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We investigate the quantum Fisher information (QFI) dynamics of a dissipative two-level system in homodyne-
mediated quantum feedback control. The analytical results demonstrate that the maximum values and stable
values of the QFI can be greatly enhanced via feedback control. The quantum feedback plays a more evident
role in the improvement of classical Fisher information. The classical part can reach a high stable value, while
the quantum part eventually decays to zero whatever the feedback parameter is.
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Parameter estimation is a fundamental prob-
lem in gravitational-wave detectors,[1] frequency
spectroscopy,[2] interferometry,[3] and atomic clocks.[4]
Quantum parameter estimation has been extensively
investigated in recent decades.[5−11] It aims to en-
hance the resolution and measurement precision of an
unknown physical parameter using the properties of
quantum mechanics. Nevertheless, actual quantum
systems are inevitably coupled with their surrounding
environment.[12−16] Quantum states which are very
sensitive to a change of the parameters are usually
also sensitive to noise disturbance. This will have a
negative impact on the quantum parameter estima-
tion scheme. Hence, how to overcome the influence
of environmental noise on the precision of parameter
estimation is one of the core issues in the field of quan-
tum metrology.

To enhance parameter-estimation precision, var-
ious methods such as decoherence-free subspace,[7]
dynamical decoupling,[8] quantum error correction,[9]
and reservoir engineering[10] have been used. Quan-
tum feedback control is regarded as a very po-
tential method to deal with the problem of
decoherence.[17−22] Quantum feedback based on
photo-detection measurement[23] was first used to en-
hance the parameter precision of optimal quantum es-
timation of a dissipative qubit. Inspired by Ref. [23],
Zhang et al. studied the steady quantum Fisher infor-
mation (QFI) of two driven and collectively damped
qubits with homodyne-mediated feedback.[24] The
same research group also studied the parameter pre-
cision of detection efficiency.[25] This work aims to
further study the applications of quantum feedback
control in parameter estimation of quantum decoher-
ence. We investigate the QFI dynamics of a dissipa-
tive two-level system by homodyne-mediated quantum

feedback. To study the effect of quantum feedback on
the QFI, we separate the QFI into two parts. The
classical and quantum parts in QFI are respectively
studied. The results show that the appropriate choice
of feedback parameters evidently increases the QFI.
The quantum feedback plays a more important role in
the dynamics evolution of the classical part than the
quantum part.

QFI is a central quantity in quantum metrology.
The definition of the QFI with respect to the pa-
rameter 𝜃 is 𝐹𝜃 := Tr(𝜌𝜃𝐿

2
𝜃),

[26] where the symme-
try logarithmic derivative 𝐿𝜃 is determined by 𝜕𝜃𝜌𝜃 =
1
2 (𝐿𝜃𝜌𝜃 + 𝜌𝜃𝐿𝜃). Utilizing the spectrum decomposi-
tion 𝜌𝜃 =

∑︀𝑀
𝑖=1 𝑃𝑖|Ψ 𝑖⟩⟨Ψ𝑖|, the QFI can be separated

into two parts,[6,27]

𝐹𝜃 = 𝐹C(𝜌) + 𝐹Q(𝜌), (1)

where 𝐹C(𝜌) indicates the classical Fisher information

𝐹C(𝜌) =

𝑀∑︁
𝑖=1

(𝜕𝜃𝑃𝑖)
2

𝑃𝑖
, (2)

and 𝐹Q(𝜌) is regarded as the quantum contribution

𝐹Q(𝜌) =

𝑀∑︁
𝑖=1

𝑃𝑖𝐹Q(|Ψ𝑖⟩)−
𝑀∑︁
𝑖̸=𝑗

8𝑃𝑖𝑃𝑗

𝑃𝑖+𝑃𝑗
|⟨Ψ𝑖|𝜕𝜃Ψ𝑗⟩|2,(3)

with 𝐹Q(|Ψ𝑖⟩) = 4(⟨𝜕𝜃Ψ𝑖|𝜕𝜃Ψ𝑖⟩ − |⟨Ψ𝑖|𝜕𝜃Ψ𝑖⟩|2).
In this work, we consider a two-level atom reso-

