CHIN.PHYS.LETT.

Vol. 21, No. 6 (2004) 1003
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The analytical expressions of eigenstates and eigenenergies are demonstrated using a parameter A without the
assumption of Bethe ansatz for two kinds of five-mode mixing models. It is found that the parameter can be

determined by the roots of a simple polynomial. We also illustrate the exact analytical expressions of eigenstates

and energies without any unknown parameter.
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So far, nonlinear multi-wave mixing processes
as well as the experimental realization of Bose—
Einstein condensation (BEC) have attracted much
attention.l! 3] Great efforts have been devoted to nu-
merate the energy spectra and eigenstates of these
nonlinear processes.[*~12] Usually one can research the
spectra by applying the Bethe ansatz 67 that utilizes
several Bethe parameters to give the shape of energy
eigenstates. However, the reduced equations for the
Bethe parameters are too complicated to be solved
with analytical or numerical methods. Except for the
spectra, the significance of eigenstates presents in the
field of quantum information and quantum computa-
tion with the operation of states.['3] Both the spectra
and the eigenstates play important roles for different
complete quantized nonlinear models.

In this Letter, we expand the efficient
method ['*=19] to deal with five-mode mixing mod-
els. This method is effective to study the spectra
and eigenstates without the assumption of the Bethe
ansatz, which is very complicated and difficult to deal
with.

The fully quantized Hamiltonian for the five-mode
mixing models reads as

H:HO +gH1,

with

5
— +
Hy = Zwlaj aj,
i=1
+ ot gt

H, = afa2a3a4a5 + a;'a4 as ay ai,
for wy = wy + w3 + wy + ws, (1a)
H, = araga;,fa‘;as + a;azaga;al,

(1b)

for wy + w3 = wg + wy + ws,

where w; and aj’ (a;) denote the frequency and cre-
ation operator (annihilation operator) corresponding
to the jth bosonic mode, and ¢ represents the five-
mode mixing coupling.

We concentrate on eigenenergies and eigenstates
of the model (1a) while we summarize the results of
model (1b) later. First, it should be pointed out that
the six operators of free Hamiltonian Hy and interact-
ing Hamiltonian H; in Eq.(1a), M = afa; + afas,
N = ai"al —{—ag'ag, K= afal +a1’a4, L= afal +a;'a5
commute mutually with each other and Hy = wo M +
wsN + wsK + wsL. As a result, M, N, K, and L
are conserved quantities, and M, N, K,L and H; in
Eq. (1a) constitute a complete set of common eigen-
vectors. The energy eigenvalue E can be obtained
explicitly by

Hlyar,n g, Lin) = EvoN g, LA VMN K, L),
E = Mws + Nws + Kwy + Lws + g, (2a)

Hy|[Ym N x,Ln) = MM N K L)) (2b)

where M, N, K, and L all can be taken tobe 0,1,2...,
and

|¢M,N,K,L;R> = S(ai*', a;r’ a;_a aj{, a;)‘vac>a
q

S(z1, 22, T3, T4, T5) = Z af{x{xéwfjxévfjmffjxéﬁ,

=07 (3)
g = min(K,L,M,N), |vac) represents the vacuum
state, and z; = a;' (7 =1,2,3,4,5). Since Hy|vac) =
0, we find Hy|¢p) = H,S|vac) = [Hy,S]|¢p). We can
see from Eq. (3) that the polynomial S is a function of
the creation operators a;' (j =1,2,3,4,5) and inde-
pendent of the annihilation operators. Therefore, we
can obtain the formula

[Hy,S] = af[a2a3a4a5, S]+ a}fai‘a}fa;[al, S]
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The polynomial S in Eq.(3) satisfies the following
operator-type differential equation:

(af; 8—4+wa:mwi)5 AS. (4)
O T V. F i

Then it is straightforward to obtain the iterating equa-
tion from Egs. (3) and (4) for the coefficients «, of the
polynomial S as follows:

ajy1 = Aoy — pj_10j-1, (5)

where

0<j<gq, ¢g=min(M,N,K,L), a_1 =ag41 =0,
pj =+ 1M —5)(N = 5)(K = j)(L = j).

