CHIN.PHYS.LETT.

Vol. 19, No. 8 (2002) 1031

Synchronization of Uncertain Time Delay Chaotic Systems using the Adaptive
Fuzzy Method

GUAN Xin-Ping(3=#*F), HUA Chang-Chun(#£K-3§)
Institute of Electrical Engineering, Yanshan University, Qinghuangdao 066004

(Received 17 March 2002)

We consider the synchronization problem of a class of first-order differential-delay chaotic systems. We utilize
time-delay fuzzy logic systems to approximate continuous nonlinear time-delay functions, so that the precise

mathematical model need not be known. Adopting the adaptive fuzzy control method, we construct a class of
state feedback controllers which can render the closed-loop error systems to be asymptotically stable. We carry

out simulations of synchronizing Mackey—Glass and logistic chaotic systems, and the results are reasonable.

PACS: 02.30. Yy, 05.45. Gg, 05.45. Xt, 05.45.-b

Chaos has been extensively studied in the scien-
tific, engineering and mathematical communities for
Recently, the traditional trend of
analysing and understanding chaos has evolved to a
new situation of investigating, controlling and utiliz-
ing chaos. Many results have been obtained on chaos
(1,2.11] and chaos synchronization. 813l

three decades.

control

The synchronization problem of chaotic systems
was first investigated by Pecora et al.3] For its suc-
cessful applications to secure communications, syn-
chronization of chaotic systems has been extensively
investigated over the past few years. In Ref.[7] an
adaptive control method has been adopted for syn-
chronization. Based on nonlinear H, theory, Suykens
et al.l8] proposed the master—slave H,, synchroniza-
tion for chaotic Lurie systems. Employing a backstep-
ping method, Wang et al.['3] considered the synchro-
nization of a class of nonlinear chaotic systems in the
strict-feedback form. In most of the literature inves-
tigating the synchronization problem of chaotic sys-
tems, low-dimensional systems are often considered,
such as Lorenz systems and Rossler systems.
ever, it is well known that low-dimensional chaotic sig-
nals can easily be detected, so they are not desirable
for applications to secret communications. Time-delay
chaotic systems are infinite-dimensional and have fi-
nite high-dimensional hyperchaotic attractors, which
can present low detectability and high safety for ap-
plications to secure communication.

How-

In this Letter, we investigate the synchronization
problem of time-delay chaotic systems. Consider-
ing that the structures and parameters of systems
are difficult to obtain, we need not know the precise
mathematical models of chaotic systems. Time-delay
fuzzy logic systems are used to approximate unknown
time-delay nonlinear functions. Based on the adap-
tive fuzzy method, state feedback controllers are con-
structed to render the synchronization of driving sys-
tems and response systems successfully.
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We consider the following class of time-delay
chaotic systems as driving systems

= —azx+ F(z(t — 7)), (1)

where € R, a is a scalar, and F(x(t — 7)) is a non-
linear function containing the time-delay state. Tian
et al.l'!! pointed out that if system (1) satisfies eight
conditions (C1-C8 in Ref. [11]), it may be chaotic, and
many time-delay chaotic systems investigated are in
the form of system (1).

Considering the  Mackey—Glass  time-delay
systern[12]
. kox(t — 7)
T 1$+1+xk3(t77_)7 ()

where k1, ks and k3 are the parameters. We know that
this belongs to the form of system (1). When parame-
ters k1, ko and k3 are properly selected, system (2) will
be chaotic. If ky = 20, k; = 40, ks = 10 and 7 = 0.2,
the delay function results in chaotic dynamics.['2] We
consider the following logistic delay function

= —Az + vyt — d)(1 - z(t - d)), (3)

which also belongs to the form of system (1). When
A =26,7 =104 and d = 0.5, system (3) is chaotic.
System (1) represents a large class of time-delay
chaotic systems. Here we investigate the synchroniza-
tion problem of system (1).
The response systems are as follows

Y= G(y) + u, (4)

where G(y) is unknown.
For driving system (1) and response system (4),
the synchronization problem is formulated as follows.
Problem: Design the controller u to render

y—x, as t— o0,
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when a, F(z(t — 7)) and G(y) are unknown.

Before giving our main results, we present some
details of fuzzy logic systems. Fuzzy logic systems,
which are constructed from the fuzzy IF-THEN rules
using specific inference, fuzzification and defuzzifica-
tion strategies, are universal approximations from the
point of view of human experts. They can uniformly
approximate nonlinear continuous functions to arbi-
trary accuracy.[!”) Thus, linguistic information from
human experts can be directly incorporated into con-
trollers.

