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By introducing the entangled state representation and Feynman assumption that ‘electron pairs are bosons, ..., a
bound pair acts as a Bose particle’, we construct an operator Hamiltonian for a mesoscopic inductance-capacitance

(LC) circuit including a Josephson junction, then we use the Heisenberg equation of motion to derive the current
equation and the voltage equation across the inductance as well as across the Josephson junction. The result

manifestly shows how the junction voltage is affected by the capacitance coupling. In this way the Cooper-pair

number-phase quantization for this system is completed.

PACS: 73.23.—b, 74.50. +r, 85.25.Cp

In recent years, with the progress of the quan-
tum computation and quantum information, it is
recognized that solid state quantum computation is
promising for the quantum circuit integration, thereby
a practical quantum computer can be built. The
Josephson junction,! 3! which is comprised of two su-
perconductors ‘weakly’ connected by a thin layer of
insulating material, would play an important role in
realizing the solid quantum computation.!4?!

For designing practical quantum computers, in ad-
dition to Josephson junctions, the mesoscopic circuit
including the elementary components such as capac-
itance, inductance and electric resistance, is also re-
quired. In this Letter, we propose an LC mesoscopic
circuit including a Josephson junction, i.e. a Joseph-
son junction is coupled to an inductance by a capac-
itor. The circuit is excited by an instant impulse
source. We investigate how the Josephson equations
change due to the existence of coupling. For this
aim, following Feynman’s assumption!®! that “electron
pairs are bosons, ..., nearly all of the pairs will be
locked down at the lowest energy in exactly the same
state’, we propose a bosonic operator model for de-
scribing the mesoscopic circuit including a Josephson
junction, i.e. construct a quantum mechanical Hamil-
tonian (a quantization scheme), then we use the en-
tangled state representation to propose Cooper-pair
number-phase quantization. Furthermore, we use the
Heisenberg equation to derive the current equation
and the voltage equation across the Josephson junc-
tion. The result manifestly shows the role of the ca-
pacitance coupling between the Josephson junction
and the inductance. Following Louiselle’s quantiza-
tion of a simple LC circuit,l”) we quantize the circuit
in Fig.1 by the Cooper-pair number-phase quantiza-

tion scheme. Before doing this, we analyse this circuit
from the point of view of classical Hamilton dynamics.
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Fig. 1. The mesoscopic LC circuit including a Josephson
junction.

A single Josephson junction is characterized by two
Josephson equations (current equation and junction
voltage equation)

I; = I sin gy, (1)
. 2eu;
SOJ = hJ’ (2)

where the subscript j represents the Josephson junc-
tion, I. = 2eE;/h is the critical electric current of the
Josephson junction, u; is the voltage drop across the
Josephson junction, and ¢; is the phase difference be-
tween two superconductors of a junction. Thus, when
tunnelling occurs, the work performed across the junc-
tion is

t
/ ujl.sinp;dt = Ej(cosp; — 1). (3)
0

For the non-dissipative inductance, from Faraday’s
law of electromagnetic induction we can obtain the
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voltage drop uy, across the inductance
ur = @In (4)

where @, is the self-inductance magnetic flux through
the inductance.

We employ the Hamilton dynamics to analyse the
circuit by defining ¢, and ®1 as generalized coordi-
nates, the system potential energy is

V= 1e2 4B

5L — cos ;). (5)

On the other hand, the charging energy in all the ca-
pacitors is

T - %C’cui + %cjuﬁ, (6)
where C, is the coupling capacitance, and 7T is con-
sidered as the kinetic energy, since from Egs. (2) and
(4) one can see u; and u, are, respectively, related to
the generalized velocity ®;, and ¢j. From the simple
analysis of voltage at the nodes of the circuit we can
obtain

Ue = Uj + uf. )

Substituting Eqgs. (2), (4) and (7) into Eq. (6) yields
1 B2, 1, R,
T = 5(Ce+Cy)(52) @5 +5C0%+5-Cepibr. (8)

