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Synchronized Anti-Phase and In-Phase Oscillations of Intracellular Calcium Ions
in Two Coupled Hepatocytes System ∗
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We study the dynamic behaviour of two intracellular calcium oscillators that are coupled through gap junctions
both to Ca2+ and inositol(1,4,5)-trisphosphate (IP3). It is found that synchronized anti-phase and in-phase
oscillations of cytoplasmic calcium coexist in parameters space. Especially, synchronized anti-phase oscillations
only occur near the onset of a Hopf bifurcation point when the velocity of IP3 synthesis is increased. In addition,
two kinds of coupling effects, i.e., the diffusions of Ca2+ and IP3 among cells on synchronous behaviour, are
considered. We find that small coupling of Ca2+ and large coupling of IP3 facilitate the emergence of synchronized
anti-phase oscillations. However, the result is contrary for the synchronized in-phase case. Our findings may
provide a qualitative understanding about the mechanism of synchronous behaviour of intercellular calcium
signalling.
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As a second messenger in living cells, calcium ions
play a vital role in providing the intracellular sig-
nalling. Many important cellular processes and biolog-
ical function, such as muscle contraction and synap-
tic transmission, are regulated by Ca2+ signals.[1−3]

In hepatocytes, oscillatory intercellular Ca2+ waves
are generated by the coupling of intracellular Ca2+

oscillations[4,5] in response to vasopressin,[6,7] and
these waves also occur in the blowfly salivary gland;[8]

a plausible hypothesis is that these waves are the re-
sult of intercellular coupling by means of the diffu-
sion of Ca2+ through gap junctions. Yule et al.[9]

showed that these gap junctions are permeable to
inositol (1,4,5)-trisphosphate (IP3) and Ca2+. Wu
et al.[10] demonstrated that sufficient and continuous
IP3 level is necessary for the synchronization of IP3-
induced Ca2+ oscillations in coupled hepatocytes, and
observed a gradual transition from synchronous be-
haviour to nonsynchronous behaviour. Recently, they
observed that there exist an optimal coupling strength
and an optimal stimulation level for the synchroniza-
tion. In addition, Politi et al.[11] found that IP3R
plays a positive role and exerts negative feedback of
Ca2+ on the IP3 metabolism.

In the last two decades, intracellular cal-
cium dynamics of different theoretical models are
proposed.[12−16] The phenomena that the IP3 con-
centration can oscillate together with cytoplasmic cal-
cium can also be observed experimentally.[17−19] It is
well known that hormone-evoked calcium dynamics
in hepatocytes involves the interplay of calcium fluxes
from and into the ER and across the plasma mem-

brane, and possibly also other compartments such as
mitochondria. We aim to analyse the dynamics of
coupled cells, so a relatively simple model proposed
by Höfer is applied in this study.[4] The model in-
volves calcium release fluxes from the ER (denoted by
Jrel), calcium reuptake through the sarco/endoplasmic
reticulum calcium ATPase (JSERCA), the calcium
fluxes across the plasma membrane (Jin and Jout), and
the gap-junctional flux. In this work, Choosing the
coupling strength of Ca2+ and IP3 as control parame-
ters, by calculating numerically, we study the effects of
these parameters on synchronous behaviour and dis-
cuss the possible biological significance of our findings
in living systems.

In view of the fact that, in the model, IP3 can dif-
fuse through gap junctions, its progression over time
needs to be considered in the description of the Ca2+

dynamics in each hepatocyte. To this end, we in-
corporate in the model a general equation describing
synthesis of IP3 by phospholipase C (PLC) and IP3

metabolism by IP3 3-kinase and 5-phosphatase.[19] In-
troducing the coupling effects both of Ca2+and IP3,
the time evolutions of Ca2+ in the cytoplasm, in the
whole cell and the concentration of IP3 in the two cells
(denoted by x1,2, z1,2, and P1,2, respectively) are given
by

dx1,2

dt
= ρ[(Jin − Jout) + α(Jrel − JSERCA)]

+ γCa(x2,1 − x1,2),
dz1,2

dt
= ρ(Jin − Jout) + γCa(x2,1 − x1,2),
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dP1,2

dt
=VPLC − VK

P1,2

KK + P1,2

x2
1,2

Kd + x2
1,2

− VPH
P1,2

KPH + P1,2
+ γIP(P2,1 − P1,2).

(1)

Here a conservation of the total cellular Ca2+ implies
the constraint z1,2 = x1,2 + βy1,2; y denotes the free
calcium concentration in the ER. VPLC is the veloc-
ity of IP3 synthesis by PLC, which depends on the
level of stimulation; γCa and γIP are Ca2+ and IP3

junctional coupling strength, respectively. The other
abbreviations are defined by

Jin = v0 + vc
P1,2

K0 + P1,2
, Jout = v4

x2
1,2

K2
4 + x2

1,2

,

JSERCA = v3

x2
1,2

K2
3 + x2

1,2

,

Jrel = kr(x1,2, P1,2)
(z1,2 − x1,2

βi
− x1,2

)
kr(x1,2, P1,2) = k1[d2(d1 + P1,2)P1,2x1,2]3

· {(dp + P1,2)(da + x1,2)
· [d2(d1 + P1,2) + x1,2(d3 + P1,2)]}−3 + k2. (2)

The meaning and numerical value of the kinetic
parameters are given in Table 1.

