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Verification and Calculation of Negative Refractive Indices of a Meta-Material by
Numerical Method *
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The verification and calculation of the negative refractive index of a meta-material is carried out by the finite-

difference time-domain method. A slab and a prism of the meta-material are simulated. A genuine plane wave is

generated by a two-direction periodic boundary condition (PBC) in the slab model. Based on an advanced phase

extraction technique, the negative refractive index of the meta-material is verified by phase velocity measurement

in the slab and prism measurement. From our results, not only the phenomenon of backward phase propagation

but also the negative refraction is clearly observed. The index is also calculated precisely. The results from the

two models are consistent.

PACS: 78.20. Ci, 41. 20. Jb, 42. 70. Qs

In recent years, the study of meta-materials with
negative permittivity and permeability has become a
quite popular topic due to the realization of artificial
arrangement of rods and split-ring resonators (SRRs).
In 1968, Veselagol!! predicted that the electromag-
netic wave propagation in a medium with simultane-
ous negative permittivity and permeability should give
rise to several peculiar characteristics such as a neg-
ative refractive index, a reversed Doppler effect, and
a reversed Cerenkov radiation. From 1996 to 1999,
Pendry et al.2=4 proposed an artificial system made
of periodically interspaced conducting nonmagnetic
split ring resonators (SRRs) and continuous metal-
lic wires, which exhibits negative effective permeabil-
ity and permittivity. Several experiments and sim-
ulations have been carried out to study the proper-
ties of meta-materials.5=15] Moss et al.'® studied the
meta-material with the finite-difference time-domain
(FDTD) method according to the experimental setup,
in which the meta-material was restricted to two par-
allel PEC (Perfect Electrically Conducting) plates.

In this Letter, a more effective and accurate FDTD
method is used to study the negative index of a meta-
material. The two-direction periodic boundary condi-
tion (PBC)[17] is applied to generate the genuine plane
wave, which makes the model of incident waves more
precise. By extracting the phase from the simulated
field pattern, the phase velocity and the direction of
the wave front propagation can be obtained. Then,
the refractive index of the meta-material is calculated
by measuring the phase velocity in the slab model and
by measuring the direction of wave front leaving the
interface of the meta-material and air. The results
from the two methods are consistent.

In this study, two models of the meta-material, i.e.
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a slab and a prism, are simulated. The FDTD com-
putational domain and their boundary condition are
shown in Figs.1 and 2.

In the model of a slab (Fig.1), the PBC is ap-
plied in the y and z directions. That is, the slab is
infinitely long in the two directions. Accordingly, the
current sheet (indicated by the dashed line in Fig. 1)
generates the genuine plane wave, which makes the
model of incident waves more precise. This satisfies
the conditions of Pendry’s models.2~4 In the « direc-
tion, perfectly matched layers (PMLs)['®! are applied
to absorb the waves travelling outward. In the model
of a prism (Fig. 2), the PBC is only applied in the z di-
rection and the computational domain is surrounded
by PMLs in the z and y directions.

The meta-material structure composed of periodic
arrangement of rods and split ring resonators (SRRs)
is chosen for study. The dimension of the meta-
material unit is illustrated in Fig. 3. The discretization
size is 0.25 mm and the time step is 3.85x10™% ns. The
structure contains 300 x 20 x 16 cells in the slab model
and 480 x 420 x 16 cells in the prism model. The PMLs
are in thickness of eight cells in both the models. Two
types of the meta-material are studied in this work.
For type 1, the structure is shown in Fig.3 with the
substrate ¢ = 1.0, which means that the space sur-
rounding the metal structures is filled of air. For type
2, the structure is shown in Fig.3 with the substrate
€ = 2.1, which means that the 1-mm-thick Teflon is
located between the rod and the SRR.
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Fig. 3. Structure of the meta-material unit in our
simulation.

The lattice constant is 5 mm. The SRRs and rods
are modelled as the PEC material in the standard
fashion by setting the tangential electric fields to zero.

In the FDTD simulation, if the incident wave is
dependent on time in a sine form, the calculated field
can reach a steady state in a later time step. Then the
electric field in time ¢t and position » can be expressed
as E.(t,r) = Eo(r) cos[po(r) — wt]. The electric field

at two different time t; and t5 are expressed by

E.(t1,7) = Ey(r) cos|wty — ¢o(r)], (1)
Ez(tg,’l") = EO(’P) COS[wtg — ¢0(T)] (2)

Vol. 22
Formula (2) can be written as
E,(ta,r) = Eo(r) cos|wty — ¢o(r)]
= Eqy(7) coswt; — ¢o(r) + wAt]
=E., (t1,r) cos(wAt) — Eo(r)
-sinfwty — ¢o(7)] sin(wAt), (3)

where At =ty —t; (At is chosen approximately to be

T/4 in the phase extraction). We can obtain

E.(ty,7)cos(wAt) — E,(ta,r)
sin(wAt) '

Eo(r) sinwt; —¢o(r)] =
(4)

From Egs. (1) and (4), the expression for phase reads
¢(r,t1) =wty — ¢o(r)
E.(t1,r) cos(wAt) — E,(t2,7)
sin(wAt)E, (t1,r)

= arctan

(5)

At this point, the phase of E, at arbitrary point
7 at time t; can be extracted by the simulated field
pattern according to Eq. (5). Then, the phase veloc-
ity v, and the direction of the wave front propagation
can be obtained. The total time is divided into 40000
steps in our simulation.

