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The minimal quantization structure is employed to investigate the quantum version of the Stackelberg duopoly

with continuous distributed asymmetric information, i.e. the first mover has incomplete information that obeys

a continuous distribution while the second mover has complete information.

It is found that the effects of

the positive quantum entanglement on the outcomes exhibit many interesting features due to the information
asymmetry. Moreover, although the first-mover advantage is counteracted by the information asymmetry, the

positive quantum entanglement still enhances the first-mover advantage and improves the first-mover tolerance

of the information asymmetry beyond the classical limit.

PACS: 03.67.—a, 02.50. Le

The game theory has experienced a great devel-
opment since the early last century through its wide
application in modelling many nature and social phe-
nomena. In recent years, the concept of quantum in-
formation was applied to the classical game theory
and the quantum game theory has emerged as a new
active field.[!] This field was initialized by Meyer, in
which a player can always beat his classical opponent
by adopting a quantum strategy in the coin tossing
game.l?l Next, Eisert et al. presented the quantiza-
tion of the famous prisoners’ dilemma and eliminated
the dilemma existing in the classical game by quantum
strategies.!] Since then, many interesting and surpris-
ing properties of the quantum game have been inves-
tigated theoretically.®~—'"l Furthermore, the first ex-
perimental realization of the quantum game has been
successively accomplished,*?! which constructs a prac-
tical base for the quantum game.

In 2002, Li et al.l®¥! investigated the quantization
of the game with continuous strategic space instead
of discrete strategies, and gave a ‘minimal’ quan-
tum structure of the Cournot duopoly. The results
showed that the dilemma-like situation can disappear
by quantizing the game. These interesting features
are completely attributed to the quantum entangle-
ment due to the minimal quantum structure. Since
then, the Cournot and Bertrand duopolies in different
cases have been quantized and investigated with the
minimal quantum structure.*~7") Many kinds of inter-
esting and surprising properties have been obtained.
A multiplayer version of the minimal quantum struc-
ture was also proposed.!®!

As we know, the Cournot and Bertrand duopolies
both are static games, in which all players make their
strategic move at the same time and must guess the ac-
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tions of their opponents. Apart from the static games,
there is another distinct kind of games, i.e. dynamic
games, where all players make their strategic move
at different time. The Stackelberg duopoly is com-
monly regarded as the simplest dynamic game,®] in
which one of the two firms (firm 1) is allowed to move
first. The competitor (firm 2) can observe moving
of the opponent before making its own decision. In
such a dynamic game there exists an interesting re-
sult, the first-mover advantage. A natural question
is what role the quantum entanglement will play in
the quantum Stackelberg duopoly. In 2003, Lo et
al.1% applied the minimal quantum structure to the
Stackelberg duopoly with complete information, and
obtained that positive quantum entanglement would
enhance the first-mover advantage beyond the classi-
cal limit. They also studied the Stackelberg duopoly
with discrete distributed asymmetric information, !
and obtained the similar results. Moreover, the first-
mover advantage is eradicated due to the first-mover
asymmetric information though positive quantum en-
tanglement improves the first-mover tolerance of the
asymmetric information.

Apart from the games with discrete distributed in-
formation, the games with continuous distributed in-
formation, which have much realistic significance in
practical markets, should be of particular interest.3]
In this Letter, we apply the minimal quantization
structure of Li et al. to the quantum version of
the Stackelberg duopoly with continuous distributed
asymmetric information. It is assumed that the first
mover has incomplete information that obeys a spe-
cific continuous distribution, while the second mover
has complete information. Following the recent study
in Ref.[11], we evaluate the effects of the positive
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quantum entanglement and the information asymme-
try on the first-mover advantage. Moreover, we also
evaluate the effects of the positive quantum entangle-
ment and the information asymmetry on the profit
outcomes of the two firms. These results show that
the effects of the positive quantum entanglement on
the outcomes exhibit many interesting features due
to the information asymmetry. Moreover, although
the first-mover advantage is counteracted by the in-
formation asymmetry, the positive quantum entan-
glement still enhances the first-mover advantage and
improves the first-mover tolerance of the information
asymmetry beyond the classical limit. We can find
that the main conclusions for the continuous distribu-
tion are the same as those for the discrete distribution
in Ref. [11].

