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We solve a set of basic equations describing black hole accretion flows using the standard Runge—Kutta method

and a bridging formula for the radiative cooling, and show that a smooth transition from a Shakura—Sunyaev disc
to an advection-dominated accretion flow is realizable for the high-viscosity case, without the need of involving

any extra mechanism of energy transport.

PACS: 97.60. Lf, 98.62. Mw, 95. 30. Gv

The most famous model of accretion discs is
the Shakura-Sunyaev disc (SSD).[! Since the SSD
was constructed in 1973, the most important break-
through in the field of accretion disc theory has been
the proposal of advection-dominated accretion flow
(ADAF).[23] The SSD and the ADAF appear to be
adequate to describe the outer and the inner region
of black hole accretion flows, respectively, and a phe-
nomenological SSD+ADAF model has been quite suc-
cessfully applied to black hole x-ray binaries and galac-
tic nuclei (see Ref. [4] for a review). From the physical
point of view, however, the question remains whether
(and how) an outer SSD can match an inner ADAF.

There have been basically three classes of answers
to this question. In Refs.[5,6] the authors gave nega-
tive answers, arguing that a smooth transition from an
SSD to an ADAF was not possible. Whereas their con-
clusions were under some certain conditions: Ref. [5]
considered only the low-viscosity case (with the vis-
cosity parameter o ~ 0.1); and Ref. [6] referred only
to the plain ADAF, i.e., that with zero cooling. The
second class of answers, on the other hand, is positive.
A number of authors showed that the SSD-ADAF
transition was realizable if an extra heat flux caused
by thermal conduction was invoked either in the ra-
dial direction,[”=% or in the vertical direction.[0:11]
The cost of this class of answers is, in our opinion,
the involvement of an additional mechanism of en-
ergy transport, and in particular, the introduction
of a new unknown parameter apr to measure thermal
conduction.® The third answer was in Refs.[12-14],
the authors suggested that the thermal instability of
a radiation pressure-supported SSD could trigger the
flow to jump from the SSD state to the ADAF state.
This answer is also a positive one, but without involv-
ing any extra mechanism of energy transport.

In this Letter, we present our answer to the ques-
tion of SSD-ADAF transition. We demonstrate that
such a transition in a smooth way is possible for
flows with large values of a (different from the case

of Ref.[5]) and non-zero radiative cooling (different
from the case of Ref. [6]). We do not involve any ex-
tra energy transport mechanism such as conduction,
and this is different from the above-mentioned second
class of answers, and is similar to the third answer.
We discuss the relation between our results here and
those of Refs. [12-14] in detail.

We consider steady-state axisymmetric accretion
flows and adopt the set of governing equations which
is usually in the literature.

The mass conservation equation reads

M = —47RH pv, (1)

where M is the constant mass accretion rate; R is the
radius; H is the half-thickness of the flow; p is the
density of the accreted gas; and v is the radial veloc-
ity.

The radial momentum equation

dv 9 9 1dp

where 2 is the angular velocity of the gas; 2k
is the Keplerian angular velocity, and 22 =
GM/(R — R,)?R in the well known Paczyniski-Wiita
potential,'® with M being the mass of the central
black hole, and R, being the gravitational radius; and
p is the pressure.

The vertical equilibrium equation

H = CS/‘QK7 (3)

where ¢, is the isothermal sound speed of the gas, de-
fined as ¢? = p/p.
The angular momentum equation

A0 v2k(QR? - j) W
dRrR aR?c2 ’

where j is an integration constant that represents the
specific angular momentum accreted by the black hole.
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The energy equation

Qvis = Qadv + Qrad (5)

needs some more explanations. In this equation Qyis
is the viscous heating rate,

)

Qvis = 20zcspH2R2 (%) ’.

Q.4v 1s the advective cooling rate,

p de zdp)

Qadv:2H0<7—1dR ~S%4R

where v is a constant adiabatic index; the radiative
cooling rate Q..q is calculated using a bridging for-
mula which is valid in both optically thick and opti-
cally thin regimes,®!

