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Based on the Bhatangar—Gross—Krook (BGK) models, numerical simulation using the lattice Boltzmann model

is performed to investigate the optimized surface pattern in a micro-channel. In order to simulate the practical

situation correctly, a slip/no-slip boundary condition is applied with making several assumptions. To assess the

validity and efficiency of the model, one benchmark problem with considering the surface patterns is studied.

Numerical results show the value of rms velocity Vims increases with the increasing ratio 3 and larger Reynolds

number Re, higher fluctuation of the rms oscillating velocity. Furthermore, the results show that a good mixing
effect can be obtained when Re is large enough and the ratio 8 is about 1.618, which is the appropriate choice,

i.e. the well known golden section phenomenon.

PACS: 47.55. Mh, 03.40. Kf, 02.70. —c

Flow in a micro-channel is the term used to de-
scribe flow in devices with dimensions ranging from
millimetres to micrometres which is capable of han-
dling volumes of fluid in the range of nanometres to
micrometres. In the last few years there has been an
explosion of works in this area due to promising po-
tential applications in micro-fluidics, especially in mi-
cro electrical mechanical systems (MEMS). As may be
expected, there is now a considerable amount of litera-
ture on various aspects of micro-fluidics spreading over
many sub-areas: micro fabrication techniques, new de-
signs, interface with MEMS technologies, basic fluid
mechanical aspects, etc.[!=7

To our knowledge, flows in micro-channel are usu-
ally treated by volume average approaches. Due to
the fact that its boundaries and structures are compli-
cated, the lattice gas automata and lattice Boltzmann
methods (LBMs) are often used to treat these prob-
lems. One of the earliest studies, reported in Ref. [8],
concerned with the validity of Darcy’s law for a 2D
system constructed by randomly placed solid points.
In this Letter, an LBM is applied to simulate the op-
timized surface pattern in a micro-channel.

We can start from the following kinetic equation:

where §; is the collision function of the model. The
Boltzmann equation can be written as
of

5 TEAF =), @)

where £ is the particle velocity, f is the Maxwellian
distribution function, J(f) is the collision operator.
Equation (2) can be derived from expansion of the

left term of Eq. (1). We have
on;
ni(x + €,8t,t + 6t) =ni(z, t) + 5t6—7;
+ &;0tVn; + O((5t)?).
(3)
Neglecting the higher order terms, one obtains

Substituting n; — f, &, — &, 0;/0t — J(f) gives the

Boltzmann Eq.(2). Based on the BGK approxima-
tion, the Boltzmann equation reads

of _ L e
L eV =1 (] D), Q

By Taylor series expansion, Eq. (2) reduces to

flz+&58t,&,t +0t) — f(=,€,t)
= @ - [, (6

where 7 and dt are the relaxation time and discretized
time interval, respectively.

Further distribution in phase space, following the
appropriate approximation of the equilibrium distri-
bution and low Mach number assumption leads to
the single time relaxation-lattice Boltzmann equation
(SRT-LBE) in the form

fz(i'c + e;0t,t + (5t) — fi(m,ei,t)
— — lfierent) - (@ ei,t)

i=0—k,
(7)

where fi(eq) is the discretized equilibrium distribution
function and e; is the discrete velocity set, both based
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on the lattice model. For the D3Qg model, e; is given
by (as shown in Fig. 1)

0 (i = 0)

[cos (@),sin (@ﬂc, (i=1-4)

[oos (F+1577)
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sin (E + 7”\/50,

4 2

e;, =
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where ¢, dx and §t are the particle streaming speed,
lattice constant and time step, respectively.

| |
Fig. 1. Discrete velocity vector for the D2Qg lattice.

According to Refs. [9-11], this velocity is related
to the thermal velocity of the fluid particles and de-
termined by the fluid temperature T', the Boltzmann
constant R and the mass m of the particles read

T
¢ = Ve, = /3BT )

m

where ¢, is the speed of sound with ¢; = 1/3. We
take the kinetic viscosity v = (27 — 1)dt/6. The fluid
density p and the fluid velocity u are defined by

k k
p=> fi=> f
=0 =0

k k
pu = Z fie;i = Z I %e;. (10)
i=0 i=0

An isolated system, after a long period of time,
should reach an equilibrium state.['213] Considering
the H function

H(a:,t):/flnfdﬁ, (11)

differentiating Eq. (11) with respect to time one ob-
tains oH of
— = 1+1 —d§. 12
M [arwn?a (12)
If we only consider a spatially uniform system, i.e., f
depends on t, Eq. (12) can be written as

OH

=0 = | @I, (13)

Then the collision function J(f) can be written as!!?]

