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Concurrence and Wigner—Yanase Skew Information *
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A measure of entanglement on n qubits is defined in terms of Wigner—Yanase skew information. It is shown that
the measure coincides essentially with the concurrence on two qubits. This uncovers the information-theoretic

meaning of the concurrence of entangled states.
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As is well known, entangled states have become a
key concept in quantum mechanics nowadays. On the
other hand, from a practical point of view, entangled
states have found numerous applications in quantum
information.[!! Consequently, quantification of entan-
glement is necessary to understand and to develop the
quantum information theory. There have been estab-
lished various entanglement measures, including the
entanglement of formation,!? the relative entropy of
entanglement,®! the concurrence,!¥ the logarithm of
the negativity,[5] Schmidt measure,®!, and so on.l”l No
equally versatile and computationally manageable en-
tanglement measure for mixed state is available so far,
although those measures have been proposed. How-
ever, there is an elegant formula for two qubits in
terms of the concurrence,!* which has received much
attention recently. %]

In this Letter, we present a measure of quantum
entanglement based on Wigner—Yanase skew informa-
tion, which is shown to coincide essentially with the
concurrence on two qubits. In the study of measure-
ment theory,!®) Wigner and Yanasel'® introduced the
following quantity from an information-theoretic point
of view

I(p,4) = —telp?, AT, (1)

where p is a state and A an observable of a quantum
system. This quantity I(p, A) is called the Wigner—
Yanase skew information. It is the amount of infor-
mation on the values of observables not commuting
with (being skew to) A. They proved that this quan-
tity satisfies the requirements that an expression for
the information content should satisfy, among which
two basic ones are described as follows.

(a) When two different ensembles are united, the
skew information decreases. Phrased mathematically,

I(p, A) is a convex function in p—if p; and pg are both
density operators, then

I(apy + Bp2, A) < al(p1,A) + BI(p2, A),  (2)

where a + 3 =1 for o, 3 > 0.

(b) The skew information content of the union of
two independent systems is the sum of the skew in-
formation content of the individuals; namely, let p;
and ps be two states of the first and second systems,
respectively, and A; and A the corresponding local
observables; then

I(p1®@p2, A1 ®1+10Az) = I(p1, A1) +1(p2, A2). (3)

The equality (3) can be extended to several indepen-
dent systems.

There are some earlier works concerning the
Wigner—Yanase skew information. These constitute
the celebrated Wigner—Araki—Yanase theorem, which
puts a limitation on the measurement of observables in
the presence of a conserved quantity,!!] and was fur-
ther investigated by many authors.['2/ Recently, Luo
and Zhang!'®! revealed that the Wigner-Yanase skew
information can be regarded as the quantum analog
of the Fisher information in the theory of statistical
estimation and can be used to establish some results
concerning the characterizations of uncertainty rela-
tions and measures of entangled states. Moreover, a
Bell-type inequality of Wigner—Yanase skew informa-
tion was proposed in Ref.[14], which gave a hierar-
chic classification of all states of multipartite quan-
tum systems from separable to fully entangled states.
Here we present a measure of entanglement in terms
of Wigner—Yanase skew information.
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First of all, note that the Wigner—Yanase skew in-
formation can be rewritten as

I(p, A) = trpA% — trp/2 Ap'/2A. (4)
In particular, if p = |¢)(¢| is a pure state, then
1), 4) = W1A%9) — WA, (5)
From Egs. (2) and (5) one can conclude
I(pA) <1 (6)

for each spin observable A (A% = 1) in all states p.

Now, consider a system of n spin-— particles and

assume that a local spin observable is measured on
each particle, and hence there are the corresponding
n local spin observables Ai,---,A,. Since separable
states are written as a convex sum over the states
P1® - ® pn, and by Egs. (3) and (6), one has

I(Pl®"‘®ﬂn;A1+"'+An):ZI(pj)Aj) <n,

j=1
it is concluded from Eq. (2) that
I(p, A1+ + An) < (7)

for all separable states p of the n particles. (We write
Ay, -, as shorthand for 4;®1®---®1.) The inequal-
ity (7) is a Bell-type inequality in terms of Wigner—
Yanase skew information, which can be violated by en-
tangled states. Roughly speaking, the more entangled
the larger the violation value of Eq. (7), which means
that it is easier to measure an observable not commut-
ing with local spin observables on entangled states,
thus corresponding to larger skew information. This
directly uncovers the information-theoretic meaning
of entangled states.[!4

Now, we turn to the problem of how to quantify
entanglement by using Wigner—Yanase skew informa-

tion. We Define
I(p) = supI(p, A1 + -+ Ay), (8)

where the supremum is taken over all the local spin ob-
servables Aq, - -, A,. According to the physical mean-
ing of Wigner—Yanase skew information, the quantity
I(p) is the greatest amount of information on the val-
ues of observables not commuting with (being skew
to) local spin observables we can obtain on the state
p. Hence, I(p) can be regarded as the nonlocal skew
information of p. As shown in Ref.[14], the larger
the nonlocal skew information, the more entangled
or the less separable is the state. This means that
we can obtain more information of some nonlocal ob-
servables on entangled states than those on separable
ones. In this sense, we may regard entangled states
as an information-theoretic concept. In particular, by
using the nonlocal skew information of states of mul-
tipartite systems we obtain an entanglement measure
as follows.

