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Testing the Dissipative Type of a Qubit Interacting with Environment *
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We propose a method to test the correctness of the coupling model of a qubit interacting with environment and

to determine the type of dissipation. The environment is modelled by a bath of oscillators with infinite degrees
of freedom and the qubit-bath coupling is chosen to be a general dissipation-decoherence form. The proposed

method can be realized in current experiments.
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It is well known that quantum computers can
solve some problems more rapidly than classical ones.
Some problems, such as factoring and quantum sim-
ulation, can apparently be solved exponentially faster
on a quantum computer than on a conventional dig-
ital computer.!=3! Other problems, such as database
search,[*=% can be solved polynomially faster on a
quantum computer.
make quantum computers more powerful than clas-
sical counterparts is that quantum computation or
quantum algorithm can exploit quantum coherence
to perform parallel calculations, which cannot be uti-
lized in classical computation.[”~11] However, quan-
tum systems are very frail and the interaction of a
quantum memory with its environment destroys the
quantum coherence of the stored information, a pro-
cess called the decoherence.'213] Decoherence may be
induced by the pure dephasing**~16! as well as ampli-
tude damping,!17—1°!
main source of decoherence. In order to preserve co-
herence in quantum computation, one can encode the
quantum information into a safe corner of a larger
memory space, called the decoherence-free subspace,
or DFS.[20-23] DFSs have been shown to require an
asymptotically small overhead for large systems!?!
and to support universal fault-tolerant quantum
logic.2425] These properties suggest that DFSs will
be intrinsic to future quantum computing architec-
tures. Logic gates on DFS-encoded qubits have been
proposed in the context of cavity electrodynamics, 2!
solid state quantum computation®” and ion-trapped
quantum computation.?”] Also, recent experiments
have demonstrated the immunity of DFSs of two pho-
tons and two atoms to collective dephasing.[28:29]

In general, DF'S builds upon the concrete form of
a quantum memory interacting with its environment.
The different interaction form induces different DFS.

One of the main reasons to

and sometimes the latter is the

If we know more about this interaction, simpler codes
can be found. Therefore, experimentally testing and
determining the coupling form of a quantum memory
with its environment is very important. In Ref.[20],
Duan and Guo have constructed a DFS by pairing
each qubit of a register with an ancilla and assuming
that the two qubits in each pair are set to be close
so that they interact with the same modes of the en-
vironment. However, their scheme works well only in
the case that the coupling detail between the paired
qubit and environment is known, because the encod-
ing and decoding depend on the type of dissipation. A
problem naturally arises: is it practical for Duan and
Guo coupling model? If it is right, how can we know
the type of dissipation experimentally? These are the
motivation.

According to the model in Ref. [20], let us consider
a qubit which can be described by Pauli spin operator
0 (@ =z,y, 2), interacting with a bath of oscillators
with infinite degrees of freedom. The whole Hamilto-
nian describing dissipation of the qubit, including the
phase damping and the amplitude damping, has the
following form (k= 1):

woo ,
H = 02 + ) wiby b
k
+) (a0, + Boy +70.)gr(b + b)),
k (1)

where wy and wy are the frequencies of the qubit
and the bath mode k respectively, and bz (b) is the
bosonic creation (annihilation) operator for the kth
bath mode. The efficiencies o, 8, and v are real and
their ratio a:8:v is determined by the type of dissipa-
tion. For example, if « = 8 = 0, it describes the phase
damping; and if v = 0, it is the amplitude damping.
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We can restrict these efficiencies satisfying
a2+52+72:1 (2)

and let g characterize the coupling strength.

Our aim is to test the rationality of the coupling
Hamiltonian (1) and then determine the type of dissi-
pation, i.e., the ratio a:[3:y experimentally. To reach
this, let us firstly solve the corresponding quantum
motional equation. Introducing the above Hamilto-
nian into interaction picture, one has

Hy = Ogu(bfe™ +be 741 (3)
k

with the qubit operator O defined as
0 = (a—if)e“to, + (a+if)e “lo_ +yo,. (4)

In the common Pauli representation, Oisa2x?2

matrix satisfying TrO = 0, which has eigenvalues:
/a2 + 32 +~42 = £1. We can use unitary transfor-
mation

ae iwot/2 be —i(p—wot/2)

U= eilo—wot/2) g —iwot/2 (5)

with @ = (v + 1)/y/(v+1)2+a2+p6%, b =
Va2 +62/y/(v+1)2 +a%+ B2, and tang = B/a to
diagonalize O as UTOU = o,. Then the effective in-
teraction Hamiltonian (3) becomes

ﬁ[ = Zdzgk(bkeiwkt + bke _iwkt)7 (6)
k

and the corresponding propagator can be evaluated as

U =exp{o. Y et - b)), ()
k
where &;,(t) = Z—:(l

Now we assume that, in the interaction picture,
the initial state of the system plus its environment is

—e“r') is a complex function.