TU) = —dSdesle, €I - T), ()

where dS is the collision cross section; fi, f1, f and
f' are defined as fi = f(x,&,,t), fI = f(z,&,,1),
f'= f(x,&',t) and f = f(x,€&,t), respectively; & and
¢ are the molecular velocities before a binary colli-
sion. Based the momentum and energy conservation
laws, Eq. (14) can be rewritten as

OH . 1 7ol ffl
e /degd&l& —&|(f'f1 — ffl)lnf,—{v
(15)
as (f'fi — ffi)In(ffi/f f]) <0, we can obtain
O0H
5 <0 (16)

Equation (16) means that the H function can never
increase with time. Indeed, it is the Boltzmann’s H-
theorem. When f'f{ = ffi1, Eq.(16) will relate to
the equilibrium state. Then the condition can be ex-
pressed as

Inf+Infy=Inf +Inf]. (17)

The above description of the equilibrium state indi-
cates that In f in this state is a collision invariant, so
that

Inf0(¢) = A+ B - £+ CE?, (18)

where the constants A, B and C are not arbitrary. We
can substitute Eq. (18) for the following equations in-
cluding mass density equation, momentum equation,
and energy density equation,

ol t) = / f(z, €, 1)de, (19)
pu(a, 1) = / £ (. €, 1)de, (20)
pela,) = / €2f (. €, 1)de. (21)

We can obtain the unique equilibrium distribution
function as

ea)(g) — —m(§ —u)®
Fee) = (27erT)3/2 eXp[ 2RT } (22)

For the D3Qg¢ model, the equilibrium distribution
function can be chosen in the form

fi(eq) = tip[1+3(e;-u)+4.5(e;u)*~1.5u-u], i=0-8,
(23)
with A ) .
to = -t -t S 24
0= 511234 = 5 5678 = 55 (24)

As a primary method in the lattice Boltzmann sim-
ulation, bouncing-back boundary condition has been
proven to possess the first-order accuracy.'¥) More
accurate boundary conditions have been proposed in
the past few years.['5=19 In this study, the pressure
boundary condition is implemented. As we know,
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pressure is related to the density by the isothermal
equation of state as p = ¢5p (¢, is the sound speed).
Specification of the pressure on a flow boundary is pro-
posed as shown in Fig. 2. Suppose a flow boundary is
along the y-direction, and the pressure is specified.
Take the inlet in Fig.2 for example, u,, is supposed to
be specified too. After streaming, fo, f3, f1, f¢, f7 are
known, p = pin, uy = 0 are specified at the inlet. We
can obtain u, and fi, f5, fs from Eq. (10):

pin="Ffo+fi+ o+ fa+ fa+fs+ fo + fr+ fs,
Pinta = f1 — f3+ fs — fr+ fs — fe,
Pinty = fo — fa+ fs — fr + fo — fs. (25)

Consistency of Eq. (25) gives

Uy = (pin = (fo+ fo+ fa +2(f3 + fo + f7))). (26)
Pin

At the inlet, using the non-equilibrium part of the par-

ticle distribution, we can find f; — fl(eQ) = f3 — f?EeQ).

When f; is known, f5 and fs are obtained from

Eq. (25),

2
fi=fs+ 3 Pintle,

fs = fr— l(f2 — fa) + lpmuz,

2 6
f8:f6+%(f2_f4)+épinuz- (27)

The corner node at the inlet or outlet needs some spe-
cial treatment. Take the bottom node at the inlet for
example, after streaming, fs, f4, and f; are known.
Here p is specified, and u; = u, = 0. We need to de-
termine fi1, fa, f5, f6, fs and use the non-equilibrium
part of the particle distribution normal to the inlet
and the boundary to find

A=A =f= £ fi=fs
(cq) (ca) 7\ fy—

f2_.f2 :f4_.f4 fo=fa.
Using f; and f> in Eq. (25), we can find

fs = fr,
fo=fs=

(28)

[Pm ~(fo+ fit+ fot fa+fat+ fs+ fr)l
(29)

A similar procedure can be applied to top inlet nodes
and outlet nodes including outlet corner nodes. The
case of p and non-zero u, at a flow boundary along
the y-direction can be handled in the same way.