A fuzzy system is a collection of fuzzy IF-THEN
rules of the form:

RY . TF z is A’
THEN y is BY. (5)
By using the strategy of centre-average defuzzifi-

cation, singleton fuzzification and product inference,
the output of the fuzzy system is

. .
Zj:l Y pai ()
1
Zj:l pas ()
where p4i(z) is the membership function of linguis-

tic variable z, and y/ is the point in R at which ug;
achieves its maximum value.

y(w) = ) (6)

By introducing the concept of the fuzzy basic func-
tion vector ¢(z), Eq. (6) can be rewritten as

y(z) = 07¢(2), (7)

where 6 = (y',--- ,yl)T,f(I) = (& (x),--- :gl(x))T
and &7 (z) is defined as

Hai (1‘) ) (8)

) @

Here we take the two universal fuzzy logic systems
Fi(z(t — 7),61) and Fy(y, ©3) with z(t — 7) € U,
and y € U, for some compact sets U, and Uy to ap-
proximate the uncertain terms F(z(t — 7)) and G(y),
where ©; and 65 contain the tunable parameters. We
construct the fuzzy rule bases of Fy(z(t —7), ©1) and
F5(y, ©3) consisting of rules:

Ry ¢ IF x is A7
THEN Fy(z, ©,) is F}.
Ry :IF z (t—d)is A7
THEN Fy(x(t — d), ©,) is FJ.
We construct the following fuzzy systems

Fl(x(t - d)v @1) = fol(x(t - d))v
Fy(y, 62) = 65 &(y),

where & (z(t — d)) and &»(y) are the fuzzy basis func-
tions. According to the universal approximation theo-
rem, there are optimal approximation parameters Of
and O3, so that & (z(t — d))T 65 and &(y)T O can
approximate F'(z(t — d)) and G(y) as well as possible.
07 and O3 are defined as follows

|Fi(z(t — 1), 61)

0] =arg min [ sup
1€0F; Ly(t—7)e,

- Fa(t - 7)),

63 =arg min | sup |B((y), 6) — Gy,
2€0r, Lycn,
where 2r,, {2r,, {2, and {2, denote the sets of suitable
bounds on 6, 05, x and y, respectively. We assume
that 0y, 03,  and y never reach the boundaries of 2, ,
2g,, 12, and §2,. The minimum approximation error
satisfies the following assumption.

Assumption 1: The approximation error between
F(a(t - 7)), G(y) and & (z(t — 7)) 6, &(y)" 65 can
satisfy the following inequality

|F(a(t — 7)) — &(2(t — 7)) 6F + G(y) — &2(y)" 65
<5, (9)

where 7§ is an unknown scalar. The two parameters
O7 and Oj can be learned by using the adaptive al-
gorithms.

We can obtain the error system from Egs. (1) and
(4) as follows

é=—ax+ F(z(t—7)) — G(y) — v, (10)

where e = x — y. The problem of designing controller
u to render y — x as t — oo becomes that of designing
a controller u such that e — 0 as t — oo.

If a, F(x(t—7)) and G(y) are known, the controller
can be chosen as follows

u=—ax + F(z(t — 7)) — G(y) + ke, (11)

where k > 0. Substituting Eq. (11) into Eq. (10), we
can obtain

é = —ke.
It is easy to see e — 0 for t — oo.

If a, F(z(t — 7)) and F(y) are unknown, there is
no existing method to solve this synchronization prob-
lem. Here we use the adaptive fuzzy method to solve
this kind of problem.

For system (10), we consider the following con-
troller

U =uy + u + ug, (12)
where uy,us and ug are as follows
u = —az +07& (a(t — d)) — 9T E(y),  (13)

uz = 1osign(e), (14)
uz = ksign(e). (15)
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Here, @, 19, 6 and ¢ are the adaptive parameters with
corresponding adaptive laws

a= —kiex, 1o = kalel,

0 =&zt —d), §=—T(y), (16)

where k; and ky are the positive scalars, and I} and
I’y are the positive matrices.

In the above controller, u; contains two fuzzy logic
systems used to approximate the unknown nonlinear
functions, and wy is used to compensate for the ap-
proximation error. Equation (15) further guarantees
that system (10) is asymptotically stable. Thus, we
have the following theorem.

Theorem 1: For system (10), the controllers (12)-
(16) render the error system asymptotically stable,
i.e.ast — o0, y = x.

