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Using the tanh method and a variable separated ordinary difference equation method to solve the double sine-

Gordon equation, we derive some new exact travelling wave solutions, especially a new type of noncontinuous

solitary wave solutions. These noncontinuous solitary wave solutions are verified by using the conservation law

theory.

PACS: 02.30.Jr, 05.45. Yv

The double sine-Gordon equation is significant be-
cause of its applications in many fields such as nonlin-
ear optics, Josephson array, ferromagnetic material,
charge density waves, and liquid helium, which of-
fers simple and ideal models. Popovlll presented a
perturbation theory for the double sine-Gordon equa-
tion. Recently, more exact solutions of the double
sine-Gordon equation have been obtained by using the
F-expansion method.?! The Jacobi-sn and Jacobi-cn
function solutions to the double sine-Gordon equation
were obtained by using the Jacobi elliptic function ex-
pansion with symbolic computation.[?! We previously
studied exact solitary wave solutions of an approxi-
mate fully nonlinear double sine-Gordon equation by
using the ansatz method.[*!

So far, many kinds of new solitons have been found.
Rosenau and Hyman!®! studied the generalized non-
linear dispersive equation of K(m,n) and obtained
solitary wave solutions with compact support they
called the compacton. In Ref.[6], we introduced a
fifth-order K(m,n) equation with nonlinear disper-
sion to obtain compacton solutions. Camassa and
Holm!” found peakon solutions, which have a discon-
tinuous first-order derivative at the wave peaks. Yin
and Tian!®! obtained peakon and compacton solutions
For K(p,q,1) equation. In Ref.[9], we also studied
a generalized weakly dissipative CH equation and ob-
tained peakon solutions. Zhang!'% studied the discon-
tinuous solutions to the Euler equations for a van der
Waals fluid, which contains one shock and one phase
transition and have considered the general case that
there is a characteristic between the shock front and
the phase boundary. In this Letter, we obtain a new
type of noncontinuous solutions, whether these non-
continuous solutions satisfy the conditions of shock
wave solution or not will be reported elsewhere.

In this study, we investigate the double sine-
Gordon equation

(u)gr — (U)ae + asin(u) + Bsin](2u)] = 0. (1)

Firstly, we introduce the definition of the conserva-
tion law equation and proposition of noncontinuous
solution according to Ref.[11].

Definition 1] If the equation set

amkat)

(2)

-y Tk, t) =g(u,z1,...

Oz;

can be transformed to the form

k

ou Ofi(u,xq,..

'7mkat)

= g(uva:la"' )wkﬂt)v

(3)
then Eq.(2) is called the conservation law equation.
If g = 0, Eq.(2) is called the homogeneous conser-
vation law equation.
function, u = (uq,...,u,)T. T denotes transposition

i=1

Here u is an unknown vector

and g is a known vector function, g = (g1,...,9n)7,

A; is a known matrix function (i = 1,...,k), A; =
)
11 in

; x; and t are called the spatial and
NN}

time variables, respectively.

Now, we rewrite the double sine-Gordon equation
in the form of conservation law. Let u, = v, uy = w.
Thus v; = w, = ugz. The double sine-Gordon equa-
tion can be rewritten as

wy — Uy + asinu + Bsin(2u) = 0,
Vg = Wy, (4)
U = w.

Namely, the conservation law of the double sine-
Gordon equation reads

U 0 w
v — w = 0 )
w |, v, —asin(u) — Bsin(2u)

* Supported by the Outstanding Personnel Programme in Six Fields of Jiangsu Province under Grant No 6-A-029, and the
Teaching and Research Award Programme for Outstanding Young Teachers in Higher Education of China under Grant No 2002-

383.
** Email: tianlx@Qujs.edu.cn
(©2007 Chinese Physical Society and IOP Publishing Ltd



1792

TIAN Li-Xin et al.

Vol. 24

0
where  f(u,z,t) = w|, g(u,z,t) =
v
w
0

—asin(u) — Bsin(2u)

Definition 21 Let u be a weak solution of

du | 9f(u,z,t)
ot ox

Except for the first kind of discontinuity on fi-
nite curves, it preserves continuous one-order partial
derivative in other definition region. Then u can be

called a noncontinuous solution.
[11]

:g(uaxat)' (5)

Proposition 1 The discontinuous vectors func-
tion u(z,t) is a noncontinuous solution of Eq.(5), if
and only if: (1) In the smooth parts, it is the classical
solution of Eq. (5). (2) It satisfies [u]s = [f] on dis-
continuous lines, where 2% _ s denotes the slope and
[u] denotes the jerk of u, [u] = u(z+0,t) —u(z —0,t).