nantly coupled to a heavily damped single-mode cav-
ity with the coupling constant 𝑔 and decay rate 𝜅,
and driven by a classical field with Rabi frequency Ω .
In the large damping limit of the cavity, the cavity
modes can be adiabatically eliminated by neglecting
the terms greater than the second order,[17,18] then the
effective damping rate of the qubit Γ = 𝑔2/𝜅 can be
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obtained. Furthermore, in the limit Γ ≫ 𝛾, the effect
of the spontaneous emission is ignored. The master
equation prompting the atomic evolution is given by
(~ = 1)[19]

𝜌̇ = −𝑖[𝐻, 𝜌] +𝒟[𝑐]𝜌, (4)

where the driving Hamiltonian of the system is 𝐻 =
Ω(𝜎−+𝜎+), and the Lindblad operator is 𝑐 =

√
Γ𝜎−.

The operators 𝜎− = |𝑔⟩⟨𝑒| and 𝜎+ = |𝑒⟩⟨𝑔| are the
lowering and raising operators with the two levels of
the atom |𝑒⟩ and |𝑔⟩, respectively. The Liouvillian su-
peroperator 𝒟 for irreversible evolution is defined by
𝒟[𝑐]𝜌 ≡ 𝑐𝜌𝑐† − 1

2 (𝑐
†𝑐𝜌+ 𝜌𝑐†𝑐).

In the theory of Markovian feedback, we introduce
a control Hamiltonian 𝐻fb = 𝐼(𝑡)𝐹 depending on the
signal 𝐼(𝑡) from the homodyne detection of the cavity
output. The feedback Hamiltonian is constantly ap-
plied to the atom according to the continuous homo-
dyne detection photocurrent 𝐼(𝑡) from the detector.
The effective feedback master equation of the system
can be written as[20,21]

𝜌̇ = −𝑖
[︁
𝐻 +

1

2
(𝑐†𝐹 + 𝐹𝑐), 𝜌

]︁
+𝒟[𝑐− 𝑖𝐹 ]𝜌. (5)

By comparison, we choose the simple and effective
feedback Hamiltonian 𝐹 = 𝜆𝜎𝑦, where 𝜆 ∈ R is a
controllable feedback parameter, and 𝜎𝑦 is the usual
Pauli matrix.

In the following we discuss in detail the QFI dy-
namics corresponding to the general superposition ini-
tial state |𝜓0⟩ = cos𝛼|𝑒⟩+ sin𝛼|𝑔⟩. The evolved den-
sity matrix of the qubit can be exactly solved, and the
corresponding matrix elements in the basis {|𝑒⟩, |𝑔⟩}
are

𝜌11(𝑡) =
𝑒−𝜉𝑡(Γ + 2

√
Γ𝜆+ 2𝑒𝜉𝑡𝜆2 + 𝜉 cos(2𝛼))

2𝜉
,

𝜌12(𝑡) =
1

2
𝑒−

1
2 𝑡(

√
Γ+2𝜆)2 sin(2𝛼), (6)

with 𝜉 = Γ + 2
√
Γ𝜆+ 2𝜆2. Based on the normalizing

condition and the coherence between the basis states,
other matrix elements are 𝜌22(𝑡) = 1 − 𝜌11(𝑡) and
𝜌21(𝑡) = 𝜌*12(𝑡). We first concentrate on 𝛼 = 0, 𝜋/2
and 𝜋/4.

