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We consider the transmission of classical information over a quantum channel by many senders, which is a
generalization of the two-sender case. The channel capacity region is shown to be a convex hull bound by the
von Neumann entropy and the conditional von Neumann entropies. The result allows a reasonable distribution

of channel capacity over the senders.

PACS: 03.65. Ca, 03.80. +r, 03.65. Ge, 02. 30. Mv

The theory of information transformation over
quantum channels has been widely discussed.['—1Y]
In this letter, we consider the transmission of clas-
sical information by N senders to a common re-
ceiver, which is the generalization of the two-sender
scheme.['!] We suppose N senders, Sq,Ss,-- -, Sn, are
given an ensemble of letter states |ajas - - - an), where
o1, -,y can be drawn from NN alphabet sets:
Hi={o1}, -, Hn = {an}. While Sy is allowed to
choose the letter ay, --, Sy is allowed to choose the
letter ay. Then the letter state is sent to the receiver,
Roger, who subjects it to a measurement to determine
which letters the senders have chosen. Provided that
Doy - - Pay 1S @ product probability distribution of the
letter state |ajaa -+ - an), then the density matrix can
be denoted by

p= Z Pay ** Pay |a102 - an) (araz - an|,
an

po‘im+1"'aiN

Z pai1~.-paim |a1CYQ---OéN> <041CYQ"'05N|,

Qiy Qi

We denote the conditional von Neumann entropy

by

H; .., =

11 tm

Z P,y "'paiNH (paim+1"'ai1\,) )

m41 YN
(1)

where (41,---,%y,) is a combination chosen from
{1,2,---,N}, and (4m+1,---,%n) is the complemen-
tary set. We easily have His...y = H (p).
Hi i, < H(p)
Neumann

(673

from the
entropy. (9]

We can see
concavity of the von
A code ((My,---,Mn),l) consists of M
aq-letter  sequences, My  as-letter  sequences,

. They form M;---My code words
{Wi,in) 181 =1,2,--« My;--+5in =1,2,--+, My},
with each aj-letter sequence, as-letter sequence, - - -,

combined. All the sequences are of length I. We as-
sume that the Mj --- My code words have the same
probability 1/M;j --- My.

A rate (Ry,- - -, Ry) is said to be achievable if there
is a sequence of ((2”R1 oo ,2"RN) ,n) codes for which
Roger can decode the message by a measurement with
the error probability P — 0 when n tends to infinity.
The capacity region of the multiple access channel is
the closure of the set of achievable (Ry,---, Ry) rate
combinations. The following theorem is the main re-
sult of this letter.

Theorem The capacity region of a quantum mul-
tiple access channel is the closure of the convex hull
of all (Ry,---,Ry) satisfying

R+ -+ R;, <H;.., (2)

for an arbitrary combination (i1, --,,,) chosen from

1,2,---,N.
Thus Hi1~--im

conditional mutual information./®/ Our result provides

is the quantum analogy of classical

an information-theoretical interpretation of the condi-
tional von Neumann entropy.

We first give a lemma about the conditional von
Neumann entropy, which can be proven by the strong
subadditivity of the von Neumann entropy. (!

Lemma For an arbitrary combination (i1, -, %)
chosen from 1,2,---, N,

Hil--~im + H; > H; (m < n) . (3)

m41"0n 17in

Another property of the quantum multiple ac-
cess channel is its convexity, i.e. if (Ry,---,Ry) and
(R’l, cee R'N) are achievable rates, then

(,\31 S (1=NER,,- ARy + (1 — A)R}V)
is also achievable, for any 0 < A < 1. This idea is the
time sharing scheme. Given two sequences of codes
at different rates (Ry,---,Rn) and (Rll, ‘e ,R;V>,

we can construct a third code book at the rate of
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A(Ru,-+ Ry) + (1= ) (Ry - R
first code book for the first An symbols and the sec-
ond for the remaining (1 — A)n symbols. Since the
overall error probability is less than the sum of the
error probability for each of the segments, the error
probability of the new code approaches zero; the rate
is achievable.

According to Eq.(3), all (Ry,---,Rn) satisfying
Eq.(2) form a convex polyhedron, which has the fol-
lowing N! outermost vertices (besides the trivial ver-
tex (0,---,0)):

N) by using the

Serial Number — Polyhedron Vertex
(1,---,N) — (Hy,Hi2 — Hy,Hi23 — Hi2,- -,
His..ny — H12~--(N—1))
(Na Ty 1) - (H12---N - H23---N7 )
Hn_1ny — Hn,Hpy) .

