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Lattice Bhatnagar—Gross—Krook Simulations of Turbulent Natural Convection in
a Cavity *
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A thermal lattice Bhatnagar—Gross—Krook (LBGK) model with a robust boundary scheme is developed for
Boussinesq incompressible fluids. In the model the velocity and temperature fields are solved by two independent
LBGK equations which are combined into a coupled equation for the whole system. The two-dimensional natural
convection flow of air in a differentially heated cavity of an aspect ratio of four is simulated for the Rayleigh
number up to 10'°. The numerical results are found to be in good agreement with those of previous studies.

PACS: 47.11.+j, 44.25. +f

Natural convection flow in a differentially heated
cavity is a classical problem in the literature on heat
transfer and it serves as one of the most popular test-
problems for numerical methods for incompressible re-
circulating viscous flows. In the past years studies rel-
evant to natural convection in cavities have mainly fo-
cused on laminar cases for values of the Rayleigh num-
ber (R,) below 10®, and benchmark solutions have
been obtained.["'?] Le Quéré et al. performed detailed
numerical simulations of the two-dimensional natural
convection in cavities with adiabatic horizontal walls
for values of R, up to 10'° using a pseudospectral
scheme.2=4 Due to the complex behaviour of the nat-
ural convection flows at large R,, the solution of these
flows is very difficult. New methods with high perfor-
mance are still needed for further study, especially for
three-dimensional problems. The lattice Bhatnagar—
Gross—Krook (LBGK) method is a candidate for such
algorithms.[?!

In recent years, the LBGK method has achieved
great success in simulations of fluid flows and mod-
elling physics in fluids.[*~17) Compared with the con-
ventional computational fluid dynamics approach, the
LBGK method is simple to code, intrinsically par-
allel, and ready for extending to three-dimensional
problems. It is also easy to incorporate complicated
boundary conditions such as those in porous media.
Previously, the LBGK method has mainly been used
for isothermal flows. Recently, some thermal LBGK
(TLBGK) models have been developed.l®~% However,
most of these models suffer severely from numerical
instability,®) and the evolution equations are quite
complicated.

In this Letter, a new TLBGK model with a ro-
bust boundary scheme is developed for Boussinesq in-
compressible fluids by extending our previous isother-
mal incompressible LBGK model.'*! The TLBGK
model is similar to those in Refs.[7] and [8], but is
simpler and more flexible because different lattices

can be used. Using the model, we simulated the
two-dimensional natural convection in a differentially
heated air-filled cavity of an aspect ratio of four with
adiabatic horizontal walls for values of R, up to 10'°.
The numerical results are found to be in good agree-
ment with those of previous studies.

First, let us describe the problem. The cavity
considered is of height H and width W (aspect ra-
tio A = H/W). The flow in the cavity is governed
by two-dimensional unsteady Boussinesq equations in

primitive variables, and the dimensionless equations
for the flow read?—4

V-u=0, (1a)
ou 9
a—+u-Vu: —Vp+ vVeu + POk,

' (1b)
00
5 +u-VO = DV?6, (1c)

where u = (u,v) is the velocity vector, k is the unit
vector in the y-direction, p and @ are the pressure and
temperature, v = P.R;%5, P, is the Prandtl number
and D = R;95.

The boundary conditions are taken tobeu = v =0
on all four walls; © = 0.5 on x =0 and © = —0.5 on
z=1/A,0 <y <1, 00/0y =0o0ny =0 and 1,
0 <z < 1/A. Here we set P, =0.71 (air) and A = 4.

For the thermal LBGK model, we first modify the
LBGK model described in Ref.[11] for the velocity
field by adding a term to the evolution equation

gi (e + ce;At, t+ At) — g; (x,t)

=g @) - g @]+ £ @
where e; are the discrete velocity directions defined by
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e; =V2(cos[(i —5)n/2+ /4],
sin[(¢ —5)7/2+7/4]) for i =5:8.

¢ = Az /At is the particle speed satisfying incompress-
ible limitation |u| < ¢, g; (x,t) is the distribution
(0)

function, and g; ’ (x,t) is the equilibrium defined by

9 = Nip+ i (u), (3)

where \g = —4o/c?, \; = —A/c? (i = 1 : 4) and
\i = —v/c% (i = 5 : 8) with parameters o, \, and =
satisfying A + v =o0,A+ 2y =1/2, and

S; (u) = W; 3@ + 4.5
c C

(ei - u)* |ul
R

with the weights wy = 4/9, w; = 1/9(i =1:4), and
w; =1/36 (i=5:8). Here we take

fi = &Ataiei - kO
2c
in Eq. (2), with a; = ;2 + ;4. Other forms of f; can
also be used.'?

The flow velocity, pressure and kinetic viscosity are
given by

8

02 8
u = ;CB@'QZ‘, p= 1o Lz:;gﬁ-so (")] )
(27 — 1) (Az)?