The frequency band in which the meta-material
exhibits simultaneously negative permittivity and per-
meability is determined by using a wideband pulse in-
cident source, in the model as shown in Fig.1. In
our simulation, the first derivative of a Blackman—
Harris!'® pulse is added as the source. The frequency
band can be obtained by analysing the spectrum of
the transmitted signal. Figure 4 shows the calculated
results of normalized transmitted power in types 1
and 2. It is found that a narrow passband exists be-
tween 12.3 GHz and 12.8 GHz for type 1 and between
10.0 GHz and 10.5 GHz for type 2. In both the pass-
bands, the backward wave property exists, which is
verified in the phase measurement and in the prism
measurement.

Normalized transmitted power (dB)
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Fig. 4. Normalized transmitted power in types 1 and 2.

In the narrow passband, the electric field value
through the centre of the type-1 meta-material at
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12.468 GHz is shown in Fig.5, and of the type-2
meta-material at 10.13 GHz is shown in Fig.6. From
Figs.5 and 6, it is obvious that the phase veloc-
ity in the meta-material area is backward while for-
ward in the air area. The field in the region of
20 mm<distance<57.5 mm contains both the incident
field and the reflected field. Hence the slope in this
region is nonlinear while it is linear in the region of
distance>132.5 mm and distance<20 mm. The wave
front movement inside the meta-material is illustrated
clearly, which can not be observed in experiment.
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Fig. 6. Electric field value through the type-2 meta-

material at 10.13 GHz.

Another effective method to verify the property
of meta-material is to measure the direction of the
wave front leaving the interface of the prism. For
comparison, a prism of homogeneous dielectric Teflon
(e, = 2.1) is simulated. A staircased approximation
of the @ = 18.4° interface is used to model the Teflon
prism. Figure 7 shows the electric field pattern in the
calculation domain.

In order to build a meta-material prism, we again
use a coarse staircasing approximation with the meta-
material unit cells (Fig.3). To build the o = 18.4°
interface, we use three SRRs in the y axis for every
single SRR in the x axis. The electric fields are shown

in Figs.8 and 9 for the prism made of types 1 and 2,
respectively. From Figs.7-9, it is found that the re-
fractive wave leaving the interface between the air and
Teflon is bent towards the other side of the normal,
while the one leaving the interface between the meta-
material and the air is bent towards the same side of
the normal.
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Fig. 7. Electric field value through the prism of Teflon.
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Fig. 8. Electric field value through the type-1 prism at
12.468 GHz.
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Fig. 9. Electric field value through the type-2 prism at
10.13 GHz.
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Fig. 10. Snell’s law in the prism measurement.

T T T T d/
—0.6 . ’0/ J
oY
/Q’/
—0.81 o —
5 &
E o
Ry r°d 1
S o
ﬁ —1.9] /Q/ —o—Phase measurement |
] . - 0- Prism measurement
& 4
14129 ]
o
1o j
L — 1 T T T _ T
12.2 12.3 124 12.5 12.6

Frequency (GHz)

Fig.11. Calculated index as a function of frequency of
type 1.
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Fig.12. Calculated index as a function of frequency of
type 2.

The refractive index can be obtained by n = ¢/v,
or by the refraction angle. Using Snell’s law we have
sin 3
sin «
angle between the incident ray and the normal, 3 is
the angle between the refracted ray and the normal.
If the incident ray and the refracted ray are on the
same side of the normal, we can obtain p = —1; oth-

(as shown in Fig.10), where o is the

erwise p = 1. By using different frequency sine wave
sources, the refractive index versus the frequency is
calculated by the phase measurement and the prism
measurement. The results are illustrated in Fig. 11 for
type 1 and Fig. 12 for type 2.

In summary, phase measurement and prism mea-
surement based on the FDTD method have been ap-
plied to determine the negative refractive index. The
genuine plane wave is generated by a two-dimensional
PBC to make the model of incident waves more pre-
cise than previous experimental setups. The back-
ward phase movement in the meta-material is ob-
served clearly. The refractive wave leaving the inter-
face between the air and the meta-material is bent
on the same side of the normal. The refractive in-
dex can be calculated with Snell’s law in the prism
measurement and with phase extraction in a slab of
the meta-material. The results from the two methods
are consistent. The two-dimensional PBC and phase
extraction technique, which cannot be realized in ex-
periment, are effective tools to study the composite
meta-materials composed of rods and SRRs.
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