We first review the classical Stackelberg duopoly
with continuous distributed asymmetric information,
in which the first and second movers, i.e. firms 1 and 2,
produce a homogeneous product for the market. Firm
2 clearly knows the firm-1 unit cost ¢; and firm 1 only
knows the probability distribution f(c2) of the firm-2
unit cost cy. Accordingly, profit functions of the two
firms can be described as

p1(qi,q2) = /f2(62)q1(a —c1 —q1 — g2)de,
p2(q1,q2) = g2(a — ca — q1 — g2), (1)

where ¢; and ¢o are the product quantities of firms 1
and 2, respectively.

The solution to this duopoly problem can be ob-
tained by the methods of subgame perfect equilibrium
and backwards induction. This means that we first
solve Eq. (1) for firm 2, i.e. firm 2 reacts optimally to
q1 by choosing ¢o which maximizes its profit. Then
firm 1 takes into account the optimal response of firm
2 and sets its own moving in such a way to maximize
its own profit. That is, firm 1 substitutes the firm-2
reaction function into its own profit function u;, and
then optimizes it by setting the first derivative of u;
with respect to ¢; equal to zero. Consequently, the
quantities of two firms can be obtained to read

1
* e — —
q1 = 2(0’ Cl)7
L1
g = Z(CH‘ c1 — 2¢3), (2)

where we have assumed that ¢; = ¢; for simplicity.
The strategic choices {¢f,¢3} counstitute the Bayes—
Nash equilibrium. The corresponding profit functions
are given by

% * * 1
NI(quq2) = gkzv

1../1
wi(ay,q5) = ZkQ(ZJrS), (3)

where k = a — ¢1, and the parameter
Ac
§Ta (4)

[ (V1]

§

represents a measure of the information asymmetry,
Ac3 = [ fa(cz)(ca — &3)?dey is the information fluctu-
ation of the firm-2 unit cost. As a result, the difference
between the two-firm expected profit functions can be
evaluated as

1 1
O tassicns = 5 — 113 = K (5 —€). 5
Helassical Hq 125) 4 4 5 ( )

It is clear that there exists a critical value of £, namely
gelassical — 1 /4 beyond which firm 1 will lose its ad-
vantage. In other words, asymmetric information of
firm 1 will eradicate its first-mover advantage. Ob-
viously, the standard solution to the classical Stack-
elberg duopoly of complete information is recovered
with £ = 0.

In the following, we apply the minimal quanti-
zation structure of Li et al. to the quantum exten-
sion of the Stackelberg duopoly with continuous dis-
tributed asymmetric information. In the quantiza-
tion scheme,[®l the game starts from the state |vac); ®
|vac)z, which is the direct product of two single-mode
electromagnetic fields. This state undergoes a uni-
tary entanglement operation J(v) = exp{—~v(a}a} —
a1dz)}. It is known to both firms and symmetric with
respect to interchange of the two field modes. Here
v > 0is known as the squeezing parameter and can be
regarded as a measure of the quantum entanglement,
the operators d;(at) and éay(aj) are the annihila-
tion (creation) operators of the electromagnetic fields.
Strategic movers of two firms are associated with the
unitary operations D;(z1) = exp{zi(af — a1)/v2}
and Dy(x;) = exp{zy(a] — a2)/v/2}, respectively.
Having executed their moves, both the firms forward
their electromagnetic field modes to the final mea-
surement, prior to which a disentanglement operation
J*(7) is carried out. Therefore the final state prior
to the measurement is equal to

[vy) = j(7)+D1(l‘l)ﬁz(fﬁz)j(’YNVaC)l ® |vac)a, (6)

which is a product of two coherent states |g1); and
|g2)2. In order to reduce the noise of the measure-
ment result, the final measurement is carried out by
homodyne measurement with an infinitely squeezed
reference light beam.[®! The measured results are the
eigenvalues of the final coherent states and represent
the quantities of two firms denoted by

q1 = 1 coshy 4+ x4 sinh~y,
G2 = x1sinhy + x5 cosh ~. (7)

Substituting Eq. (7) into Eq. (1), profit functions of
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the two firms are given by

p1(q1,q2) = /fz(CQ)(m coshy + x5 sinh )
“(a—c¢1 — z1€" — z9e7)deo,

p2(q1,q2) = (21 sinhy + 23 cosh )

(a—co —x1€” — wae”). (8)

Similar to the classical case, the solution to this
duopoly problem is easy to work out by the methods
of subgame perfect equilibrium and backwards induc-
tion. The quantities of the two firms are evaluated to

be

e~ cosh? v
1+e Ycoshry’
€Y cosh~y k)
1+e Ycoshy /°

(9)

1
g5 = 56_7(a— co —

The corresponding expected profit functions are ex-
pressed as

_ 1 o
Hiala3) = k2| e

1
+ 1+e cosh'y}’