For a long time, researchers have applied the no-
slip boundary condition to fluid flow over a solid sur-
face. Navier2?) proposed the possibility of fluid slip.
He assumed that the velocity u, at a solid surface is
proportional to the shear rate at the surface,

du,

Uy = X—

z =X dy’

where y is the slip length or slip coefficient. If xy = 0,
the boundary condition is assumed to be no-slip. If x

(30)

is finite, fluid slip occurs at the wall, while its effect
depends upon the length scale on the flow. In this
work, the bounce back boundary condition at the top
and bottom walls, respectively, follows

fa(i, N, t) = fa(i, N — 1,1),
fr(i+1,N,t) = f5(i, N — 1,1),
fs(@—1,N,t) = fe(i, N — 1,1);
f2(2,0,t) = fa(s,1,1),
fs(1 —1,0,t) = f7(3,1,¢), (31)

fe(i +1,0,t) = fs(3,1,¢).

The specular reflection boundary conditions at the top
and bottom walls are, respectively,

fa(i,N,t) = fa(i, N — 1,¢),
fs(t—=1,N,t) = fs(i—1,N — 1,¢t);
(1,+th) fﬁ(i‘{‘l,N*l,t),
f2(i,0,t) = fa(i, 1, ),
5(1_1 0 t) fS(Z_]-a]-at)) (32)
(l+1 0 t) f7(i+1,1,t).
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Fig. 2. Display of distribution functions at boundary
points.

In this work, Kn is less then 0.01, and no-slip and
slip boundary conditions are used at hydrophobic and
hydrophilic surfaces, respectively. Figure 3 shows the
surface patterns of the case considered. Here we ad-
dress the question of pressure-driven flow in a micro-
channel that is patterned with alternating region of
no-slip and perfect slip boundary conditions. They
take the form of rings of hydrophilic region transverse
to hydrophobic region and are distributed periodically
along the channel with a period 0.5 + 0.53. Here £,
named slip/no-slip, is defined as the ratio of the hy-
drophobic width to the hydrophilic width.

Firstly, we simulate the value of rms velocity Vs
for the y-direction when § is equal to 10/30, 10/25,
10/20, 10/19, 10/18, 10/17, 10/16, 10/15, 10/14,
10/13, 10/12, 1, 12/10, 13/10, 14/10, 15/10, 16/10,
17/10, 18/10, 19/10, 20/10, 25/10, 30/10 for different
Reynolds numbers. Figure 4 shows the variation of
rms oscillating velocity with the different ratio 5 and
the different Re. Figure 5 shows the variation of rms
oscillating velocity along the middle line for the dif-
ferent ratio B and different Re. It can be found from
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Figs.4 and 5 that Vs increases with the increasing
ratio 3. However, after the ratio 8 achieves a definite
value, Vs starts to reduce. From Figs.4 and 5 it is
seen that the highest rms oscillating velocity occurs at
the point with the ratio 8 of about 1.6. Meanwhile,
comparing rms oscillating velocities under the differ-
ent Re, we can find that the rms velocity increases
with the increasing Re.

0.58 , 05
T T T T T

Top wall
Inlet Outlet

056 , 05 , 058 , 05, 056
T T T T 1
Bottom wall

Fig. 3. Alternative surface pattern, i.e., the hydropho-
bic and the hydrophilic sections arranged alternatively be-
tween the top and bottom walls.
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Fig. 4. The rms value of all oscillating Fig.5. The rms oscillating velocity Fig. 6. Oscillating flow patterns for al-
velocities for different 8 and Re. along the middle line for different [ ternative surface patterns (a) at Re =
and Re. 2, (b) Re = 9, (c) Re = 20, (d)

Figure 6 shows the oscillating flow patterns for dif-
ferent Reynolds numbers. They separately express the
fluid flow phenomenon in the identical region with the
same ratio 3 of 1.6. The grey arrows indicate the di-
rection of the flow. Figure 7 shows the flow patterns
with no alternative surface pattern. In face, the fluid
is a Poiseuille flow. From Figs.6 and 7, it is obvious
that the introduction of the alternative surface pat-
tern in the micro-channel yields the flow oscillation.
Moreover, Figs.4 and 5 also explain the flow oscilla-
tion. The larger the value of V;5, the more intense
the fluid oscillation.

Fig. 7. Numerical results of the flow in a micro-channel
with single hydrophilic surface at Re = 20.

In comparison of the above analogue results, it is
found that the oscillating effect is best when the ratio
[ is about 1.6. The appropriate choice of the ration
is very close to 1.618 that is a golden section of a sur-
face. It is a much interesting phenomenon and all the
simulating results support such conclusion.

Re = 80.
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