3 8o\ —1
Qrad :80T4<_T+\/§+ o ) )
2 Qbr

where T is the temperature, 7 is the total (elec-
tion scattering plus absorption) optical depth, 7 =
Tes + Tabs = (0.34cm?g™1)pH + Qy,,/80T*, and the
bremsstrahlung cooling Qy, is expressed as Qp, =
1.24 x 10*' Hp*T"/? ergs-s—!-.cm—2.1%]

Finally, the equation of state is needed to close the
system of equations,

P =g+ Pr = 2R0T + Quaa (7 +2/V3) /4. (6)

There are eight equations [Egs. (1)—(6) plus the
definition p = pc? and the expression of 7] for eight un-
known variables v, 2, ¢, H, p,p, T and 7 as functions
of R, with M, M, a, 7, and v being the given param-
eters. We use the standard Runge-Kutta method to
solve a set of three differential Egs. (2), (4), and (5)
for three unknown v, §2, and c5, and then obtain other
variables from the remaining algebraic equations. We
integrate the three differential equations from a given
sonic point R, (where the radial velocity is equal to the
sound speed) both inward and outward. The deriva-
tives dv/dR, df2/dR, and des/dR at R, which are
needed to start the integration, are evaluated by ap-
plying the I’Ho6pital rule. The inward, supersonic part
of the solution extends to the inner boundary of the
flow, i.e., to a radius R;, where the no-torque condi-
tion df2/dR = 0 (i.e. 2R? = j) is satisfied. More
important for our purpose here is the outward, sub-
sonic part of the solution. It should be stressed that
we do not specify any ad hoc outer boundary con-
ditions. We just observe if and where the outward
solution can experience a smooth transition from the
ADAF state to the SSD state.

We now present our numerical results. Figure
1 shows an example of global solution of accretion
flow, i.e., the flow quantities as functions of R, with

the given parameters v = 1.5, = 0.7, m = 0.1
(m = M/MEdd, with Mgaq being the Eddington ac-
cretion rate), j = 0.717 (cR,), and Ry = 3.86 R,. In
Fig.1(a) the solid line and the dashed line denote the
radial velocity v and the sound speed cg, respectively;
and the crossing point of the two lines is the sonic
point. It is seen that the radial motion is transonic
for the inner part of the flow, and is highly subsonic
for the outer part. Figure 1(b) shows the angular mo-
mentum [ (= 2R2, the solid line) in comparison with
the Keplerian angular momentum lx (= 2x R?, the
dashed line), implying that the rotating motion of the
flow is sub-Keplerian for the inner part, and is essen-
tially Keplerian for the outer part. Figure 1(c) draws
the relative flow thickness H/R, which changes from
~ 0.4 (relatively thick) to ~ 0.1 (relatively thin) as R
increases. Figure 1(d) is for the optical depth 7, again
with increasing R, the flow becomes from being opti-
cally thin (7 < 1) to being optically thick (7 > 1). In
Fig. 1(e), which is for the advection factor Q.dv/Qvis,
one sees that the value of this factor is ~ 1 (advection-
dominated) for the inner part of the flow, and de-
creases dramatically with increasing R, and reaches
zero finally (radiative cooling-dominated). Noticing
that SSD has the following properties: subsonic ra-
dial motion, Keplerian rotating, being geometrically
thin and optically thick, and with radiation as the
dominant cooling mechanism, while ADAF is charac-
terized by transonic radial motion, sub-Keplerian ro-
tating, being geometrically thick, optically thin, and
of course, advection-dominated, we conclude that the
global solution of Fig.1 does contain a smooth SSD-
ADAF transition. We also note from Fig.1 that the
transition occurs gradually in a radial region, rather
than suddenly at a single radius. It is seen that it is
difficult to determine a unique transition radius Ry,
as suggested in the phenomenological SSD+ADAF
model (e.g. Ref.[4]): if Ry, is defined as the radius
where [ = [k, then it is nearly 25 R, (Fig.1b); if it
is defined so that 7 = 1 there, then it is about 12 R,
[Fig.1(d)]. In the solution of Fig.1 the transition re-
gion ranges from ~ 10 to ~ 25 R,.

We have shown that a smooth SSD-ADAF tran-
sition is realizable for black hole accretion flows with
high viscosity (a = 0.7 in Fig.1) and non-zero radia-
tive cooling. Our argument is simple and naive. The
equations we solve and the numerical method we use
are usual. We do not introduce any extra energy trans-
port mechanism such as thermal conduction. Perhaps
the only tool somewhat special here is the bridging
formula expressing the radiative cooling Q..q, which
we need to join the optically thick regime to the opti-
cally thin regime of the flow.

