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New Three-Mode Charge-Related Entangled State Representation®
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We construct a new kind of three-mode charge-related entangled state |q, k;n)e¢ in three-mode Fock space, which
possesses the completeness relation and orthogonal property. It can describe when photons emitted by two energy
levels simultaneously are absorbed by the third energy level. The relation between |q,k;n)¢ and the tripartite
entangled state |n,c)e [Chin. Phys. Lett. 18 (2001) 1301] is pointed out.

PACS: 03.65.Bz, 42. 50. Dv

It is well known that coherent states are an impor-
tant concept in both quantum mechanics and quan-
tum optics.[!! Bhaumik et all? established the so-
called charged boson coherent state |a, ¢) in two-mode
Fock space

oo

gy =N, > [n+q,n),

o
n=max(0,—q) V n'(n + q)

where N, is the normalization constant, |a,¢) is the
common eigenvector of the Abelian “charge” opera-
tor aJ{al — a;az and the two-mode annihilation op-
erator ajas, since [aj{al — a;ag,alaz] = 0. Later,
we introduced the SU(3) charged hypercharged co-

herent state.l!! Since a‘ia; also obeys the commuta-

n

tor [ala; — alay, alal] = 0, we even introduced their
common eigenvector, called the “dual pair coherent
state.”[*] In quantum optics theory, such a state has
been called the “pair coherent state” by Agawal.l%]
aJ{al - a;ag can be viewed as the number of pho-
tons emitted from one energy level and then absorbed
by another energy level, called the SU(1,1) coher-
ent state by Perelomov.[®l A question thus naturally
arises. If photons simultaneously emitted by two en-
ergy levels in an optical cavity are absorbed by the
third energy level, how can we construct a correspond-
ing eigenstate? Because we now tackle the three-
mode case, another two operators which commute
with aial + a$a2 — a;ﬂ,g must be found to make up
a complete operator set. Here we search for the com-
mon eigenvector |n;q,k)s of three compatible opera-

tors: aJ{al + a;ag — agag,

K= (a{ cos @ + ag sinf — a3)(aj cos @ + agsinf — a;),
R= (faJ{ sinf + a; cosB)(—aysind + azcosf), (1)
as

[aJ{al + agag - agag,K] =0,

[aJ{al + agag — agag,R] =0,

[K,R] =0. (2)

The meaning of aIal + a;ag — azr,,ag is that pho-
tons simultaneously emitted by two energy levels are
absorbed by a third energy level, and the operator
A = aqcosf + agsinf describes the situation when
the A-mode light falls on a beamsplitter or a po-
larizer to decompose into the a;-mode and as-mode.
C = —a sin 0 + ay cos 6 represents the decomposition
of the photon mode by another kind of beamsplitter (it
is noted that there is a /2 phase difference between
the decompositions of A and C). We want to search
for the common eigenvector |g, k;n)s which obeys the
eigenfunction equations

(alar + afas — alas)|g, k;n)e = (¢ +n)lg, k;n)e, (3)

R|q7k7n>9 = CTC‘q,k‘,TL>9 = n|q,k;n>g, (4)
K|q7 k7n>9 = (AT - a3)(A - a;)|q7 k;n>9
= k|q)k;n>9; k > 0> (5)

where we have set the eigenvalue k > 0, since K = KT
and

(IK|) = |(a1 cos @ + az sin 6 — ag)mz >0. (6)

We call |g,k;n)s the charge-related state. To
search for |g, k;n)p we notice that due to
A=ajcosf+azsinf, B = as,
C = —aysinf+ ascosb, (7

we can derive
aial + a;ag — a;a;,» =AtA+cCcic - BTB,
K = (A" - B)(A - B), (8)
and the eigenvector equations (3)—(5) become
(ATA+ CTC — B'B)|q, k;n)o = (g + n)lg, k;n)o,

C1C|q, k;n)e = nlg, k;n)e,

Klq,k;n)e = klg,k;n)e, k>0. 9)
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Hence we see that the decomposition of the required
state |q, k; n)p may have the form

|q)k; TL>9 = |qa k>AB ® |n>0) (10)

where the subscript C' denotes that |n)c belongs to
the Fock space spanned by

C
n)c = —r— 0 C- 11
me = =10 (1)
Now we search for |g,k)ap which obeys the eigen-
vector equations. For this purpose we introduce the
following entangled state (such a form has been intro-
duced before for exploring new squeezed states!” and
been applied to quantum teleportation[s])

_ _n? t_ gt Bt 100

|7)aB =exp 5 +nA" —n*B' + ATB' }]00),

n= |77‘eia) (12)

where the state |00) is annihilated by either A|00) = 0
or B|00) = 0. Here n = |n|e!® is a complex number,
and |n)ap obeys