Table 1. Parameters remain unchanged in the following section.

P Value Meaning

ρ 0.02µM−1 Ratio of plasma membrane area/
cytosol volume

α 2 Ratio of areas ER/plasma membrane
β 0.1 Ratio of effective volumes ER/cytosol
v0 0.2µMs−1 Constant influx(Ca2+)
vc 4.0µMs−1 Maximal rate of calcium entry

increases with P
v3 9.0µMs−1 Maximal SERCA pump rate
v4 3.6µMs−1 Maximal PMCA pump rate
VK 0.075µMs−1 Maximal velocity of IP3 metabolism

by 3-kinase
da 0.4µM Ca2+ binding to activating site
dp 0.2µM IP3 binding
d1 0.3µM Dissociation constant for IP3

d2 0.4µM Dissociation constant for Ca inhibition
d3 0.2µM Receptor dissociation constant for IP3

k1 40.0s−1 Rate constant of maximal IP3
R-mediated release

k2 0.02s−1 Rate constant of a small leak flux
K0 4.0µM IP3 binding
K3 0.12µM Half-activation constant
K4 0.12µM Half-activation constant
KK 1.0µM Michaelis constant characterizing

the 3-kinase
Kd 0.5µM Threshold constant for IP3

3-kinase activation by Ca2+

KPH 10.0µM Michaelis constant characterizing
the 5-phosphatase

VPH 0.075µMs−1 Maximal velocity of IP3 metabolism
by 5-phosphatase

Equations (1) and (2) are calculated numerically
with time steps dt = 0.01 s. To obtain each numerical
result, we perform 50 runs which have different initial

conditions. At each run, the first 106 time steps are
discarded to achieve steady state and 106 time steps
are used to investigate the dynamics of the system.

Before beginning the investigation of the coupled
system, it will be useful to analyse the bifurcation
property of an uncoupled cell. The bifurcation dia-
gram for the cell system and the period of calcium os-
cillations as functions of VPLC are shown in Fig. 1. One
can notice that this diagram shows the steady states
and oscillatory solutions as well as their stabilities,
with the increment of VPLC, the cell system undergoes
two Hopf bifurcation points at VPLC ≈ 0.0106 µM/s
(left bifurcation point (LBP)) and VPLC ≈ 0.045 µM/s
(right bifurcation point (RBP)), respectively. For
VPLC < 0.0106 µM/s there is a single stable steady
state; as VPLC is increased, two unstable steady states
appear between LBP and RBP (dot-dashed line). Fi-
nally, as VPLC further increases, the unstable steady
states disappear and a fixed point gains stability in
RBP, then it remains stable as VPLC continues up-
ward. The dependence of the period of unstable pe-
riodic orbits on VPLC are also shown in Fig. 1.(circle).
Thus, from this figure, we may obtain some useful
clues for understanding the mechanism of anti-phase
or in-phase synchronization, those results are shown
in the following section in this paper.

Fig. 1. Bifurcation diagram for an uncoupled cell. The
stable (unstable) states are denoted with solid circles
(open circles). The dependence of the period of unstable
periodic orbits on VPLC (right axis).

To characterize quantitatively synchronous be-
haviour of the system, a phase is introduced into each

cell: φi(t) = 2π
t − τ i

k

τ i
k+1 − τ i

k

+ 2πk, where τ i
k is the time

of the kth spike in ith cell, which is determined by the
threshold value of xi(t) at xi(t) = 0.3 µM. Then, we
calculate the quantity ∆φ = 〈|φ1(t) − φ2(t)|〉, for mea-
suring phase difference between the two cells. Here,
the marks | · · · | and 〈· · ·〉 denote the absolute value
and the averaging over time, respectively. Obviously,
the phase difference of the two cells is deemed to be
in-phase synchronization if ∆φ = 0 and anti-phase
synchronization while ∆φ = π.
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Next, we consider the effects of VPLC and γIP in
the absence of gap junction to calcium. The curves
of ∆φ as a function of VPLC for three different γIP

are plotted in Fig. 2. One can notice that, on the one
hand, ∆φ keeps a constant ∆φ = π if the value of
VPLC is near LBP. However, when VPLC is increased
from LBP to a certain value, ∆φ suddenly becomes
zero (e.g. VPLC ≈ 0.011 µM/s for γIP = 0.1). Spe-
cially, if VPLC is further increased, ∆φ will always
keep ∆φ = 0. Thus, synchronous anti-phase oscil-
lations can be achieved when the value of VPLC is
slightly larger than LBP. This indicates that when
VPLC exceeds a critical value, the system may undergo
the transition from anti-phase oscillations to in-phase
ones. On the other hand, by comparing the results
of Figs. 2(a)–2(c), one can observe that the region of
anti-phase oscillations is enlarged for a larger γIP. In
Fig. 3, we plot typical time evolutions of Ca2+ and IP3

in the cytoplasm. It provides us with an intuitive il-
lustration of in-phase and anti-phase synchronization.