VST A )

To solve Eq. (1¢), we use the LBGK equation pro-
posed in Ref.[13], which utilized a lattice consisting
of e; (t =1:4) as used in Eq. (2). It should be noted
that the other lattices could also be used. However,
the lattice introduced here is the simplest one. The

LBGK equation for Eq. (1c) reads
O; (x + ce;At, t+ At) — O, (x,t)
= 15" |6 (x,1) - 0 (x,1)] (5)

where 950) = (©/4)[1+2e;-u/c] 1is the equilib-
rium. © and D are calculated by

4

(270 — 1) (Az)®
@:é@i, D:@f A (6)

Through multiscaling expansion, Egs.(la) and
(1b) can be derived from Eq.(2) with Eq.(4) to the
order of O (At?), while Eq. (1c) can be derived from
the LBGK Eq. (5) with Eq. (6) to the same order if the
Mach number M = O (At). Thus a coupled TLBGK
model is obtained for problem (1).

For the boundary conditions, we have found that
most of the existing boundary schemes commonly used
in LBGK usually encounter numerical instability for

flows at large R, or R.. In a previous study we devel-
oped a non-equilibrium extrapolation rule for veloc-
ity and pressure boundary conditions,¥ which is of
second order, simple form, and exhibits much better
numerical stability. In this study we use this scheme
for the velocity boundary, which is given by

gi (@,6) = 3 (@0,0) + (g3 (@1,0) = 0V (21,1))

(7)
where gl@ (zp,t) = Nip (xf,t) + 55 (u (2, 1)), @p is a
node on the boundary, and x; is its nearest-neighbour
fluid node.
Similarly, for the thermal boundary condition, we
use

9? (wb’t) + (91 (iL'f,t) - @? (th,t)) )

if O(xp,t) is known,
@i (wb,t) =

;- u (@, t)

O(L¢,t) 1+261

4 c

+ (@i (zy,t) — O (x4, t)) otherwise,
(3)
It can be easily shown that the boundary condi-
tions Eq. (8) for problem (1) are both of second order.
In the simulations, (o, A,~) in Eq. (3) is set to be
(5/12,1/3,1/12) such that A : v = wy : ws. We find
that the simulations with this setting are quite robust.
We simulate the flow with R,=107, 103, 6.4 x 108,
2 x 102, and 109, respectively, based on a 512 x 128
uniform lattice. The corresponding relaxation param-
eter w = 77! is set to be 1.50, 1.75, 1.90, 1.94 and
1.972, respectively, and 7o is given by Eq.(6). The
simulations for higher R, start from the solution ob-
tained for lower R, as the initial condition. In the
simulations, steady solutions for R,=107 and 10® are
reached. For R, = 6.4 x 108, 2 x 10° and 10'°, the
flow becomes unsteady, and time-averaged solutions
are obtained over 2 x 10°, 2.5 x 10° and 3.5 x 10° time
steps, respectively. All simulations were performed on
a Pentium 4 (1.4G) microcomputer, and the compu-
tational cost of 25000 iterations required about one
hour of CPU time. It is well known that the numeri-
cal stability of the LBGK model is usually very poor
asw=71"1 = 2w e (0,2) from Eq.(4)]. However
we found that our scheme was still stable and accu-
rate even when w = 1.985, at which the computation
blows up using other schemes for the velocity and tem-
perature boundary conditions. The streamlines and
isotherms of the flows are shown in Fig. 1, and verti-
cal temperature profiles at mid-width are plotted in
Fig.2. From the figures, we can see that the main
features of the flows at R, = 6.4 x 108, 2 x 10°, and
10'° are in agreement with those obtained in Ref. [3].
To quantify the results, the average Nusselt numbers
(Nyave) obtained by the TLBGK along the hot wall,
as well as those in Ref. [3], are listed in Table 1. It is
obvious that the two solutions are in good agreement.
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(a) (b)

Fig.1. Time-averaged solutions: (a) R, = 6.4 x 10%; (b) R, = 2 x 10%; (c) R, = 10'°.

(©)

For each solution the

streamlines are on the left and the isotherms are on the right.

The relative errors of Nyave between the TLBGK so-
lutions and those in Ref.[3] are less than 3.51% for
R, = 6.4 x 108, 2 x 10% and 10'° (see the last column
in Table 1.).

Table 1. Simulation results of the natural convection flow.

Ra Tstep Nuave Rerror
107 a 64000 17.3422
108 a 100000 30.6676
6.4 x 108 a 200000 48.4589 0.0151
b — 49.2
2 x 109 a 250000 64.7169 0.0268
b — 66.5
1010 a 350000 97.4507 0.0351
b — 101.0

a Present work; P Ref. [3]; Tstep, time steps when the solutions

are obtained.

04r

Temperature

Fig. 2. Vertical temperature profile at mid-width.

In conclusion, we have presented a new TLBGK
model for the Boussinesq incompressible flow. With
the proposed boundary schemes, we can simulate the
turbulent natural convection flow at large R,. We
found that other LBGK models with these boundary
schemes also have better stability. It is also found that
if a finer lattice is used, flows at R, > 10'° can be

simulated using the present model. In fact, selecting
w € (0,2), ¢ (> |u|), etc, properly in their stable re-
gions (here w € (0,1.985) , ¢ &~ 2) according to Eq. (4),
we can simulate the flows at different R,, large or
small. This is just one of the advantages of the LBGK
method. Moreover, our TLBGK model can be easily
extended to the three-dimensional problem. Because
of the complexity and very large computational costs
involved for R, > 10'° or the three-dimensional prob-
lem, more efficient techniques and methods, such as
the non-uniform lattice model and parallel technique,
are needed. We shall strive to study these problems
in the near future.
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