
CHIN.PHYS.LETT. Vol. 25,No. 3 (2008) 866

Structure-Preserving Algorithms for the Lorenz System ∗
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Based on a splitting method and a composition method, we construct some structure-preserving algorithms
with first-order, second-order and fourth-order accuracy for a Lorenz system. By using the Liouville’s formula,
it is proven that the structure-preserving algorithms exactly preserve the volume of infinitesimal cube for the
Lorenz system. Numerical experimental results illustrate that for the conservative Lorenz system, the qualitative
behaviour of the trajectories described by the classical explicit fourth-order Runge–Kutta (RK4) method and the
fifth-order Runge–Kutta–Fehlberg (RKF45) method is wrong, while the qualitative behaviour derived from the
structure-preserving algorithms with different orders of accuracy is correct. Moreover, for the small dissipative
Lorenz system, the norm errors of the structure-preserving algorithms in phase space are less than those of the
Runge–Kutta methods.

PACS: 05. 45. Pq, 02. 60. Lj

In 1963, in the study of thermal convection motion
of atmosphere, Lorenz[1] obtained a three-dimensional
system of nonlinear ordinary differential equations,
which is known as the Lorenz system (or Lorenz equa-
tions). For convenience of discussions, we multiply a
parameter ε ≥ 0 to each dissipative term in the origi-
nal Lorenz equations and obtain

ẋ = σ(−εx + y),
ẏ = γx− xz − εy,

ż = xy − εbz, (1)

where σ, γ and b are positive constants. The system
expressed by Eqs. (1) here is still called the Lorenz
system.

When σ = 10, γ = 28, b = 8/3 and ε = 1,
these seemly simple equations show very complex dy-
namic behaviour, namely chaotic phenomena. So far,
the classical explicit fourth-order Runge–Kutta (RK4)
method and the fifth-order Runge–Kutta-Fehlberg
(RKF45) method with error controls have been fre-
quently used to solve nonlinear ordinary differential
equations. The RK4 and the RKF45 methods are eas-
ier for computations and more precise solutions can be
obtained in a short time.

Since the appearance of symplectic algorithms,[2]

structure-preserving algorithms for ordinary differen-
tial equations have attracted much attention. In
Ref. [3], Hairer et al. described about structure-
preserving algorithms in detail. Undoubtedly, the
Runge–Kutta methods play an important role in the
development of numerical algorithms for ordinary dif-
ferential equations because these algorithms skillfully
avoid the difficulties of Taylor series methods for

higher-order derivatives and achieve the same accu-
racy. However, the explicit Runge–Kutta methods es-
sentially are local approaches and cannot describe the
long-time qualitative and global properties of the sys-
tem.

Completely different from the construction idea of
the Runge–Kutta methods, a splitting method was
proposed later in 1959 by Trotter.[4] Splitting methods
are closely connected with modern mathematical the-
ories of ordinary differential equations. The concepts
of flow and one-parameter group of transformations
are reflected. Consequently, theories of Lie group and
Lie algebra can be used to perform error analysis for
results from splitting methods.

Closely connecting with splitting methods is com-
position methods. Concerning the latter, more rep-
resentative works are those of Suzuki,[5] Yoshida,[6]

Qin and Zhu.[7] Especially, in 1995, McLachlan[8] es-
tablished the connection of composition methods and
splitting methods, and provided the theory of how to
construct higher-order methods.

In this Letter, a splitting method and a com-
position method are adopted to construct structure-
preserving algorithms for the Lorenz system and the
algorithms are compared with Runge–Kutta methods.

A vector field f can be expressed as the sum of a
gradient vector field fG : Rn → Rn and a source-free
vector field fH : Rn → Rn,[9] i.e. f = fG + fH .
Since fG is a gradient field, it can be expressed as a
gradient of a scalar function, i.e. fG = −I∇G(u),
where I is a unit matrix and G ∈ C∞(Rn,R). fH

can be decomposed into the sum of Hamiltonian vec-
tor fields, namely fH =

∑
Ji∇Hi (1 ≤ i ≤ n), where

Ji is a skew-symmetric matrix and Hi is the Hamilto-
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nian function. In a two-dimensional case, fH is simply
a Hamiltonian vector field.