Now we study the exact solutions to the double
sine-Gordon equation with the tanh method. For
Eq. (1), let £ = & — ct, in which ¢ is the wave speed.
Then Eq. (1) can be converted to

c*(u)ee — (w)ge + asinu + Bsin[(2u)] = 0.  (6)

Set v = e, i = v/—1. Then

1 ! " N2
u= ~lnv, u':’f}—, u"zv—f(l,))z, (7
7 w w v
and we find
_ =1 2 _ -2
sin(u) = Y 2; , sin(2u) = Y 2;) ,
-1
cos(u) = Y +2U . (8)

This also gives

—1
u:arccos<v+v ) (9)
Substituting transformations (7) and (8) into
Eq. (6), we have the ordinary difference equation

But 4+ av® —av — B +2(c? — 1)vv” —2(c? —1)(v')? = 0.

(10)
Balancing the highest order derivative term and the
highest order nonlinear term of Eq. (10), which gives
m = 1, we can set the solution in the form

v=ap+ ary, (11)

where ap and a; are unknown parameters, ¥ =
tanh[p(z — ct)]. Substitute Eq. (11) into Eq. (10), col-
lect the coefficients of each power of Y and let the
coefficients of Y7 (j = 0,1,...) equal to zero. We can

obtain a series of equations:
Baj — 2a2p? + 2a3p?c? = 0,
4a1u202a0 — 4a1u2a0 + 4ﬁa?a0 + oza:f =0,
6Ba3a2 + 3aaga? = 0,
daypag — 4ayp’cag + 4Ba3a; — aay = 0,
—B —2a2pu?c? — aag + 2a2p? + Bai + aa? = 0.
(12)
Using the symbolic computation programm
MAPLE, we obtain

a a2 —4p?

ap _% 9 al_:t 2/6 ’
B a? — 4452

p==x S1= )3’ (13)

where o > 28, 1 > ¢, c is the wave speed. This gives

v(z,t) = 28 % tanh[u(z — ct)], )
-2 7~a274ﬂ200 T —c
v(z,t) 20 + 28 thp( t)]. )

Substituting Egs. (14) and (15) into Eq. (9), we ob-
tain the exact solutions to Eq. (1) for @ > 20, i.e.

u(z,t) = arccos {l< I o?—4p”

5\ 725 Ttanh[u(x—ct)]

1
_l’_ 9
—% + 7”062,;4’8 tanh[p(z — Ct)]> (16)
g \/m coth[p(z—ct)]

1
u(z,t) = arccos {5 <—ﬁ 25

1
+ )}
o /o2 —432
—a5 £ T’B coth[u(z — ct)] (17)
On the other hand, for a < 23,
a 442 —q?

u(z,t) = arccos {% (— %:F T tan[u(z—ct)]
+ . )
—55 F Vs tanfu(z —et)) ) (18)
u(z,t) = arccos {% (— ;:;:% cot[p(z —ct)]
v — )}
—55 F Vo cotlu(z —et)) ) (19)
2 _ 4ﬂ2
where p = + 80([1—70%'

In what follows, we employ a variable separated
ordinary difference equation method to formally de-
rive a new type of travelling wave solution to Eq. (1)
by using the variable £ = x — ct, which gives

« % sin[(2u)] =0,  (20)

u’ + . sin(u) + =

c2
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where the prime denotes the derivative with respect
to &, c? # 1. We assume that u(¢) satisfies a variable
separated ordinary difference equation given by

du
dg
where a and b are the parameters determined in the

following. Differentiating Eq.(21) with respect to ¢
yields

u'(€) = =a+ bcosu, (21)

2
u"(€) + absinu + % sin(2u) = 0. (22)

Comparing Eq. (20) with Eq. (22), we obtain
a b? Jé]

b=F 7 T -1 (23)
Then
2
ST S B B
B Ve
We set Eq. (21) as follows:
= d¢. (25)

—d
a + bcos(u) b

Integrating both the sides of Eq. (25), we can find
the solutions

ﬁ arctan (\/Etan (g)) IR (26)
ﬁ arctanh(\/z_;:ztan (
ﬁarccoth (\/Z;:Ztan (g)) ={+ 50228)

where &g is the integral constant. Then we can give
the exact solutions

u(z,t) = 2 arctan{ Z i_ ;g
-tan( M(w—ct)—l—fg)}, a > 20,
86(c? — 1) (29)

which is a periodic solitary wave solution as shown by
curve 1 in Fig. 1 witha =4, 8 =1,c=2.

u(z,t) = —2 arctan{ gﬁ+—2§
432 — a2
tanh( m($6t>+§o>}, O[<(23ﬂo,)

which is a kink solution as shown by curve 2 in Fig. 1
witha=1,8=2,¢c¢=2,& =0.

