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Green’s Function Method for Perturbed Korteweg—de Vries Equation *
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The z-derivatives of squared Jost solution are the eigenfunctions with the zero eigenvalue of the linearized equation

derived from the perturbed Korteweg—de Vries equation. A method similar to Green’s function formalism is

introduced to show the completeness of the squared Jost solutions in multi-soliton cases. It is not related to Lax

equations directly, and thus it is beneficial to deal with the nonlinear equations with complicated Lax pair.

PACS: 05.45.Yv, 02.30.—f, 11. 10. Ef

A quasi-integrable nonlinear equation was treated
either by the perturbation method based upon the in-
verse scattering transform(?! or by the direct per-
turbation method[®! (also see Ref.[4] and references
therein). The latter is somewhat similar to that used
in the perturbed linear equation. Its key point is to
show the functions of expansion to form a complete
set of basis.

The direct method for treating the perturbed
Korteweg—de Vries (KdV) equation was developed in
two stages. In the first stage, the unperturbed solu-
tion is restricted to a single soliton solution and the
linearized equation is solved by separation of variables,
for example, in Ref. [5] (also see Refs. [6,7] and refer-
ences therein). Completeness of the set of eigenfunc-
tions chosen is shown by using the Jordon theorem.[]
The procedure is obviously impossible to be extended
to multi-soliton cases. In the second stage, by us-
ing the results of the inverse scattering transform, one
can construct the so-called squared Jost solutions, and
the z—derivatives of them are solutions of the lin-
earized equation in multi-soliton cases. The complete-
ness of them is shown recently. Using the Marchenko
equation, the completeness of Jost solution is given
in inverse scattering transform. Then a generalized
Marchenko equation is derived and the completeness
of the xz—derivatives of the squared Jost solutions is
shown!® (also see Ref. [9] and references therein). This
procedure is laborious, and is impossible to be ex-
tended to the perturbed nonlinear equation with a
complicated Lax pair, such as the derivative nonlin-
ear Schrodinger (DNLS) equation.

Recently, we paid attention to the papers given
by Mann,!'%!] in which he also restricted to discuss
a single soliton case. However, he has shown the
completeness of solutions of the linearized equation
by a method that is quite similar to that known as
Green’s function method used in the perturbed linear
equation.['?] Since the completeness of solutions of the
linearized equation is a linear problem, the procedure
used in linear equation is also valid in the linearized

equation. The method depends only on the linearized
operator L and its adjoint operator L, but does not
relate to Lax equations directly so that the complex-
ity of Lax pair does not affect the procedure. It may
be a prospective method. We now develop the proce-
dure for proving completeness of x-derivatives of full
squared Jost solution to the multi-soliton case of the
perturbed KdV equation.

The perturbed KdV equation can be written in the
form

vy — 60Uy + Vgrr = €rfu], (1)

where 7[v] is a functional of v and € is a small param-
eter. The initial condition is assumed to be v(z,0) =
u(z,0), where u(z,0) is an exact soliton solution. In
the first-order approximation, the solution of Eq. (1)
under the initial condition can be expressed as

v(x,t) = u(z,t) + eq(, 1), (2)

where u®(z,t) is the so-called adiabatic solution,
which has the same functional form as that of the ex-
act soliton solution but the parameters involved may
depend on t of the order of € and eq represents the
remaining term which is also of the order of €.

Substituting Eq. (2) into Eq. (1), a linearized equa-
tion is given by

Lq = Rlu], (3)
where the linearized operator L is introduced
L = 0y — 69,u" + 93, (4)

and Rlu] is given by
Rlu] = rlu] —s[u], s[u] = %{ut —6UUy + Ugga }- (D)

It should be noted that u in r[u] is an exact soliton so-
lution of the perturbed KdV equation, while u in s[u]
is the adiabatic solution (the superscript a has been
dropped).

* Supported by the National Natural Science Foundation of China under Grant No 10071057.

(©2003 Chinese Physical Society and IOP Publishing Ltd



470 CAI Hao et al.

Vol. 20

The Lax equations of the unperturbed KdV equa-
tion are

0? 9
{— 50 +ufula k) = Kot ), (6)
o3 0]

where k is the spectrum parameter, and w(z,t;k) is
the full Jost solution since it satisfies both Lax equa-
tions. The usual Jost solutions are defined as the
solution of only the first Lax equation with suitable
boundary behaviour, the full Jost solutions were ob-
tained by including the time factor determined by
the second Lax equation.
derivatives of full squared Jost solution satisfy lin-
earized equation

It can be shown the z-

LW (a6 k), =0, (3)
where the full squared Jost solution

W(z,t; k) = w?(z, t; k), (9)
which means that the z-derivatives of full squared Jost
solution are the eigenfunctions of the linearized equa-
tion with a zero eigenvalue.