Then the Lagrangian function of the system is

L=T-V
1 h\2 h
—5(cc+cj)(%) P+ Lo.é2 + 5 Cetpir
1
- i@% — E;(1 — cos pj). (9)

From the charge neutrality law (or electric current
continuity) at nodes of the circuit, u;C; — 2ne =

—u.C,, then from Egs. (2), (4) and (7), we have

h
2ne = u;C; + u.C, = (C; + C. ) cp] + C.d, (10)
where n is the excess number of Cooper-pairs on the
island. Using Egs. (2), (4), (9) and (10) we calculate
the generalized momenta, respectively, conjugated to
@w; and @,

oL h B
[(c +Co)5o i + Colbr| = mh,

pj =5+
J 8<pj 2e (11)
oL h
=~ =C.9 + CC 12
PL= o L Pj- (12)

Note that the generalized momenta p; is proportional
to the excess number n of Cooper-pairs, which im-
plies the possibility of number-phase quantization, as
we will carry out in the following. From Legendre

transformation and Egs. (1
the Hamiltonian

1) and (12) we can obtain
H=yp;p;+pr®, — L=H; + H + Hy,, (13)
where '
H;j = EYn? + E;(1 — cos ¢;) (14)
is the Hamiltonian of a Josephson junction,

2

which is equivalent to a harmonic oscillator, and
Hiny = (npr, (16)

is the coupling term,

4 2¢? 1 C;+C 2e
EW — == — =1 -¢ =——. (17
€ c;’ m c;C. ’ ¢ C; (17)

Since the LC circuit can be referred to as an equiv-
alent harmonic oscillator, as is mentioned above, we
can obtain the quantum mechanical Hamiltonian Hp
by replacing pr,, 1 by the corresponding operators,
with [ﬁL,éL} = —th. Thus, the Hamiltonian Hy can
be written in the standard form

HL—hw( é+1/2), (18)
where w = % is the characteristic frequency
of the harmonic oscillator, and

éT = #(mw@L - iﬁL),
V2mhw
1 o
¢ = ——(mw®r, +ipr) (19)
2mhw

are the bosonic operators and satisfy the relation
[¢,é1] = 1.

According to Feynman’s view!®! that ‘a bound pair
acts as a Bose particle’, we are naturally led to provide
the bosonic operator model to quantize the classical
Hamiltonian in Eq.(14). As is mentioned above, the
excess charge 2en should be quantized, so we let

n— N =ata—b'b (20)

be the excess Cooper-pair number operator, where a'
is the positive charge Bose creation operator and bt
is the negative charge Bose creation operator. To em-
body the number-phase quantization scheme we intro-

duce the entangled state |n)[8-12
1
[n) = exp | = SInf? +na’ — "' +a'bj00),  (21)
where 7 = |n]e’#i, and |00) is the two-mode vacuum

state. The |n) state is constructed based on the idea
of quantum entanglement of Einstein, Podolsky and
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Rosen.['3] Using [a,af] = [b bT] = 1, we can find that
|n) obeys the eigenvector equations

(@—>boYny =nln), (b—a")n)=—-n"n). (22)

The set of |n) makes up a complete representation

/qul. (23)

We can construct the bosonic phase operator for
Josephson junction!'4—16]

ei(ﬁj — a— bA7 —ZLpJ _A
at —b Py
1
cos pj = 5( e'i 4 e %) 24)

because in the |n) representation, e!?i behaves a phase
¢'Piln) = e¥iln), e Wiln) =e i),  (25)

Note [af — ba — I;T] = 0, so they can reside in the
1, a—bf
same square root. It then follows ¢; = — a4

-In ——,
2t gt —p
@) = ¢;n). From Eq. (22) we can derive

Nn) = (a*a - b7b)|n)