In other words, for the permutation (i1, --,in),

the rate of the corresponding vertex reads

R, =H; ,R,,

21
R;, =H;

i182- 0N

zlzz—H’Lla T

7/17:2"'i(N—1) :

According to the convexity of the capacity region,
in order to prove that all the rate combinations sat-
isfying Eq. (2) are achievable, we need only to prove
that the vertices are achievable. In fact, we only need
to prove that one particular vertex
(Hl, Hys — Hy, Hi23 — Hia,- -, Hi2..n — H12---(N71))
is achievable. This can be done in the same way as in
the two-sender scheme.['!]

We denote € as the closure of the convex hull
of all (Ry,---,Ry) satisfying Eq.(2). Supposing the
senders can send information to Roger at the rate of
(Ry,---,RnN), then we prove that (Ry,---,Ry) € €.
This is just the converse theorem. We consider a
((ZIRl, e ,ZIRN) ,l) code in which the code words are
[Wa,.an), Where a; is S; signal string (of length ).
Supposing Roger can decode the signals asymptoti-
cally error-free, then when [ is sufficiently large we
have the inequality

1
R+ -+R; <-1 (Roger: Siyy-, S

I Zm‘sim+17"'7SiN)
(4)

Letting M; = 2% we denote

Pegis N = Z AT M Waoan) Wasoan ]

Qg gy,

caj

and their von Neumann entropies by Hcode ™. Ac-

cording to the Holevo theorem,®! the mutual informa-

tion is bound by the von Neumann entropies

I (Roger: Sivs s Sin |Sipprs ,SiN)
; “"m+1'"‘“N>
S Z M M. H (pcode .

o Moo Mo %)

Letting £ be the ensemble of letter states that ap-
pear as the first letters in the code words, we then have
a product distribution, and we can define the condi-
tional entropies Hl(ll)Zm Similarly we define Hl(lk)zm
for each position £ = 1,2,---,[ in the code words.
According to the subadditivity of the von Neumann

entropy,®) we have
‘aiy )

1 ag, g
Z M. o M 7 2 (pcode+
+H . (6)

Ry gq 777G

e tmy1 AN
Qippyy iy

<H®, 1.

By combining Egs. (4)—(6), we have

Riy+--+Ri, <3 (H(” e YL ) ()
We denote
1
_1 Y,
O
k=1
Since
k K K B k
(Hl( )7H1(2)_H£)7"'7H1(2)---N H( ) -~ (N— 1)) - € QE’
k:1>2>"'7la

and considering the convexity of &, we know that
(H17H12_Hla"',H12~~-N_H12~~-(N—1))7--~ are
also in €. According to Eq.(3), all (Ry,---,RnN)
satisfying Eq.(7) form a convex polyhedron, of which
(Hl,ng — Hl, s ,le...N - H12---(N71)) , . are the
N! outermost vertices. It follows that it must be
(R1,--+,RN) € €. Thus we complete the proof of the
converse of the theorem.

The above theorem provides some intriguing quan-
tum communication schemes, which can be viewed
as a generalized superdense coding scheme. The su-
perdense coding scheme proposed by Bennett and
Wiesner'9) dealt with two-partite communication,
but here we deal with (IV + 1)-partite communication.
We suppose that the senders want to send classical in-
formation to Roger by M-state quantum systems; if
they send the message independently, they can send
logy M bits per system. However, we suppose that
they initially share a considerable supply of M-state
entanglement, so how can they expand their channel
capacity? Note that the senders may be at different
locations, so each of them must encode the messages
independently of the others by a predetermined code.

We suppose that the initial state the senders
share is po = |[¢) (¥|. Then the density matrix for
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Siyyeey Sy, is pitim =ty iy (po). We denote
HEZ"‘ = S(pil"'im), which can be used to mea-
sure the entanglement between systems. Each of the
senders can perform a unitary transformation on his
system, and then convey the system to Roger, respec-
tively. Supposing they can send information at a rate
(R1,---,RN), then according to our theorem, it must
be
Ri+ -+ Ry < Nlog, M,

imgr T T Riy < (N—m)IngM‘f‘Hgmim- (8)

Note that all (Ry,---,Ry) satisfying Eq.(8) can
be achieved with the transformation ensembles of the
senders, including all the permutations of a chosen
basis state of the initial state |¢), rotations of the rel-
ative phases of these states, and the combination of
the two cases.

This is useful because the amount of information
the senders want to send to Roger may be different, if
S; has more information to send, we can adopt a code
that increases the channel capacity of S; at the sac-
rifice of the others. This then allows us to distribute
the channel capacity between users properly, without
wasting the entanglement.

The result in this letter has opened the way to
exploit the classical capacity of some multi-partite
communication schemes over quantum channels. This
method will be useful in future research to study some
more general network communications over quantum
channels. In network communication, the users can

R

send and receive information in two-way channels.
The situation is so complicated that even in the clas-
sical case the channel capacity cannot be calculated
exactly. Now we expect that some simple cases may
be generalized to quantum channels.
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