(AT~ B)[n)aB = n*|n) aB,
(A= BYn)ap =nln) ab- (13)

Since

(A'A— B'B)[n)ap = A + 9" BN ) ap

0

= —i— 14
18a|77>AB, ( )

we have

a(n|(A'A— B'B)|q,k)ap = qan(nla, k) an

=i— (nlg,k)an
aOlA (15)

The solution of Eq. (15) is

AB<77|q7k>AB = f(|n|7q7k)eiiqa7 (16)

where f(|n|,q,k) is to be determined. Using the

unique condition of the wavefunction

e—iqa |a:0 = e_iqa|o¢:27ra

we know g = 0, £1,4+2---. Furthermore, from Egs. (9)

and (13) we have
AB(n|K|q, k) ap =ap(nlg, k) aplnl?
=aB(nlq, k) aBk, (17)
or
ap(nla, k) a(Inf* — k) =0. (18)
Combining Eq. (16) with (18) we know

=5((nf* ~ b)

f(nl,q,k)

Vk) = 8(|n| + Vk)]
Vk), (19)

M[ (inl -

= zilinl -

where we have used k > 0 in the last step. In the fol-
lowing we neglect the subscript belonging to |q, k) 4B
and |n) ap for brevity. Using

[ Sl =1, (20

we have

d2
(o Kla) = [ S K ). )
/5

)
(

n 1

- 8(|nl — VE)S(|In| — V&

W In| )a(|n )

L elld’ =)o
=3(k — k')87 . (21)
Since
JAELD SRUTID)
0 q=—oo0

= [k S Sl = B — kel
0 o

o AL SR

=P~ ) Y 2md(a’ — o~ 2im)
7o(|n'| — n|)o(a’ — )
|n]
=m6@ (' —n) = (n'|n), (22)

we have the completeness relation

/Oodk i 4, k) (g, k| = 1. (23)

0 oo

We now deduce the explicit form of |g,k), using
Eq. (20) we have

00) = [ o, )

1 /°°/2” In\dlnldaexp{_m
2wk Jo Jo T 2

+ A" = 0" BT 4+ ATB1}(60)3(|n[? - k)eis"
1 2m . .
:—efk/z/ dae 19 exp{Vkel® A
2'/T 0
— Vke @Bt + AT BT}|00). (24)
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Letting € = 2, and using the contour integration
technique, we obtain its explicit form

lg, k) =

7k/2%—z exp{\/_AT ‘/_B + ATB'}]00)

o k2 (=1
sl(s — q)!

oo

>

s=max(0,q)

(\/_AT) (VB 74 8" |50)

oo

- >

s=max(0,q)

efk/zqu/z( 1) 9k° Atfspiea ATBT‘O(»

sl(s —q)! (25)

When working back into the original three-mode Fock
space we have

\q,k;n)e = |q,k)aB ® [n)c

e_k/2k_q/2 > —ars
S MR (I
¢ s=max(0,q)

. (aJ{ cos 0 + al sin0)*(—a! sin 0 + al cos )"
TS q (az1 cos0+a2 sin 6) a3‘000>][ (s _ q) ] 1}’

(26)
and Egs. (22) and (24) become
o{d', K3’ lg, kim)o = S(k —K)OF 8, (27)
[k 30 Y fakmpoola. kil = 1.
0 q=—00 n=0 (28)

From the structure of Eq. (26) we see that |g, k;n) is a
new entangled state, which can be used as a quantum
channel.

We now briefly discuss the relation between
lg, k;n)p and the newly constructed three-mode en-
tangled state |n, o) in Ref. [9], where

1 *
In0)o =exp | = S(Inl* + |o]) + al(al —n*)cos 6

— 0*)sin 6 + nal + oal||000).
(29)

n and o are the two complex numbers, and |n,0)q
obeys the following three eigenvector equations

U>0 = n|7770->07 (30)
(az — a}; sinf)|n,o)e = oln, o), (31)
(as — a]; cosf — ag sin@)|n,o)e

— (n*cosf + o*sinB)|n, o). (32)

(a; — ag cos )|,

Letting n = |n|el®, o = |o|e?’, then from Eq.(29) we
have

0 . —

e lm0)e =ilnl(e*ak cos 6 + &af)|n, o)y
—i(aln* cos 0 + aln)|n, o)e, (33)

0 . 5 . i

%|n,0’>9 —ilo|(e #Palsing + ePal)|n, o)

= i(ag;a* sin@ + alo)|n, o). (34)

By using Egs. (30)—(34) we observe

(alay + abay — alas)n, o)

=laln+alo + al(n* cos 0 + o™ sin6)]|n, o)

:—i((%%—%)\n,a)e (35)

As a result of Egs. (35) and (3) we see

<77,0|(a];al + abay — alas)|g, k;n)e
0
= (— + %) o(n. ola, k;n)o
:(Q+n)9<7h‘7|qvk§n>07

which yields

o(m,olg,k;n)e = F(|nl,|o], k) exp[—i(ga + np)], (36)

where F(|n|,|o|,k) can be determined by using
Eq. (5). In fact, from Egs. (30) and (31) we have

(ay cos O+as sin 0—a§)|77, o)g = (ncosf+osinb)|n, o).