We will give the solution to Eq.(5) and the proof
later."*=19] The solution is

o :ozodetA(j)(/\), i=12,...,q, (6)
with the parameter A determined by
det AUTY(N\) =0, ¢ = min(M,N,K,L), (7)

where detA(O)()\) = 1 and the matrices A(k)()\) (k >
1) are k X k trigonal matrices with the matrix elements

A (A) = Adij —dir1j —pidiger (1, =0,1,... k—1).
Expanding Eq. (7) yields the explicit form of det A(™),
int(n/2) n—2
det AM™ =\ + Z (Y
ir=2(k—1)
i1—2 ij_1—2
iz—%‘% ij—%_j)
ik_1—2
Z Diy Piy *** Pij "pik.), n=2,
ix=0 (8)

where int(n/2) represents the integer part of n/2,
detAO(\) =1, det AN (\) =\, and p; = (j+1)(M —
F)N = )K= 5)(L = j)-

The following is the brief proof of Egs. (6) and (7).
Indeed, Eq. (5) can be expressed as At (N\)a = 0,
a = (ag,a2,...,a4)T. This results evidently in
Eq. (7). Then we prove Eq. (6). Expanding the (n +
1) X (n +1) trigonal determinant det A"+ () by the
(n+1)th column leads to det A(™*Y) = Adet A + D,
where D is an n X n determinant obtained by deleting
both the nth row and (n+1)th column of the determi-
nant detA(™*+1), Obviously, only one nonzero element
—pn_1 exists in the last row of the determinant D
and hence D = —p,,_; det A(=1) " The final result is
det A1) = Xdet A — Pn_1 det A(m=1)  which has

)

the same form as the one in Eq. (5) for a,/ag. There-
fore, apdet A(™ is the solution to Eq. (5).
Consequently, using Fock states |n,m,k,l,s) =
(Valmlklls)~taf" a;ma;kajlaf }, we obtain
the resulting eigenenergies £ = E, N, k,1;» and eigen-
states |¢) =

[¥a,N,K,L;2) in terms of a parameter A:

E = Mws; + Nws + Kwy + Lws + g, (9a)
q
|9) = eali, M = j,N —j,K - j,L - ),
j=0
j (M — )" (N =)' (K —5)!(L—j)!
cnzcodetA(])()\)\/ N T ,
JIMIN'KIL! (9b)

where ¢g = VM!N!K!L!; oy is a normalization con-
stant; ¢ = min(M,N,K,L), M,N,K,L = 0,1,2--;
det A(™) () are given by Eq. (8), and the parameter )
is determined by Eq. (7). The proof is finished.

It is emphasized that Eq.(8) gives explicitly the
analytical expressions of all energy eigenvalues and
eigenstates utilizing the parameter A for the models
(1a). Tt is also easy to determine A from Eq. (7).
Comparing Eq. (7) with Eq. (8), we can conclude that
the reduced equations of A are in the form Wj,(A\2?) =
0(AGk(A?) = 0) for an odd (even) integer g with
kE = int((¢ + 1)/2). Wi(z) and Gi(x) are the poly-
nomials of order k for variable x. The last step to
obtain A is to solve Gi(z) = 0 with A = 0,+/x for
an even integer ¢ or solve Wy (z) = 0 with A = +/z
for an odd integer g. This implies that we only need
solve a polynomial of order int((¢+1)/2). Using A and
Eq. (8) it is easy to show the explicit analytical expres-
sions of all the energy eigenvalues and eigenstates for
model (1a).

It is clear that A\ = 0 is a solution to Eq.(7) if
g = min(M,N,K,L) > 0 is an even integer. With
the above analysis we can obtain eigenenergies F =
Ewn N k,1;x and eigenstates |¢) = |Ya,n,k,1;2) under
the condition A =0, i.e.

