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We present a network model with a new coupled scheme which is the generalization of drive-response systems

called a drivingly coupled network. The synchronization of the network is investigated by numerical simulations
based on Lorenz systems. By calculating the largest transversal Lyapunov exponents of such network, the stable

and unstable regions of synchronous state for eigenvalues in such network can be obtained and many kinds
of drivingly coupled arrays based on Lorenz systems such as all-to-all, star-shape, ring-shape and chain-shape

networks are considered.

PACS: 05.45.Xt, 05.45. —a

Synchronization is a very common phenomenon in
natural systems. Since the discovery of the small-
world network!!! and scale-free network,!?! the syn-
chronous problem of networks has been an active re-
search topic in many fields ranging from physics and
neurobiology to engineering and social sciences.3=10]
Wang and Chen®? studied the synchronization of
small-world network and showed the robustness and
fragility of synchronization in scale-free network. Lu
and Chenl studied the synchronization of a time-
varying complex dynamical network models and ob-
tained its controlled synchronization criteria. Zhou
et al.l% further investigated the locally and globally
adaptive synchronization of an uncertain complex dy-
namical network.

Nowadays, most ways of coupling in general net-
works are on the basis of feedback coupling. How-
ever, the manners of exchanging signal in nature are
various. Motivated by the this fact, we contribute
to propose a model of network with a new coupled
scheme and investigate its synchronization properties.
The network with this coupling called drivingly cou-
pled network is the extension of drive-response sys-
tems used to study the synchronization of two chaotic
systems.

In 1990, Pecora and Carrolll” presented the P-C
method to successfully keep two chaotic systems syn-
chronous. The basic idea of the P-C method is to
divide a chaotic system into two subsystems, take one
subsystem as a drive system and duplicate the other
as a response system, then let the output signal of the
drive system be the input signal of the response system
to obtain the synchronization of the two systems. The
stability of synchronization is determined by comput-
ing the transverse Lyapunov exponents of drive sys-
tem and response system.[8191 If all the transverse
Lyapunov exponents are negative, the synchronized
manifold is stable, otherwise it is unstable.

In this Letter, by the extending and using the P-C
method, we present a network model with a driving
coupling and investigate its stability of synchronous
state. For describing the driving coupling, we con-
sider the simple case of two systems,

{ X1 = f1(X1, Xs),
X2 = fa1(X1,Y2) + f22(X1, X2),
{ Y = f1(Y1,Y2),

Yo = for(Y1, Xa) + foa(Y1,Y2),

where X1,Y; € RP, X5, Yo € RY, p+ g =d, for() is
the part of the subsystem involving the exchange of
signal with other systems and it can be linear or non-
linear, fao(-) is the part of subsystems and does not
take part in the exchange of signal. Systems (1) and
(2) are symmetric, namely, the quantity of exchange
is equal. On the one hand, Y5 is the input signal of
system (1) and equally, on the other hand X5 is the
input signal of system (2), which is different from the
drive-response systems by the P-C method.

In view that the dynamical behaviours of an indi-
vidual system is always affected by all kinds of factors
from its neighbours, it is more general for us to con-
sider the drivingly coupled network,

(1)
(2)

.. 1 <& . o
Xy=fa(Xh— Y 9uXd) + faa(Xi, X3,
v jti,g=1 (3)

where X = (X{,X3i) € R?, i = 1,...,n means the
state variable of the ¢th system, k; is the connectivity
degree of node 7, k; = Z;;MZI gi; and g;; is defined
by gi;; = 1 if nodes 7 and j are connected, and g;; =0
otherwise. 1

In Eq. (3), the input signal % Z;;i’jzl gi; X3 of
the ith system is just the average output signal from
its connective systems. It is observed that the scheme
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of mutual drive can be taken as a mode of coupling.
This coupling is called the driving coupling since the
systems with this coupling exchange the signal with
their neighbours. It looks like that one part of a sys-
tem can be driven by the same part of other systems
in this coupled network. Specifically, we consider the
drivingly coupled network based on Lorenz systems in
the following.

We employ n Lorenz systems to connect in a net-
work with driving coupling and the equations of such
network are described as

T; = U(yi - 131‘),

. 1 ¢

Yi = P(E Z gijﬂfj) —Yi — Tizi

1 . ..