Four full Jost solutions z/NJ(a:, t; k), Y(z,t;k),
¢(z,t; k) and qz(m, t; k) are defined by their asymptotic
behaviour

b(z,t k) = o 14K% ik
Y(z,t; k) — e —iktg —ikr g gy 00,
(10)
bz, t;k) — e —idk%t, —ika
bz, t; k) — e e IbT as gy oo, (11)

We thus have four z-derivatives of full squared Jost
solution, for example,

U(x,t; k) =2 (z,t; k), . ... (12)
An operator L4, the adjoint of L, is defined by
gLf — fLAg = divergence, (13)

where f and g are any two functions, the adjoint lin-
earized operator L is obtained simply by partial in-
tegration

A= 9, + 6u’d, — 9. (14)

It can be shown
LAW (z,t;k) =0 (15)
which means adjoint linearized function is full
squared solutions, ¥(z,t;k), ¥(z,t; k), ¢(z,t;k) and

é(m,t; k).

The inhomogeneous Eq.(3) is formally solved by
Green’s function G(z,t;2’,t') defined by

LG = §(z — )5t — t), (16)

and its solution may be expressed as

q:/ dt'/ d2'G(z, t; 2’ t')R(x,t"), (17)
0 —oo

which is easily verified by forming Lg. Because of the
causality condition, G should be zero for ¢’ > t. This
is achieved

G = G, t;2', t)0(t — 1), (18)

where 6(7) designates the step function, §(7) = 1 for
T >0, 0(r) =0 for 7 < 0. Then the solution Eq. (17)
becomes

t o
q:/ dt'/ dz'G%(z,t;2',t")R(, t'). (19)
0 —oo

This solution fulfils the initial condition ¢ = 0 for
t = 0. Inserting Eq. (19) into Eq. (3) gives

/ da'G°(z, t; 2’ t)R(2' 1)

/dt/ dz' LG (x,t; ', " R(', t")
= R(z,t). (20)

This equation is identically satisfied by assuming that
G is a solution of the homogeneous equation

LG (z,t;2' ') =0 (21)
and obeys the final condition
GOz, t; 2’ 1) 4=ty = 6(x — 2'). (22)

These two equations define a final-value problem for
Green’s function G°.

U(xz,t; k), is a solution of the linearized Eq.(8)
where continuous spectrum is real k. It is analyti-
cal in the upper half of k-plane, so that ¥(z,t;k,).
is a solution for discrete spectrum £k, in the up-
per imaginary axis. Moreover, the fact that there
is no spectrum parameter in the linearized operator
L gives that &.P(x,t;kn)x is also a solution, where

&b(m,t;kn)m = £W(x,t;k)$

n
pand Green’s function G%(z,t;2',t') as a linear com-
ination of discrete and continuous basis functions

binat fd t d t b funct

§:Am t's k)
+> B(a,t'; k)

+ / dkA(z' ' k) U (z,t; k).,
r

. Thus we can ex-

G 1,‘ t; x t (xat;kn)z

!.P(;c,t; kn)e

(23)
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and Eq. (22) becomes

ZA:Z? t;kn)
—1—239: t;kn)

+ / dkA(z' t; k) ¥ (2, t; k),
r

(2t kn) s

a:—ac

a:tk‘)

(24)

where the integral path I" is along the real axis from
—o0 to +00, but goes over the origin in the upper
k-plane.

Multiplying Eq. (24) by &(z,t; k') and integrating
over x yields

@(w',t;k')z/dkA(:c',t; k)M(t; k' k),

r

M(t; k' k) :/ dz ®(z,t; k) U (z,t; k).,

o (25)

Since L¥(x,t;k), = 0 and LA ®(x,t;k') = 0, replac-
ing f and ¢ in Eq.(13) by ¥(x,t;k), and &(z,t; k)

respectively, we have

a !
0 —aW(m,t, ENYU(z,t; k),
+ E[Guo V(z,t; k") ®(z,t; k)
oz
+ U(z,t; K ) pwa P(z, k) + V(2  t; k') B(2, 85 k) g
— U(z,t; k)20 O(x, 5 K)o ). (26)