Proof: For system (1), we define the following Lya-
punov function

V= %(62 + k1@ + ko2 + 0TI 10 + 97 T, 19), (17)
where @ =@ — a, o = 1§ — 1o, 6 = 0* -6, 9 =19 — 0"

The time derivative along the state trajectory of

system (10) is

V = eé + kyd@d + kaiiofy + 07T 10 + 97519, (18)
since we know that
eé =e(—ax + F(z(t — 7)) — G(y) — u). (19)
Substituting Eqgs. (12) and (13) into Eq. (19) yields

eé =e(d—a)z+ (9 — ") & (y)e
L0~ ) u(alt — d))e
+ (F(a(t — 7)) = 077 &1 (x(t - d))
+ 9T E(y) — G(y))e + (uz + ug)e.

(20)
From assumption 1, we further obtain
eé < eax + §T§1(w(t —d))e+ 5T§2(y)e
+molel + (uz + ug)e. (21)

Substituting Eqgs. (14)—(16) and (21) into Eq. (18), we
obtain

V < —kle|. (22)

From Eq. (22), we can obtain that the controllers (12)—
(16) can render the closed-loop error system asymp-
totically stable.

In particular, if the functions a, F(z(t — d)) and
G(y) in systems (1) and (4) are partially known,
the controller should be changed by using the known
parts. For example, if G(y) are known, then the con-
troller becomes

u=—ar+07¢ (2(t—d)) —G(y) +nesign(e) + ke (23)

with the corresponding adaptive law

7o = k2\€|,
I (2(t — d)). (24)

a=—k ex,

9. =
Similar to the proof of theorem 1, we can obtain
that controller (23) can render the closed-loop system
asymptotically stable.

In the following we make the simulations of syn-
chronization on the Mackey—Glass system and the lo-
gistic system. For simplicity, we choose fuzzy basis
£1(z) = &(x) = £(x), () is defined by Eq. (8), and

the membership functions are selected as follows:

p () = exp[—(z + 1)?],
pre(z) = exp[—(z +0.5)7],
prps (z;) = exp[—(z)?],

s (2) = expl—(z — 0.5,
s () = exp|—(z — 1)

Therefore we can further obtain the controller as
Eq. (13) and the adaptive law is chosen as

o = 2|e|’
Ei(x(t—d))e, 9= —0.5(y)e.

a= —2ex,
0’ =
(25)

We can see that the above controller is not re-
lated to a, F(z(t — d)) and G(y). When they are
changed, the controller is also successful in synchro-
nization. Here we test the effectiveness of our main
results when a, F(z(t—d)) are changed and G(y) is un-
known. For simulation, we assume G(y) = cos(y). In
the following, we investigate the synchronization sim-
ulations of the Mackey—Glass system and the logistic
system with different parameters, but the controller is
not changed.

1.5 T T

z(t — 0.2)

Fig. 1. Chaotic behaviour of the Mackey—Glass system.
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Fig. 2. Synchronization result of the Mackey—Glass system.
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Fig. 3. Chaotic behaviour of the logistic system.
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Fig. 4. Synchronization result of the logistic system.

1. Mackey—Glass time-delay chaotic system.

When k; = 20, ks = 40, k3 = 10 and 7 = 0.2,
the system is chaotic.!'!] The chaotic behaviour is de-
picted in Fig.1, in which the sample time 7" = 0.01.
Using controller (13) with adaptive law (25), we have
the following simulation result. The controller is not

added into the system at the beginning, and we use
the controller in 5 min. The simulation result is given
in Fig.2. From Fig.2 we can see that the response
system synchronizes the driving system quickly.

2. Logistic time delay chaotic system.

For system (2), when A = 26, v = 104 and d = 0.5,
the system is chaotic.!l The chaotic behaviour is
shown in Fig. 3, in which sample time T' = 0.002. The
synchronization simulation result is given in Fig. 4.

When the controller is used in 5s, we can see that
state y of the response system quickly tracks state x
of the driving system.

From the simulation results, we can see that what-
ever the structures and parameters of a and F(z(t—d))
are, the controller (13) with the corresponding adap-
tive law (25) is successful in the synchronization.

In conclusion, we have obtained that time-delay
chaotic systems are high-dimensional and have many
positive Lyapunov exponents, which present high
safety in applications of secure communication. Also,
we have investigated the synchronization problem of
a time-delay chaotic system. Adopting the adap-
tive fuzzy control method, we use fuzzy logic systems
to approximate time-delay continuous nonlinear func-
tions, so that the precise mathematical models of sys-
tems need not be known.
structed to render the closed-loop error system asymp-
totically stable. We carry out simulations of synchro-
nizing Mackey—Glass and logistic systems, and the re-
sults are reasonable.

The controllers are con-
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