JF#ij=1

21':581"91'*522', i:1727"'7n7 (4)

where o0,p and b are the parameters of Lorenz sys-

tems. Clearly, the coupled systems can be seen as

drive-response systems and the drive term of the ith

system is % Z;L;éi,jzl gijz;. The coupling of networks

can also be nonlinear, for example,

Yi 7mi)7
n

z; = o

. 1 n 1

s p(k_z . Z gijmj) Y~ <k_z ' Z gij:vj)zi,

i#i=1 J#i,j=1

. 1 " .

zZi = (k_—Z Z gijmj)yi—bzi, i=1,2-,n.
J#4,j=1 (5)

In the following, we aim at investigating the
synchronization of systems (4) by numerical simula-
tion. Firstly, we generate a network-like B-A model
(Barabési-Albert model).[l Start from t = 0 with 2
nodes connected with an edge. At ¢t = 1, add a new
node and 2 edges linking that node to those existent
nodes. Then at all times ¢ > 1, add a new node and 2
edges connecting this node to those existing nodes by
taking into account preferential attachment of a new
node to an existing node. Considering the workload
of simulating the synchronization of network, we end
the evolution at time t = 18 and obtain a network of
20 nodes as shown in Fig. 1.

When the structure of network is established, we
can clearly write the concrete form of systems (4) with
the driving coupling. For node 1, which connects with
nodes 2, 3,4, 5, 6, 8, 17, 18, 19 and 20, the dynamical
equations of node 1 can be written as

jjl :U(yl - xl)a

91:%($2+$3+I4+$5+$6+$8

+ 217 + T18 + T19 + T20) — Y1 — T121,

21 =x1y1 — bz, (6)

The other systems of the network also have the similar
form as Egs. (6).

Fig. 2. Synchronous errors of the B—A network versus time t.

The Lorenz system has a chaotic attractor when
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10,p = 28 and b = 8/3. Figure 2 illus-
trates the synchronous errors between node 7 and
node 7 + 1 of the above-mentioned B—A network:
€xi(t) = Ti(t) = Tip1(t), ey,y = wi(t) — yi+1(t) and
ezr) = 2i(t) — zig1(t), i = 1,2,---,19, respectively.
It is shown that the network of the B—A model with
driving coupling (4) can easily come to synchroniza-
tion. Analysis of stability of the synchronization will
be given as follows.

Remark 1 We generate a B—A network of 20 nodes
for illustrating that under the driving coupling, the
network based on Lorenz systems can achieve synchro-
nization. For convenience, we only generate 20 nodes
such that Eq.(6) is written easily and the graph is
clear, but this does not mean that a network with
more nodes cannot achieve synchronization.

Since transversal Lyapunov exponents can help us
to characterize the behaviour of infinitesimal vectors
transversal to synchronized manifold, we calculate the
maximal transverse Lyapunov exponent by applying
the Master Stability function approachl® to Egs. (4).
If the maximal transverse Lyapunov exponent is neg-
ative then the synchronized state is stable. However,
we cannot reach a general relation between the Lya-
punov exponents spectra and the eigenvalues of the
coupled matrix, if the inner connected matrix is not a
diagonal matrix in Egs. (4). Therefore, we investigate
the stability of synchronization in drivingly coupled
network based Lorenz systems using numerical com-
putation.

Consider an arbitrary network-based Lorenz sys-
tem (4). Let A = a + i8 be the eigenvalue of cou-
pled matrix, then the maximal transversal Lyapunov
exponent mapping is a function of a and 8. Let
L : C' - R! be a mapping on a complex plane, in
which the maximal transversal Lyapunov exponents of
networks are calculated by the master stability func-
tion approach. The stable region of synchronized state
can be represented as

g =

Q° ={zeC" |L(z) <0}, (7)
the unstable region of synchronized state is
Q“ = {z € C* |L(z) > 0}, (8)

and

Q° = {z cC! |L(z) =0} (9)

is the boundary of Q° and Q% representing the max-
imal transverse Lyapunov exponent to be equal to
zero, on which the points imply that the correspond-
ing eigenvectors are along the direction of the synchro-
nized manifold.

We plot a diagram of plane as shown in Fig.3
which illustrates the regions of synchronized state.
Note that point (0,0) € Q“, implying that the maxi-
mal Lyapunov exponents is larger than zero, since this

is just the case of isolated, chaotic Lorenz systems. If
none of the eigenvalues of coupled matrix except for
the zero eigenvalue falls into the unstable region Q4,
namely, they are all the elements of 2° U Q°, then
the synchronized state is stable. Correspondingly, if
there is one eigenvalue of coupled matrix except for
the zero eigenvalue which falls into the unstable re-
gion Q% then the synchronized state is unstable.