psB(0) = ps(0) ® pp(0), (8)

where pg(0) is the initial state of the qubit, and
p5(0) = [, (1 —eP“r)e —Awrin with B = 1/(kpT) and
kp the Boltzmann constant is the initial state of bath.
The evolution of the above initial state is governed by
the unitary transformations (5) and (7) which can be
written as

psp(t) = UUU* psp(0)UTHU™. (9)

Tracing over the bath degrees of freedom, then the
reduced density-matrix elements of the qubit are

poo(t) = poo(0) — 2a%6*(1 — e =" ) [pgo(0) — p11(0)]
— 2ab(a® — b*)(1 — e ~TV)

-Re[p1g(0)e (P 0], (10)
p11(t) = p11(0) + 2a%6*(1 — e ") pgo (0) — p11(0)]

+ 2ab(a? — b?)(1 — e ~T'®)

-Re[po(0)e (770, (11)
por(t) = ab(a® = b*)(1 = e =)o (0) — p11(0)]

eilPmnt) 4 (0)(a* +8°)

ce 7T 1222 + 2p10(0)a?b?(1 — e 1)

e 12(p—wot) (12)

where I'(t) = >, [2|€x(¢)|? coth(%)]. It is clear that
poo(t) + p11(t) = 1.

The solutions of Egs. (10)—(12) imply some pro-
found physical meanings. (i) For pure phase damping
a = 3 = 0 which means a = 1 and b = 0, then pgo(t) =
poo(0), p11(t) = p11(0), por(t) = por(0)e "™, the
clear decoherence occurs in the non-diagonal matrix
elements. (ii) For amplitude damping v = 0 which
means a = b = 1/\/5, then

poo(t) = {1+ [poo(0) — p11(0)]e " }/2, (13)

p11(t) = {1 = [p00(0) — p11(0)]e ="M} /2, (14)

por(t) = [(1+e7"M)pg1 (0) + (1 — e =7 D) py(0)
‘e 12(‘P—w0t)]/2’ (15)

which indicates that amplitude damping not only
causes energy dissipation, but also decoherence [pg1 (¢)
decays as time]. (iii) There is a concept needed to
be clarified: in the existence of dissipation, the co-
herence of a system does not always reduce. For
example, for the qubit initial state of pgo(0) = 1,
p11(0) = po1(0) = 0, Eq. (12) gives po1(t) = ab(a? —
b)(1 — e TM)eile—wot) If ¢ +# b, it means a gain
of qubit coherence. However, the gained coherence
belongs to ‘bad’ information or noise coming from en-
vironment which must be eliminated by some plans.

Now we can describe how to test the correctness of
the coupling model (1) and determine the type of dis-
sipation. According to Eq. (10) or (11), owing to the
density-matrix elements pgo(t) and p11(t) can be mea-
sured experimentally, if we prepare a number of initial
states of the qubit, and for each of the initial states, let
the qubit interact with environment for a fixed time
and followed by a measurement of the end state, we
can then obtain an enough number of equations for
the variables «, 8 and «. From these equations, we
can then test the correctness of coupling model (1) and
determine the ratio a:3:y. For example, if we prepare
the initial states of the qubit as

with n = 1,2,--- N and A,, B, being real, we can
then obtain the following N equations with respect to
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variables «a, 8 and -,
poo(T) =A% — 2a22[1 — e ~TD](A2 - B2)

+ 2ab(b? — a?)[1 — e "1 DA, B,, cos p,
(17)

where T is the time for the qubit exposed in the envi-
ronment between each preparation and measurement.
Because of the limitation (2), there are only two inde-
pendent variables in «, 8 and . Therefore, the set of
Eq. (17) contain only three independent variables: two
of them come from «, 3, 7, the other is the dimension-
less time I'(T). In principle, we can determine a, 3, v
by combining relation (2) and any three equations of
Eq. (17) after eliminating I'(T). If the coupling model
(1) is correct, then the values of a, 3, v determined
by different equations are consistent. We can then de-
termine the ratio a:(:7, i.e., the type of dissipation.
If the values of o, 3, and v determined by different
equations are inconsistent, then we can say that the
coupling model (1) is wrong. Of course, because of the
experimental errors, we can only expect the consistent
of the results within a certain area in practice.

It is worthwhile to point out that the proposed
method here may be realized in current experiments.
For example, in the trapped ion system, we can sta-
bly trap one ion for a long time,??! the fidelity of ini-
tial quantum state-preparation can be at least greater
than 0.973% and the read-out of quantum states has
efficiency close to one.32:33] These provide favourable
conditions for the test of our method. With the im-
provement of experimental precision, our method may
provide a judgement for testing the above coupling
model.

In conclusion, We have proposed a method to test
the correctness of the coupling model of a qubit inter-
acting with environment and to determine the type of
dissipation. The test relies on the initial-state prepa-
ration and end state measurements which completely
locate in current experimental technologies.
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