For the Lorenz system, let u = [x, y, z]T , then
Eqs. (1) can be decomposed into three parts:




ẋ
ẏ
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∂H2/∂x
−∂H2/∂y

0


 = f [3](u). (4)

where G = ε(σx2 + y2 + bz2)/2, H1 = −x(y2 + z2)/2,
H2 = (−γx2 +σy2)/2. Thus Eqs. (1) can be rewritten
as

u̇ = f(u) = f [1](u) + f [2](u) + f [3](u). (5)

When ε = 0, the Lorenz system becomes a source-free
system, which is called a conservative Lorenz system,
i.e.

u̇ = f [2](u) + f [3](u). (6)

From Eqs. (6), it is clear that this source-free sys-
tem is composed of two Hamiltonian systems. Some
researchers’ studies on Lorenz systems are simply
based on Eqs. (6) and the perturbation analysis are
applied.[10−12]

Fig. 1. |K1/σ|+ γ >
√

2K2 + γ2.

By derivation, we can obtain three first integrals of
Eqs. (6), i.e. K1 = x2/2− z, 2K2 + γ2 = y2 + (z− γ)2

and K3 = ((γ − z)x2 − y2)/2, in which only K1 and
K2 are large-scale first integrals. Among these three
expressions of first integrals, the expression containing
K1 denotes a paraboloid and the expression contain-
ing K2 denotes a cylinder. The intersecting lines of
the two surfaces are simply the phase trajectories of
Eqs. (6). According to the relative positions of two
different surfaces, the trajectories include three cases:

(a) For |K1/σ| + γ >
√

2K2 + γ2, the system has
two isolated closed trajectories, as shown in Fig. 1.

(b) For |K1/σ|+ γ =
√

2K2 + γ2, the system has
a pair of homoclinic trajectories, as shown in Fig. 2.

(c) For |K1/σ| + γ <
√

2K2 + γ2, the system has
one closed trajectory, as shown in Fig. 3.

Fig. 2. |K1/σ|+ γ =
√

2K2 + γ2.

Fig. 3. |K1/σ|+ γ <
√

2K2 + γ2.

For the conservative Lorenz system, first of all,
we use a splitting method and a composition method
to construct the structure-preserving algorithms of
Eqs. (6). Since the subsystems (3) and (4) are lin-
ear Hamiltonian systems, there correspondingly exist
exact flow mappings ϕ

[2]
t and ϕ

[3]
t , respectively, i.e.

ϕ
[2]
t (u) =




x
y cos(|x|t)− sign(x)z sin(|x|t)
−sign(x)y sin(|x|t) + z cos(|x|t)


 ,

ϕ
[3]
t (u) =




((x + µy)eηt + (x− µy)e−ηt)/2
((x/µ + y)eηt + (−x/µ + y)e−ηt)/2

z


 ,
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where µ =
√

σ/γ, η =
√

σγ,

sign(x) =





1, x > 0
0, x = 0
−1, x < 0

.

It is easy to prove that the determinant values of
the Jacobian matrices of ϕt

[2] and ϕ
[3]
t are det(Du

ϕ
[2]
t (u)) = det(Duϕ

[3]
t (u)) = 1. Therefore, ϕ

[2]
t

and ϕ
[3]
t preserve the volume of phase flow invari-

able and their composition also have the same quality,
i.e. det(Du(ϕ[2]

t ◦ ϕ
[3]
t (u))) = 1. Preserving the vol-

ume of phase flow invariable is an essential quality of
a source-free system. In terms of ϕ

[2]
t and ϕ

[3]
t , the

structure-preserving algorithm for Eqs. (6) with first-
order accuracy is ψ1

h = ϕ
[2]
h ◦ϕ

[3]
h (where h is the step

size) and its adjoint method is (ψ1
h)∗ = ϕ

[3]
h ◦ ϕ

[2]
h .