* % 1 —
w5(q1,95) = Zkz [e 7 coshy¢§
cosh ye™” }
(1 +e 7V coshy)2l’

(10)

It is easy to see that these forms revert to those
of the discrete distributed asymmetric information in
Ref. [11] when we take the special values of

0, C2 = C2H,

fa(e2) = { 16,

Co = C2J,.
Next we investigate the influence of the variables £

and v. In the expression of the firm-1 expected profit
function p}, — sinh ye~7¢ gradually decreases with in-

creasing ~y for fixed &, while gradually

1+ e=7 cosh~y
increases with increasing . Therefore the dependence

of ui on v is dramatically changed due to the informa-
tion asymmetry £. The derivative of pj with respect
to y is given by

8_17{ = lk%*?v( 1

B (1+ e coshy)?

oy 4 B 6) (11)

It can be obtained from the above equation that there
are two thresholds for the information asymmetry &,
Le. &n1 = 1/4 and &pe = 4/9. When £ < &ini,
opi
oy

< 0 for any v > 0 and puj decreases monoton-

. c . . "y

ically with increasing v. When & > &po, ™ >0
y

for any v > 0, and uj increases monotonically with

increasing y. When &1 < € < &ino, there is vy,
Oui > 0 for v > v, and Oui
oy dy
¥ < Ym. It follows that u} increases monotonically
with increasing « for v > v,,, but decreases monoton-
ically with increasing v for v < ~,,. On the other
hand, uf always decreases with increasing ¢ for fixed
v, this means that firm-1 asymmetric information will
reduce its expected profit. Firm-1 expected profit pf
as a function of £ and ~ is given in Fig. 1. For the sake
of clarity, several cross sections of Fig. 1 are shown in
Fig. 2, in which all features can be seen.

such that < 0 for

Fig. 1. Profit function E versus the quantum entangle-
ment v and the information asymmetry £.
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Fig. 2. Profit function E versus the quantum entangle-
ment v with different setting of &.

From Eq. (10), it follows that the firm-2 expected
profit function u} always decreases with increasing
for fixed £&. On the other hand, u} always increases
with increasing & for fixed 4. This means that the
positive quantum entanglement « will reduce the firm-
2 expected profit, but firm-1 information asymmetry
will enhance firm-2 expected profit. The firm-2 ex-
pected profit u} is plotted as functions of £ and v in
Fig. 3, where all the features can also be seen.
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As a result, the difference between the expected  ical value
profits of the two firms can be evaluated as 1
quantum __ 13
% —_— Ec - ( )

HER BT ()

quantum

) 1
k [(1+e*7cosh7)2 —§] (12)

0.0 0

Fig. 3. Profit function E versus the quantum entangle-
ment v and the information asymmetry &.

It is obvious that the profit difference 85,,,tum de-
creases with increasing £, which denotes that the firm-
1 information asymmetry will counteract the first-
mover advantage. On the other hand, the profit dif-

ference 0g,4ntum &rows monotonically with increasing

~. Hence the first-mover advantage is enhanced by the
positive quantum entanglement. The profit difference
against £ and « is plotted in Fig. 4.

)

*
quantum

2
quantum/k
|
— — >
ot ot ot

44
|
o
o~
&

Fig. 4. Profit difference &}

quantum VErsus the quantum en-
tanglement v and the information asymmetry £.

As shown in Eq. (12), firm 1 maintains the first-
mover advantage provided that £ is less than the crit-

[1 + e 7 cosh~]?’

which denotes that the first-mover tolerance of the
information asymmetry grows monotonically with -,
starting from the minimum value 1/4 with v = 0 and
reaching the maximum 4/9 with the limit of v — oo.
In other words, the first-mover tolerance of the infor-
mation asymmetry is enhanced beyond the classical
limit by the positive quantum entanglement.

In summary, we apply the minimal quantization
structure of Li et al. to the quantum version of Stack-
elberg duopoly, in which the first mover has incom-
plete information that obeys a continuous distribu-
tion while the second mover has complete informa-
tion. In contrast to the case of complete information
where the first-mover outcome increases with the pos-
itive quantum entanglement, the effects of the quan-
tum entanglement on the outcomes of the two play-
ers are dramatically changed due to the information
asymmetry. Furthermore, although the first-mover
advantage is counteracted by the first-mover informa-
tion asymmetry, the positive quantum entanglement
still enhances the first-mover advantage and improves
first-mover tolerance of information asymmetry in the
classical limit.
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