What is really of importance in obtaining our re-
sults is use of the Runge—Kutta method. In the litera-
ture, three numerical methods are often used to solve



No. 7 LIN Yi-Qing et al. 1181
0-0 T L T ¥ T L T T T L
Keplerian angular (b) 0.4 (C) i
momentum [, = 2 R? ’,/'
= .
—0.8} & 7 1
\\; ’ y 0.3 7
ot . S s
S \ &
—1.6} < [ |
= Angular momentum 0.2 i
| = 0R?
1r 8 \/
—24F !
! L ! 1 01 L " L 1 1
0 0 5 10 15 20 25 0 5 10 15 20 25
R/Ry R/Ry R/Ry
6 T T T T X 1.2 T T T T v T T T T
(d) (e)
//\ T
4+ /’/ - 0.8+ \ 4
// : |
. / e \
/ 3 \
/ 3 \
2+ / . C 04f \ -
] \
G \
0 1 1 1 1 0.0 ! 1 1 !
0 5 10 15 20 25 0 5 10 15 20 25
R/Ry R/ Ry

Fig. 1. A global solution with a smooth SSD-ADAF transition for (a) the radial variations of the radial velocity v and the
sound speed cs, (b) the angular momentum [, (c) the relative thickness H/R, (d) the optical depth 7, and (e) the advection

factor Qadv/Qvis-

ordinary differential equations, namely the relaxation
method, the shooting method, and the Runge—Kutta
method. In principle, the solution obtained should
not be related to the numerical method, but different
methods suit solving different problems. An ADAF
on to a black hole has three boundaries:
boundary, the sonic point, and the outer boundary.
The supersonic motion of the flow between the in-
ner boundary and the sonic point is not much related
to the problem of SSD-ADAF transition.
to give a solution for the subsonic flow between the
sonic point and the outer boundary, the relaxation and
the shooting method each require both the sonic point
condition and the outer boundary condition, and the
authors using these methods imposed the SSD proper-
ties (Keplerian rotating, radiation-dominated, etc.) as
the outer boundary condition of ADAF (e.g. Ref. [8]).
This might take some risk, in the sense that the so-
lution containing the SSD-ADAF transition obtained
this way could be a mathematically forced one, be-
cause the outer boundary of ADAF had been fixed to
be in a state corresponding to an SSD. The Runge—
Kutta method, on the other hand, requires only one
boundary condition, and is adequate for the problem
we address here. We do not know a priori what the

the inner

In order

outer boundary condition of ADAF ought to be, so we
do not specify any; but we know for sure that black
hole accretion must be transonic, so we use the Runge—
Kutta method to integrate the equations starting from
the sonic point, and observe how the solution behaves
as R increases. For wrong choices of the sonic point
condition and the given constant parameters, the out-
ward ADAF solution does not match an SSD solution,
then we try again until a correct choice is made and
the ADAF has an asymptotic approach to an SSD.
The payment for using the Runge—Kutta method is
that not only the variables themselves at the sonic
point, but also their derivatives there must be sup-
plied in order to start the integration, the calculations
are troublesome, though still straightforward.

Finally, let us comment on the relation between
our results here and the third answer to the question
of SSD-ADAF transition mentioned in introduction.
In Ref.[12] authors suggested firstly that for large
a ~ 1 the thermal instability of radiation pressure-
supported SSD could trigger the SSD-ADAF transi-
tion. They made time evolutionary calculations and
obtained very interesting results: because of the dom-
inance of radiation pressure, the SSD becomes unsta-
ble at a radius (~ 3.5 R, in their example solution,
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see their Figs.2 and 3), and the outer stable parts of
the flow are disturbed and evolve towards the ADAF
state; this outward propagating disturbance damps
and stops at a large radius (~ 160 R,), then a tran-
sition backward to the SSD state starts from that ra-
dius, and propagates inward until ~ 5 R, (it is larger
than the original instability radius ~ 3.5 R,); finally,
a two-phased flow structure really becomes persistent,
i.e. the flow stays in the ADAF state inside the tran-
sition radius Ry, ~ 5 Ry, and in the SSD state outside
it. Later, Refs. [13,14] made a somewhat more exten-
sive study on the mechanism of thermal instability-
triggered SSD-ADAF transition, giving an a-m pa-
rameter diagram in which the region allowing the SSD-
ADAF transition is clearly seen. Both Refs.[13,14]
and the present paper are for stationary flows, so if
the work of Refs. [13,14] corresponds to the first step
of time evolutionary calculations of Ref.[12], i.e., it
proves the cause of SSD-ADAF transition and shows
how to determine the original instability radius where
the transition starts to occur, then our work here cor-
responds to the final stage of evolutionary sequence of
Ref. [12], i.e., it demonstrates that a stable two-phased
flow can form and exist. Nevertheless, according to

our results, the SSD-ADAF transition occurs in a ra-
dial region, rather than at a single radius, and this
point was not addressed by Ref. [12].
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