(37)
Combining Egs. (32), (37) and (5) we have
o{(n, o|(aJ{ cos 6 + a; sinf — a)
- (a1 cos O + az sin @ — al)|q, k;n)e
=|ncos® + osinb|* o(n, olg, k;n)e
=klg, k;ne. (38)

Thus
F(nl,|o],k) = 6(|ncos @ + osin)* — k). (39)

Using the completeness relation of |7, 0)g

d?nd?o
[ ol =1 (@)

and considering Eq. (36) as well as Eq. (39) we have

d?nd2e
Iq,k;n>9=/ i
7T

/ d?nd3c
B 2

e i(gatnp) (41)

1, 0)00(n,0]q,k;n)e

,0)8(|ncosf + osin B> — k
n,0)0(|n

which is a kind of Radon transform due to the ex-
istence of the Dirac é-function. Omne can check the
validity of Eq. (41) by re-examining Eq. (5). In fact,
using Egs. (1), (32) and (37) we have

d2nd2o
K|q,k;n)g =/
7l'

-8(|lncos@ + osinb* — k
=klg, k;n)o, (42)

\ncos@ + osinb)?n, o)y

)efi(q(x—ﬁ-n,@)
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which recovers Eq. (5). As an application of the new
state |g, k;n)g we consider the following special Hamil-
tonian model

H,; :aJ{al + a;ag + a?;ag — [ag(ai cos 8 + ag sin 6)
+ as(ay cos 6 + as sin 0)], (43)

where the bilinear interaction indicates that mode a;
couples with the coherent production of both mode aJ{
and mode ag; such an interaction may exist in some
nonlinear medium in the parametric approximation.
Using Eq. (1) we can rewrite Eq. (43) as

Hi=K+R-1 (44)

Thus from Egs.(4) and (5) we know that its en-
ergy eigenvector is |q, k;n)e with the spectrum being
k +n — 1. Next, we consider

H, :w(a{al + a;ag) + Qagag
w+ N2

2
+ as(ay cos 0 + az sin )]. (45)

[aé(ai cos B + a% sin 0)

Using Eq. (1) we can rewrite Eq. (45) as

w—
H, = (aIal + a;ag — a;;ag)
9]
LYl kR, (46)

As a result of Egs. (3)—(5) we see

Halq, k;n)e
- N + 0
= [55 @t + = D]l ki)
-n + 02
:[wn—i—wz q+w2 (k—1)]|g, k;n)e.

(47)

From Egs. (1)-(5) we can establish a new number-
difference-phase uncertainty relation with regard to
aJ{al + a;az — ag;ag and

T R

. as —ajcosf — azsind

el = 3 ; ? —. (48)
az — aq cos ) — aysin @

The latter is proposed in Ref.[9] as the three-mode
generalization of the Noh—Fougeres-Mandel opera-

tional phase operator.[ Since
[aJ{al + a;ag — a;r,’ag,, ajcosf + aysinf — a};]

= — (a1 cosf + agsinf — a};), (49)

[al{al + a;az — a;ag, al{ cos 6 + ag sin 6 — as]

= al cos 0 + al sin 6 — as, (50)
we obtain
[aial + a;a2 — agag,eid’] = —¢el?,
[aial + agaz — a;ag, e_i¢] = e i?, (51)

Thus the corresponding number-difference-phase un-
certainty relation is

1
A(alay + alay — alas)Acos ¢ > §| sing|.  (52)

In summary, we have found a new three-mode or-
thonormal and complete quantum mechanical repre-
sentation, which can describe when photons simulta-
neously emitted by two energy levels are absorbed by
another energy level. This state is the characteristic of
two discrete variables (¢,n) and one continuum vari-
able k. We call it the generalized “number-difference
related” or “charge-related” entangled state. We have
also pointed out that |g,k;n)e is a special Radon
transform of the three-mode entangled state |, o)g,
which means that they are partners. For recent works
on Radon transform of the Wigner operator, we refer
to Refs. [11] and [12].
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