Composing the first-order method and its adjoint
method, we can obtain the second-order method, i.e.
ψ2

h = ψ1
h/2 ◦ (ψ1

h/2)
∗. Since ψ2

h = (ψ2
h)∗, ψ2

h is a
symmetric approach. Based on ψ2

h, by using the com-
position method,[3] a higher-order method can be con-

structed. Taking a fourth-order method as an exam-
ple, the method is ψ4

h = ψ2
r1h ◦ψ2

r2h ◦ψ2
r3h, in which

r1 = r3 = 1/(2− 3
√

2) and r2 = − 3
√

2/(2− 3
√

2). This
fourth-order method ψ4

h is still a structure-preserving
algorithm.

For Eqs. (6), numerical computations are per-
formed by using the RK4, the RKF45 and
the structure-preserving algorithms with first-order,
second-order and fourth-order accuracy obtained
above. In these methods, the step size is h =
0.01 (for the RKF45, it is only an initial step size)
and the simulating time is t ∈ [0, 500]. In addi-
tion, in the RKF45, the error control parameter is
δ = 10−5. Choose the initial condition values as
x(0) = 0.1 and y(0) = z(0) = 0, which makes val-
ues of |K1/σ| + γ and

√
2K2 + γ2 closer. Because

(|K1/σ|+ γ)−
√

2K2 + γ2 = 0.0005 > 0, in this case,
according to the analysis of the qualitative behaviour
of the phase trajectories for Eqs. (6), the phase trajec-
tories should be two isolated closed ones. For conve-
nience of observation, the phase trajectories derived
from different methods are projected on the x − y
plane, as shown in Figs. 4–6.

Fig. 4. Trajectories of the structure-
preserving algorithms. Fig. 5. Trajectory of the RK4. Fig. 6. Trajectory of the RKF45.

Figure 4 illustrates that the qualitative behaviour
of the structure-preserving algorithms with different
order accuracies is correct and no dissipation exists.
Under the precision shown in Fig. 4, the phase trajec-
tories of ψ2

h and ψ4
h are overlapped. ψ1

h and (ψ1
h)∗

are not symmetric algorithms, hence the correspond-
ing trajectories are not symmetric about y-axis. Al-
though the results by the RK4 in Fig. 5 is maintaining
within one of the closed trajectories, the dissipation
is serious. The trajectory of the RK4 tends to run
spirally within the closed trajectory.

In Fig. 6, the trajectory obtained by the RKF45
is developed spirally outward and run from the right
closed branch into the left one, which corresponds to
|K1/σ| + γ <

√
2K2 + γ2. Therefore, from the point

of qualitative analysis, this is a more serious mistake.

When ε > 0, Eqs. (5) denote a dissipative Lorenz
system and correspondingly we can construct the
structure-preserving algorithms in accordance with

the following steps. The exact flow mapping of
Eqs. (2) is ϕ

[1]
t (u) = [e−εσtx, e−εty, e−εbtz]T . The

first-order method for Eqs. (5) is φ1
h = ϕ

[1]
h ◦ϕ

[2]
h ◦ϕ

[3]
h

and the adjoint method of φ1
h is (φ1

h)∗ = ϕ
[3]
h ◦ ϕ

[2]
h ◦

ϕ
[1]
h . Considering higher-order methods for the dis-

sipative Lorenz system, the construction method is
similar to that of ψ4

h. Thus, we obtain the second-
order method φ2

h = φ1
h/2 ◦ (φ1

h/2)
∗ and the fourth-

order method φ4
h = φ2

r1h ◦ φ2
r2h ◦ φ2

r3h of the Lorenz
system. In method φ4

h, r1, r2 and r3 are the same
as those in ψ4

h. For the conservative Lorenz system,
ψ1

h, ψ2
h and ψ4

h can be considered as φ1
h, φ2

h and φ4
h

respectively for the special case ε = 0.
Given an initial value u0, we use ϕt = ϕ(t;u0) to