Fig. 2. Dependence of ∆φ on VPLC for three different
coupling intensities γIP in the absence of γCa for the two
coupled hepatocytes.

In Fig. 4, the dependences of ∆φ on coupling in-
tensity γIP for three different VPLC are depicted.
Obviously, with the increasing of γIP the synchro-
nized oscillatory mode varies from in-phase to anti-
phase. Moreover, when VPLC is increased, the region
of anti-phase synchronization shrinks, and then van-
ishes when VPLC ≥ 0.135 µM/s. (not shown in Fig. 4)

Finally, we investigate the influence of coupling
strength γCa on synchronization of intracellular Ca2+

oscillations. The phase diagrams in two-dimensional
parameter space of γIP and VPLC for four different γCa

are plotted in Fig. 5. The horizontal axis denotes the
synthesis velocity of IP3 varying from 0.0106 µM/s to
0.02 µ M/s, and the vertical axis corresponds to γIP

varying from 0.1 to 5.0. The shaded region describes
anti-phase synchronization, and the whitened region
describes the in-phase one. One can see that when

γCa is increased, the anti-phase region shrinks quickly;
this reveals that the coupling strength γCa restrains
the anti-phase synchronous behaviour but facilitates
the in-phase one. Furthermore, when γCa is raised
to some extent, the anti-phase synchronization disap-
pears.

Fig. 3. Typical oscillations of Ca2+ and IP3 in a pair of
coupled cells. Solid line and dot-dashed line denote x1 and
x2, respectively. Dashed line represents P1,2, γCa = 0. (a)
Anti-phase synchronization, (b) in-phase synchronization.

Fig. 4. Dependence of ∆φ on coupling intensity γIP for
three different VPLC in the absence of γCa for the two
coupled hepatocytes.

In fact, we may find some useful clues to explain
the anti-phase and in-phase synchronous behaviour
from the model itself. Recent theoretical and experi-
mental studies also gave similar results.[20,21] On the
one hand, the first formula of Eqs. (1) and (2) tells us
that the influx Jin includes the constant leak v0 and
Ca2+ entry which depends on IP3 concentration. Here
IP3 described in the third formula of Eqs. (1) includes
the effects of VPLC and IP3, so the average concentra-
tion of IP3 is changed by the varying of VPLC. Thus,
for a single cell case, the model has one steady state
for small and large value of VPLC, while for a proper
range of VPLC(0.0106 ∼ 0.045 µM/s) there exist two
Hopf bifurcation points, and the amplitude of calcium
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spikes changes slightly whereas the period of cytosolic
calcium oscillations (right axis) decreases with increas-
ing of VPLC (see Fig. 1). On the other hand, we can
also find from Fig. 3 that the Ca2+ oscillations are ac-
companied by oscillations in IP3 with different phases.
According to Fig. 1, some researchers found that near
the supercritical HB(LBP), there exist some concomi-
tant oscillation branches, and the Ca2+ in the couplets
can oscillate with the same period, and jump back and
forth between anti-phase and in-phase synchronized
states.[21] Of course, such jumping behaviour depends
on the coupling strength of IP3 and Ca2+. In the
absence of γCa(see Figs. 2 and 4), the phase difference
approaches π for small VPLC, in this case, the two cells
exhibit anti-phase synchronized states (APSS). How-
ever, for larger VPLC the phase difference decrease to
0 sharply, hence the two cells locked in-phase Ca2+ os-
cillations. One can observe the region of APSS is en-
larged for bigger γIP. However, if the gap junctional
coupling of Ca2+ diffusion is considered (see Fig. 5),
although it is smaller than IP3 diffusion, APSS region
shrinks quickly due to the fast Ca2+ diffusion effect.

Fig. 5. Phase diagrams in VPLC-γIP plane for different
γCa in the two coupled hepatocytes.

In conclusion, we have theoretically investigated
the synchronized behaviour of Ca2+ oscillations in
a pair of hepatocytes. It is shown that compara-
tively low extracellular stimulation that is close to
Hopf bifurcation is necessary for the occurrence of
anti-phase synchronization. Gap junction to IP3, on
the other hand, is effective in anti-phase oscillations,
while gap junction to Ca2+ destroys this synchroniza-
tion. Our conclusions are highlighted in the context of
anti-phase Ca2+ oscillations. To our knowledge, there

have been few reports on anti-phase synchronization of
calcium oscillations in theoretical work.[20] However,
recent experimental results have exhibited that anti-
phase synchronization of calcium oscillations does in-
deed exist.[22] Anti-phase Ca2+ oscillations may reveal
an alternative approach of intercellular calcium sig-
nal transmissions in biological systems. In this study,
our simulation only gives a possible way of controlling
synchronous effects in the coupled system. We hope
that our findings can not only contribute to the un-
derstanding of the synchronous mechanism of intercel-
lular calcium signalling, but also arouse new interest
of scientists in associated fields. Further experimental
and theoretical work will be helpful to future research.
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