=la'(n+0b") —bl(a" —n*)]in)
|n|(&Tei<Pj + b‘r “’91)|77>

0

~ il (26)

Therefore

(193,80 = [ i5] (1 = =it = 1980 = =i,

[cos ¢, N| = isin@;, [sin@;, N] = —icos @,

(27)

which embodies the number-phase quantization. As a
consequence of Egs. (21)—(27), the classical Hamilto-
nian in Eq. (14) is quantized as

H; = EYN? + E;(1 — cos ¢;), (28)
and the coupling term in Eq. (16) is quantized as

Hipy = iCy/mhw /2N (eF — é). (29)

From the Heisenberg equation and Eq. (27) we de-
duce

A

d ~ 2e  ~ 2€Ej oA 7
2e N =2 [N Hj) = = sing; =1, (30)

dg; 1. -
T;:%[@jaHj+Hint]
1

= —EWs. A2
ik c [SDJ"KX]

—zC\/ mhw /2 )@, ]
=— ﬁ[2Ecj)f0(+iC\/Ww/2(é -

260]
= . 31
. (31)

From above we can see that the Josephson current
equation keeps the same form but the voltage equa-
tion is affected because of the capacitor coupling, since
L. Gi+Ce as shown in Eq.(17).
m CJCC

Eq. (31) with ¢; = 2e

voltage drop across the Josephson junction is

EIN i(,/mhw/z(éT Lo (32
2e

e

Comparing

u; one can see that the effective

;= -

In the following we reveal a squeezing mechanism in-
volved in the time evolution of a Josephson junction
when extra energy is applied to the junction. For
this purpose, we consider the work performed by the
Josephson current through the junction in a short time
interval At,

2e; At [EY N
ULt = — == [ -

i/ miw /2
+ W(éT - a)} sin ;.
‘ (33)
From Eq. (33) we can see that when an extra en-
ergy (say, light radiation) is applied to the Josephson

junction, the corresponding Hamiltonian can be ex-
pressed in the following form:

7 A [EON ZC\/ @ -

e

)} sing;, (34)

where A is a coupling constant, and the constant term

2eE;
%5 is absorbed into A. Taking H' in the interac-

tion picture and according to the equation of motion
in this picture, we derive

d .. 1. AEY)
5 S0 = E[sm o, H' =— 5o Sl 2¢;, -
) ) ()
—cos P = —[cos p;,H'] = “—— sin” @,.
dt 7 3 7 h I (36)
It then follows
— 5 (9) 5.
= P A
dt 2 dt\ sing; eh 2
(37)
which has the solution
- (9) -
b _ _ AEe ;i (0)
tan 5 —exp{ o t} tan 5 (38)
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This solutions shows the evolution behaviour of phase,
which is squeezed according to the damping factor

exp{ ™ t}. Thus an extra energy H’ applied

A~

to the junction will cause the squeezing of tan %

Since the Josephson current is caused by the phase-
diﬁerenpe between two superconductors, the squeezing
of tan *7 certainly accompanies the variation of extra
number of Cooper-pairs on the island. Due to the
coupling capacitance C., the inductance and Joseph-
son junction should be considered in its totality. Thus,
for the inductance, though it is not directly radiated
by light, we can still obtain the induction-voltage op-
erator equation
d 1

. s X
= by = — (&, H] = 22 sin b
= g ®r = [0n,H] =5 sing;,

which shows how the phase ¢; in the Josephson junc-

(39)

tion affects induction-voltage across the inductance
through the coupling capacitance.

In summary, using the Hamilton dynamic ap-
proach we have constructed a Hamiltonian operator
for the mesoscopic LC circuit including a Josephson
junction. The entangled state representation is used
to propose the Cooper-pair number-phase quantiza-
tion and the Hamiltonian operator for the whole sys-
tem. The Josephson current operator equation and
the voltage operator equation are obtained. We have

shown how the capacitance coupling affects the volt-
age across the Josephson junction.
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