denote the exact flow mapping of u̇ = f(u) (Eqs. 5)
in R3. According to Liouville’s formula,[13] we have

det(Duϕt) = exp
( ∫ t

0

(∇ · f(u))ds
)
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= exp(−ε(σ + b + 1)t),

where det(Duϕt) is the determinant of the Jacobian
matrix of ϕt and ∇ · f(u) is the divergence of f(u).
In Ref. [13], det(Duϕt) is called the volume of an in-
finitesimal cube. Let φSPA

h represent all the structure-
preserving algorithms derived above for u̇ = f(u). If
h is replaced by time t, φSPA

t is also a one-parameter
group of transformations. In terms of the backward
error analysis theory of numerical methods for ordi-
nary differential equations,[3] φSPA

t is an exact flow
mapping of the modified equations u̇ = f̃SPA(u, h)
of Eqs. (5). Then, det(DuφSPA

t ) = det(Duϕt) can
be proved. Hence, in phase space, the structure-
preserving algorithms exactly preserve the volume of
infinitesimal cube for the Lorenz system. In a similar
way, let φRK

t represent exact flows of the RK4 and
the RKF45, it is easy to prove that det(DuφRK

t ) 6=
det(Duϕt). Therefore, for simulations of long-time
qualitative behaviour of the Lorenz system, the RK4
and the RKF45 methods are not suitable.

When the trajectory of the Lorenz system shows a
chaotic phenomenon, the solution is very sensitive to
the order and the step size of the numerical methods.
In this case, there is no sense to discuss the solutions
accuracy for a given initial condition. Thus, in the fol-
lowing, we can simply perform numerical experiments
under the condition 0 < ε ¿ 1.

Fig. 7. Norm errors of solutions by different methods.

For 0 < ε ¿ 1, the system expressed by Eqs. (5)
is called a small dissipative one, with ∇ · f(u) =
−ε(σ + b + 1) ¿ 1. For numerical experiments, we
use ε = 0.001, σ = 10, γ = 28, b = 8/3, h = 0.006 and
t ∈ [0, 50]. Since the computation time is relatively

shorter, we can use results of the dverk78 method in
Maple (a computer algebra language) as the exact so-
lutions. The dverk78 can find a numerical solution
using a seventh-eighth order continuous Runge–Kutta
method. It is capable of working in arbitrary precision
based on the setting of Maple and can be used to ob-
tain high accuracy solutions. However, it takes more
time than other methods. The corresponding error is
defined as ‖udverk78 − un‖/‖udverk78‖, which denotes
the norm error of solutions in the phase space. Fig-
ure 7 shows the norm errors of solutions by φ4

h, the
RK4 and the RKF45. It can be concluded that the
norm errors by φ4

h are much smaller than those by the
RK4 and the RKF45, i.e. the results of the structure-
preserving algorithm φ4

h are better than those of the
RK4 and RKF45.

From all the above discussions, it is clear that the
structure-preserving algorithms constructed in this
study exactly preserve the volume of infinitesimal
cube for the Lorenz system. For both the conserva-
tive and the dissipative Lorenz system, the structure-
preserving algorithms can correctly reflect the long-
time evolution of the qualitative behaviour. Contrar-
ily, the computation results of the explicit Runge–
Kutta methods show wrong qualitative behaviour and
they are not suitable for simulations of long-time qual-
itative behaviours of the Lorenz system. Furthermore,
for the small dissipative Lorenz system, we perform
norm error analysis of different methods. It reaches
the conclusion that the norm errors of the structure-
preserving algorithm are evidently smaller than those
of the explicit Runge–Kutta methods.
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