From Fig. 3, on the real axis, the numbers in the
stable region ° are all less than —0.25. It can be
easy to determine the stable synchronized state when
all the eigenvalues of coupled matrix are real num-
bers. For the case of systems (4), the B-A network
with linear driving coupling as shown in Fig.1, we
calculate the eigenvalues of coupled matrix as fol-
lows: (0.0000, —0.2942, —1.7477, —1.6958, —1.5835,
—1.4986, —1.4725, —1.4003, —1.3477, —0.4356,
~0.5019, —0.5665, —0.6253, —0.7474, —1.1980,
—0.8480, —1.0625, —0.9744, —1.0000, —1.0000). The
largest one of the above numbers except for zero is
—0.2942 which is obviously less than —0.25. Then the
synchronized state of B-A network with driving cou-
pling (4) is stable and Fig.2 shows the correctness.

5
v
3 F
1 2°
Q.
_l-
—0.25,0
—3} ( ) ]
e
-5 . . . . . . A A . .
Z5 —4 —3 —2 1 0

Fig. 3. Stability analysis of synchronous state.

Remark 2 Here the couple matrix of network (4)

G is not a symmetric matrix, where G = KG, K =
1

di (—, o
ag "

network, if the eigenvalues are all real numbers and
the largest nonzero eigenvalues of the coupled matrix

k_> is a diagonal matrix. For a given
n

. d . ..
satisfies that A.x < ——, where d is a positive con-

stant, c is the positive COlclple strength (in systems (4),
¢ = p), then the network (4) can come to synchro-
nization (see Refs. [3,4]). That is also why the region
(—0.25,0) belongs to the unstable region.

Combining the method of calculating eigenvalue
spectra with the numerical simulations of synchronous
errors, a great deal of synchronous problems can be
handled easily. Considering the cases of oscillators
connected in all-to-all network, star-shape network,
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ring-shape network (the nearest neighbour coupling)
and chain-shape network, we obtain the following re-
sults.

(1) When oscillators connect in an all-to-all net-
work based on Lorenz systems with linear driving cou-
pling (4), the network will come to synchronization.
Note that in the eigenvalues of the coupled matrix
of all-to-all network, nonzero eigenvalues are equal to
—n/(n — 1) which are in the stable region Q*, where
n is the node number of the network.

(2) When oscillators connect in a star-shape net-
work based on Lorenz systems with linear driving cou-
pling (4), the network will come to synchronization.
Note that in the eigenvalues of the coupled matrix of
star-shape network, there are n — 2 nonzero eigenval-
ues equal to —1, one nonzero eigenvalue is —2, which
are all in the stable region 2°, where n is the node
number of the network.

(3) When oscillators connect in a ring-shape net-
work based on Lorenz systems with linear driving cou-
pling (4), there are at most 8 oscillators that can come
to synchronization. By calculating the eigenvalues of
ring, we obtain the largest nonzero eigenvalues of the

T
coupled matrix is equal to —2 sin? (—) When n = 8,

n
the largest nonzero eigenvalue A,.. = —0.2929 be-
longs to the stable region Q2°. However, when n = 9,
the largest nonzero eigenvalue A,,.x = —0.2340 is out-

side the stable region Q7.

(4) When oscillators connect in a chain-shape
network based on Lorenz systems with linear driv-
ing coupling (4), there are at most 5 oscilla-
tors that can achieve synchronization. By cal-
culating the eigenvalues of chain, we obtain the
eigenvalues of the coupled matrix of 5 oscilla-
tors (0,—0.2929, —1.0000, —2.0000, —1.7071) belong-
ing to the stable region Q° except for zero eigen-
value. However, when n = 6, the eigenvalues
are (0,—0.1910, —0.6910, —1.3090, —2.0000, —1.8090)
in which the largest nonzero eigenvalue Ap.x =

—0.1910 is in the unstable region Q.

‘We omit plotting curves of synchronous errors here
and it can be done easily by designing some sample
programs.

Remark 3 Comparing the above results, one can
conclude that the star-shape and all-to-all network
can easily achieve synchronization and the synchro-
nizabilty of chain-shape network is weaker than that
of ring-shape, and they are all difficult to achieve syn-
chronization when the number of the connected nodes
is sufficient large.

In summary, we have further studied the synchro-
nization of a new network model with driving cou-
pling. The model of drivingly coupled network is the
generalization of drive-response systems. Specifically,
the stability of synchronized state in the network with
linear driving coupling is investigated, the stable re-
gion and unstable region on the complex eigenvalue
plane are established and the case of B—A network
based on Lorenz system is analysed. Furthermore,
the results of coupled in all-to-all, star-shape, ring-
shape and chain-shape networks are obtained. Finally,
the synchronous theory of the network with nonlin-
ear driving coupling and the case of directed networks
should be further investigated in the near future.
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