Integration over z provides a relationship for the ele-
ments M (¢; k', k)

EM(tleak) —[¥(z,t; k' )azs P(T,t; k)
+ U(z,t; k") B(z, k) s
— U(x,t; k) Bz, 8 ) ] |2 -
(27)

From the asymptotic behaviours Eq. (10) and Eq. (11),
we obtain

d 7
S MK k) = lim i8K (k2 + kK + ?)
dt L—oo
eiS(klska)t[a(k)2ei2(k’7k)L (k')
(_)iZ(k'fk)L]7 (28)
and then
(K — )Mtk k) = Jim ke iS(K k)t [ (k)2
—00
2K —R)L _ g ()20 20K —K)L]

(29)

where a(k) is the element of the monodramy matrix
for the KdV equation. Since ¥(z,t;k) and &(z,t; k)

are analytical in the upper half k-plane, we can deal

with the limitation as the principal value.
the formula

Noticing

lim P

(k’—k)L:- o
Jim P sk — k), (30)

where P denotes the principal value, we obtain

M(t; k', k) = i2ra(k)2ks (K — k). (31)

Introducing this result into Eq. (25), the coefficient
A(z',t; k) is obtained to be

Az t; k) = d(2' t; k). (32)

12ma(k)?

Then multiplying Eq. (24) by &(z,t;k,,), we ob-
tain

(', t; ko, ZAI b5 ke ) MAA (5 Ky, i)

+ Y B, t k) MAE (t; ki, k),
(33)

where
oo

MAA (s ko, k) = / de®(x,t; k) U(z, t; kp)a,
- (34)

MAB(t; ke k) = / daz ®(z,t; k) U (2, t; k) .-
o (35)

Since a(k.,) = a(k,) = 0, it is easy to know
MAA(t; kpy k) = 0. (36)

From Eq. (29), we have

d2
k' —k)M(t; k', k
de( ) (7 ’ )k’:kn,k:km

= kna(kn) 26, (37)

MAP(t; ki, k) =

and

B(z',t; k) = d(2' t;ky,). (38)

1
kna(k,)?

Finally, multiplying Eq. (24) by @(af;, t; k), we ob-
tain

(@', t; km ZA @'tk ) MPA(2 ko, K)
+ZB 2!tk \MPB (2 ke, i),
(39)
where
MPA(Z b, k) / dz & (x, t; k) ¥ (z, ' ky)
= (40)

MBB (2 ks k) / da @z, t; k) ¥ (2, t; kn) .
> (41)
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With the same method used in Eq. (37), we have

MBAE b, k) = MAB (25 ks k) = kna(kn)?0mn.

(42)
Then applying the operator
& d @
dk3? dk’ dk?

to Eq.(29) and then taking k¥’ = k,,, and k = k,,, we
obtain

MBB (& ke k) = alkn)d(kp)Enmn + a(kn)?0mn.

(43)
As a result, we obtain the equation
B(2, t; k) = A2, t; k) k()
i(kn) 1 /
+ 9 - + — 1 O(2', 85 k),
{ alkyn)  kn } (44)
that is
r . _ 1 3 ! g,
1 a(kn) 1 ,
- — +P(a t; ky).
lena(kn)? {d(kn) * kn} (2, £ n)

(45)

Hence we prove the completeness of z-derivatives
of full squared Jost solutions to the multi-soliton case
of the perturbed KdV equation

, 1
f(z—2')y=- Z 7knd(kn)2

: {ZE::; i} W(x,t';kn)zqﬁ(x',t;kn)

1 /. !y,

n

+ &U(x, tikn)s (2, t; kn)}

1
dki . ! 4. .
—I—/F Brka()? Uz, t; k), P(x ,t,k()46)

In conclusion, the z-derivatives of squared Jost
solution are the eigenfunctions with zero eigenvalue
of the linearized equation with operator L in multi-
soliton case, while the squared Jost solutions are the
eigenfunctions of the adjoint linearized equation with
operator L#. In the first order of €, the problem is es-
sentially a linear one, which means it is reasonable to
apply usual Green’s function formulation!2!
the completeness of the z-derivative squared Jost so-

to show

lutions. Since the two linearized operators L and L*
do not relate to Lax equations directly, the complex-
ity of Lax pair is impossible to affect the procedure of
the proof so that this method can be used to deal with
other perturbed nonlinear equations with complicated
Lax pairs.
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