The Wigner—Yanase measure of entanglement is
now defined as

Ewy ([9)(¢]) = max{I(|$)(¢]) —n,0}  (9)

1
for pure states of n spin—i particles. Once Ewy is

defined for pure states, one can extend the definition
to the full state space in a natural way. This is carried
out by using a convex roof construction:[?! For a state
p of n particles, let

Ewy(p) = min Z XiEwy (|i) (i), (10)

where the minimum is taken over all the possible
convex combinations in the form p = Y, As|v;) (¢
in terms of pure states [11){1], |t2){(¢2],..., with
0< A <1lforalliand ), \;=1.

For each separable pure state |¢1)---|,), it is
easy to check that I(|¢1)---|¢,)) = n. This con-
cludes that Ewy > 0, and Ewy(p) = 0 if p is a
separable state. On the other hand, as shown in
Ref. [14] that I(p) < n? and I(p) = n? if and only
if p = |GHZ){(GHZ|, one has Ewy < n(n — 1), and
Ewy(p) = n(n — 1) if and only if p = |GHZ)(GHZ|.
Thus, the Wigner—Yanase measure quantifies the max-
imally entangled states.

Now, we compute the Wigner—Yanase measure of
two qubits. For a pure state |¢) of two qubits we can
write by the Schmidt decomposition theorem

) = plé)Ix1) + qld2)[x2), (11)
where p and ¢ are two nonnegative numbers satisfying

PP+ =1 and {|én),|62)} and {}x1), [xa)} are or-
thonormal bases in the two-dimensional Hilbert spaces
Hi and Hs of the two particles, respectively. Now,
choose a representation for the first particle such that
|¢1) = |0)1,]p2) = |1)1, in the 2; direction, and sim-
ilarly, |x1) = |0)2,|x2) = |1)2, in the zo direction.
Then, a simple computation yields that

I([4), 05 + 037) = 2 + 4pg. (12)
On the other hand, for two generic local spin ob-
servables A; = a -0y and Ay = b 0y with a,b € R®
and |a| = |b] = 1, we have
I(|’(/}>, A1 + Ag) = 2 —|— 4pq(a1b1 — azbg) + 2a3b3
— (P* = ¢*)*(as + b3)* <2+ 4pq.
Therefore, I(|¢)) = 2 + 4pgq. Consequently,

Ewy ([)(]) = 4pg = 2C(|¢)), (13)

thus, for a generic state p of two qubits
Ewy (p) = 2C(p), (14)
4]

where C(p) is the concurrence of entangled states.|
This concludes that the concurrence coincides with
the Wigner—Yanase measure on two qubits and,
the Wigner—Yanase measure extends the concurrence
from two qubits to n qubits. Since the Wigner—Yanase
measure is defined from an information-theoretic point
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of view, we reveal the information-theoretic meaning
of the concurrence.

We now turn to our measure to see how good
it is to quantify the entanglement of the generalized
GHZ states of n qubits (n > 3) ) = «|0™) 4+ B|1™),
where a,8 > 0, and o? + 2 = 1. Write A; =
ajlai —I—ajzaz —|—aj30£, where a; = (ajl, a;2, a]'3) e R3
are all unit vectors. Note that

I(|Y), A+ -+ A,) =n+2 Z ai3a;s3
1<i<j<n

n

- (O‘2 - ﬂz)z(zai3)2.

i=1
2
Since (n — 1)(2?:1 aig) > 221§i<j§n a;30;3, one
has
I(Y), Av+ -+ A,) <n

+ {1 _ nil(az _ﬂz)z}n(n_ ),
I(j§), 0L+ +07)=n
+ [17 n’zl(az 7ﬂ2)2}n(n7 ),

() =n+[1- =
By (1)) = max {[1 -

—(a? - ﬁz)z}n(n —1),
(a? — ,@2)2}n(n - 1),0}.

n—1
(15)
It is concluded that whenever
1 n—1
2(1- ) 16
a.8>1/5( - (16)

our measure can quantify the entanglement of the gen-
eralized GHZ states.

In recent years, various versions of concurrence for
multipartite systems have been demonstrated (e.g.,
see Refs. [15-18] and references herein). So far, how-
ever no complete construction of concurrence has been
presented for three or more qubits systems, there are
only partial results. Our measure of quantum entan-
glement based on Wigner—Yanase skew information,
which is shown to coincide essentially with the con-
currence on two qubits, can also be regarded as an
extension of the concurrence from two qubits to n
qubits, which reveals the information-theoretic mean-
ing of the concurrence. Indeed, according to the phys-
ical meaning of the Wigner—Yanase skew information,
the Wigner—Yanase measure FEwy (p) is essentially the
greatest amount of information on the values of ob-
servables not commuting with (being skew to) local
spin observables we can obtain on the state p. Ewy (p)
is the nonlocal skew information of entangled states, as
we can obtain more information of some nonlocal ob-
servables on entangled states than on separable ones.

Nowadays, it has been recognized that most phys-
ical processes in nature can be formulated in terms
of processing of information, and information may be

central to understanding quantum theory.!'®! The no-
tion of the Wigner—Yanase skew information quanti-
fies the amount of information on the values of ob-
servables being skew to other ones,[''2] and has been
used to establish some results concerning the char-
acterizations of uncertainty relations and measures of
entangled states.!1?!
siderable light on relationships between quantum en-

Our results furthermore shed con-

tanglement and information theory in terms of the
Wigner—Yanase measure of entanglement. We ex-
pect that, similarly to the concurrence,!* the Wigner—
Yanase measure and its various ramifications will play
an important role in quantum information.!!!
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