0, (15)

Then the exchange information can be expressed
analytically, as can the coherent information. The
density operators of the final state can now be ex-
pressed as

p = ZBa,@aapalg = (I +b- 0') . (16)

apf

N | =

For our symmetric channel, using Eq.(11), we have

b'=(p—-q)b+2w xb. (17)

The eigenvalues of the density operator of final
state are A, = (1£b') /2, with &' = |b’|. The von
Neumann entropy of the final state is

S(p') = =X logy X, — Alog,\._. (18)

By numerical calculation we know that the maxi-
mum of the coherent information of QBSC appears at
the b = 0 point or b = 1 sphere. For the general sit-
uation, although the coherent information cannot be
easily described analytically in an explicit form, for-
tunately its maximum can be denoted by C. as an
estimation of channel capacity. When it is positive
(otherwise it is zero),

Ces = 1 + 2q10g2q + A110g2A1 —|— )\QlongQ, (19)

with
1 2
)\1,225 1—2¢+14/(1—4q)" + 4w? ).

We now give an interpretation of the definition of
symmetry of quantum channel. Fidelity is a general
way of defining the “closeness” of a pair of states.
Exchange fidelity or entanglement fidelity[®! measures
how faithfully the pure entangled state (a state of Q
entangled with a “reference system”) is preserved by
the dynamics of @. The transformation invariance
of fidelity is somewhat sophisticated, however, a sim-
ple example with physical reality is available. Let us
consider an optical fibre and polarized photon states
transmitted on it; for simplicity let the transmission
direction be strictly along the axis of the fibre. It is
reasonable to assume that the fibre is of rotational
symmetry. Then if the plane of polarization of the
initial state is rotated with a certain angle, the final
state at the other side of the fibre will rotate with
the same angle. The difference of the two states will
be unrelated to the plane of polarization the sender
chooses. Therefore, by a rotation of initial state the
fidelity of transmission is invariant.

In conclusion, strong symmetry of quantum chan-
nel is defined in a reasonable way. A channel matrix
is obtained for QBSC and the analytical expression of
the maximum of coherent information is obtained as
an estimation of the quantum capacity of the rotating
and depolarizing channel.
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