20—«
a+ 206

u(z,t) = 2arctan {

4ﬁ2 _ 052

S5 -1 s

(31)

which is an anti-kink solution as shown by curve 3 in
Fig.1witha=1,8=2,¢=2,& =0.

-tanh( (z —ct) +50)}’

u(z,t) =2 arctan{ (2116—{—72;
452 _ a?
o (fgapt o)} e

which is a noncontinuous solution as shown by curve
4in Fig.1 witha=1,8=2,¢c=2,& =0.
When a = b, Eq. (25) becomes
————du = ad§. 33
1+ cos(u) u = adg (33)
By integrating we obtain

tan (%) =a(t +&). (34)

Fig. 1. Solitary wave solution and noncontinuous solution
of double sine-Gordon equation: (1) Periodic solitary wave
solution with a = 4, 8 =1, ¢ = 2; (2) kink solution with
a=1,8=2,c=2,& = 0; (3) anti-kink solution with
a=1,8=2,c=2, & = 0; (4) noncontinuous solution
witha =1, 8 =2, ¢c =2, £ = 0; (5) anti-kink solution
with ¢ = 2, o = 3, £ = 0; (6) noncontinuous solution
with c =2, a =3, £, = 0.

Therefore we find
u(z,t) = 2arctan (

o
L (x—ct)+ ) 35
which is an anti-kink solution as shown curve 5 in
Fig.1 withc=2,a =3, {§ = 0.

Considering the other case, i.e. a = —b, the equa-
tion becomes

1
1 — cos(u)

We find the solution

o
el e &), (37)

cz —

du = adg. (36)

u(x,t) = 2arccot ( -

which is a noncontinuous solution as shown by curve
6 in Fig.1 withc=2, a =3, {§ = 0.
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Then we prove that the noncontinuous solutions
(32) and (37) of the double sine-Gordon equation are
noncontinuous solitary wave solutions.

Corollary 1 Solution (32) of the double sine-
Gordon equation

20—«
a+ 206

u(z,t) =2arctan {

4ﬂ2 _ a2
S0+ 9}

for a < 283

- coth(

is a noncontinuous solution.

Proof 1t is easily known that (1) Eq.(32) is the
classical solution of the double sine-Gordon equation
in the smooth parts and (2) the discontinuous line is

2
£=— 785(5 12) €o-
6% —«

We will prove that the expression [u*]s = [f] holds

on discontinuous lines. Here

U 0
u*=|v ,s:‘ji—”t”:c,f: w
w v
(i) [u] = u(0%,t) —u(07,1) =
. - 26 —a [ 462 —ao?
() v=u a+26\ 85 —1)
462 — o? 128 — «
COth2 |: m(m — Ct)+£0:| }1+{ ot 2ﬂ COth
4 2 _ 2 2
[ %(m—ct)—i—ﬁo}} , thus [v] =0
28— a | 462 — a?
(i) w = wy = —cug = —2 at23\ 83(@=1)
2 2 2 -
{1 — coth? {‘ /78%[5(6;70(1)(38 —ct) —I—&)]}l + { /aﬁ+ 2;
4ﬂ2_ 2 —92
coth [1 / W—al)(x —ct) —5—50}} , thus [w] = 0.

Therefore, [u*] = 0, [f] = 0. Namely, case (2)
holds. We complete the proof of the corollary.

Corollary 2 Solution (37) of the double sine-
Gordon equation

u(z,t) = 2arccot { - % coth [(a: —ct) + fo} }

is a noncontinuous solution.

Proof Tt is easily known that (1) Eq.(37) is the
classical solution of the double sine-Gordon equation
in the smooth parts and (2) the discontinuous line is
& = —&y, where £ =z — ct.

We will prove that the expression [u*]s = [f] holds
on discontinuous lines.

U 0
Hereuw = |v |, f=|w
w v

(i) [u] = u(0F, ) — u(0~, ) = 0.

(i) v = Uy = ug
2 _
= 1 thus

1+ { - \/%[(x—ct)-}-fo]}z’
[v] = 0.

(iil) w = uy = —cug

—2ca

2 _
= ¢ 1 thus

1+ { - \/%[(9«"—075)+fo]}2’
[w] = 0.

Therefore, [u*] = 0, [f] = 0. Namely, case (2)
holds. This completes the proof of the corollary.

In summary, we have derived abundant exact so-
lutions by the tanh method and a variable separated
ordinary difference equation method.
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