E = Mws + Nws + Kwy + Lws, (10a)

q/2
= pnl20, M~ 21,N 21, K — 21, L - 21),
=0
VDM —2D)(N —20)/(K — 21)!(L — 21)!

P =20 N(M — 20)1(N — 20)1(EK — 20)!(L — 20)1

(10b)

where M,N,K,L = gq,q + 1,..., with ¢ =

min(M, N, K,L) > 0 being non-negative integers, C
is a normalization constant, (2m)!! = 2m(2m—2)---2
and 2m+ 1)!'=(2m+1)(2m —1)---1. We can find
that the energy eigenvalues and eigenstates have es-
pecial simple forms, which demonstrate the situation
without any interactions among the different modes.
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In the case of A # 0, using a several-line Mathe-
matica code we can obtain explicit analytical expres-
sions for ¢ = min(M,N,K,L) < 8 in a few minutes
on a PC. We only list the results for ¢ < 3 (there are
(¢ + 1) values of A for a fixed q),

g=0=>X=0, (11a)
g=1= \=+/QRS, (11b)
q=2=)2=0,
+/2[(Q - 1)(R - 1)(S — 1) + QRS],
(11c)
g=3= )
=+ \/A + /A2 —9QRS(Q — 2)(R — 2)(S — 2),
(11d)

A=(Q-5)(R—5)(S—5)—17(R+Q+ S) + 111,

where @, R, and S are the three largest numbers in
M,N,K, and L. The results imply that the simple
and explicit forms of the eigenenergies are decided by
nonnegative integers.

We can give the results for model (1b) without
detail derivation. The eigenenergies and eigenstates
corresponding to model (1b) are

E = Mws + Nwz + Kwy + Lws + g, (12a)
|¢M,N,K,L;)\> = S(aTv a;va;vaiva;”"a@:
(12b)
where
S($1,$2,$3,$4,$5)
q
O i M—j N+j K—j Lj
:Z j—fx{mQ Ty Tay e
§=0
satisfies the differential equation
o° 0%s
-_— —— )5S =S, (13
($1$3 850262124(9125 + T2T4Ts Bcclaxg ) ’ ( )

M,N,K,L = 0,1,2... are the nonnegative integers
and the eigenvalues of the operators M = ai"al +a; as,
N = —afal + a3+a3, K = afal + aia4, and L =
aiar + af as, respectively; z; = aj(j = 1,2,3,4,5)
and ¢ = min(M, K,L). We have taken ng > n; (n;
denotes the occupying number of mode j) because
the model (1b) is symmetry between the modes corre-
sponding to a; a; and af az. With p; = (j + 1)(M —
J)(N + 5+ 1)(K — j)(L — j) Egs. (5)—(10) still have
the same form except Eq. (9b) and Eq. (10b) with the
replacement N — 7 — N + j. In summary, we have
demonstrated the explicit analytical expressions of all
the energy eigenvalues and eigenstates in terms of a
parameter A\ without using the assumption of Bethe
ansatz for two different kinds of five-bosonic-mode
mixing models as expressed in Eq. (1). The parameter
A can be numerated either analytically or numerically

with a polynomial of order int((¢+1)/2). An explicit
expression of the polynomial has been obtained. It is
obvious that the procedure to determine the parame-
ter A is much simpler than solving a very complicated
reduced system of Bethe equations for the unknown
Bethe parameters in previous studies. When we ob-
tain A, it is fairly easy to obtain all the energies and
eigenstates without any unknown parameter.

We have obtained the explicit analytical results
of all the energy eigenvalues and eigenstates both for
g = min(M, N, K, L) < 6 and for the case of arbitrary
nonnegative ¢ with A = 0. For ¢ > 7, the parameter A
can be determined numerically. The analytical results
of all energy eigenvalues and eigenstates are immedi-
ately obtained without solving the complex equations
for the Bethe ansatz parameters.

The authors would like to thank Dr. Ying Wu for
stimulating discussion.
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