For the initial state |𝑒⟩, the specific expressions of
the evolved density matrix can be obtained by Eq. (6),
taking 𝛼 = 0. According to Eqs. (2) and (3), the ana-
lytical expressions of the classical and quantum parts
of the QFI are obtained as

𝐹C(𝜌) =
[(𝑒𝜉𝑡 − 1)𝜆2 + 𝜉𝑡(

√
Γ + 𝜆)2]2

Γ 𝜉2(𝑒𝜉𝑡 − 1)[𝑒𝜉𝑡𝜆2 + (
√
Γ + 𝜆)2]

,

𝐹Q(𝜌) = 0. (7)

Similarly, for the initial state |𝑔⟩, 𝐹Q(𝜌) = 0. The
classical Fisher information is

𝐹C(𝜌) =
𝜆2(

√
Γ + 𝜆)2(1− 𝑒𝜉𝑡 + 𝜉𝑡)2

Γ 𝜉2(𝑒𝜉𝑡 − 1)[𝜆2 + 𝑒𝜉𝑡(
√
Γ + 𝜆)2]

. (8)

The above analytical solutions show that the QFI
only depends on the classical part 𝐹C(𝜌) for the initial
states |𝑒⟩ and |𝑔⟩. Furthermore, the feedback control
only plays a role in the evolution of the classical part
𝐹C(𝜌), and the quantum part 𝐹Q(𝜌) is always zero no
matter how high the feedback strength 𝜆 is. Figure
1 illustrates the time evolution of 𝐹C(𝜌) for different
feedback strengths 𝜆 with the initial states |𝑒⟩ and |𝑔⟩.
In the absence of feedback, the QFI increases from
zero to a maximum value and rapidly decays to zero
for the initial state |𝑒⟩, and the QFI is always zero for
the initial state |𝑔⟩. The maximum values and stable
values of the QFI are greatly enhanced by introducing
homodyne-mediated quantum feedback, and the QFI
increases to a steady value monotonously for the ini-
tial state |𝑔⟩. However, the stable value of the QFI
does not enhance with the increase of the feedback
strength 𝜆 and an optimal value should exist. We will
discuss the QFI of steady states in more detail in the
following.
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Fig. 1. The time evolution of 𝐹C(𝜌) for different feed-
back strengths 𝜆 corresponding to the initial states (a) |𝑒⟩
and (b) |𝑔⟩. Here 𝜆 = 0 (green dashed curve), 𝜆 = −0.35
(black dot-dashed curve), 𝜆 = −0.55 (blue dotted curve),
𝜆 = −0.75 (red solid curve), and 𝜆 = −1.0 (orange curve
with circle dot). The other parameters are Γ = 1 and
Ω = 0.

For the equal-weighted superposition initial state
(|𝑒⟩+ |𝑔⟩)/

√
2, we also calculate the time evolution of

the classical part 𝐹C(𝜌), the quantum part 𝐹Q(𝜌), and
the QFI 𝐹Γ (𝜌), respectively. However, their analytical
expressions are relatively cumbersome so they are not
given in the work. The QFI is jointly contributed by
the classical part 𝐹C(𝜌) and the quantum part 𝐹Q(𝜌).
In Fig. 2, we plot the dynamic evolution of 𝐹C(𝜌),
𝐹Q(𝜌), and 𝐹Γ (𝜌) for different feedback strengths 𝜆,
respectively. The QFI 𝐹Γ (𝜌) is evidently enhanced by
choosing the appropriate quantum feedback parame-
ter, and the maximum instantaneous value of QFI in
time evolution is markedly larger than the ones for the
initial states |𝑒⟩ and |𝑔⟩ in Fig. 1, but the maximum
stable value of QFI is not improved. Furthermore,
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we find that quantum feedback plays a more impor-
tant role in the evolution of the classical part 𝐹C(𝜌)
than the quantum part 𝐹Q(𝜌) by comparing Fig. 2(a)
against Fig. 2(b). Although the instantaneous val-
ues of 𝐹Q(𝜌) can be increased for different feedback
strengths 𝜆, all the values of 𝐹Q(𝜌) eventually decay
to zero. Nevertheless, the classical part 𝐹C(𝜌) can
reach a high stable value for an appropriate feedback
strength 𝜆. Therefore, the quantum feedback actu-
ally enhances the stable values of the classical Fisher
information.
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Fig. 2. The time evolution of (a) 𝐹C(𝜌), (b) 𝐹Q(𝜌), and
(c) 𝐹Γ (𝜌) under different feedback strengths 𝜆 for the ini-
tial state (|𝑒⟩+ |𝑔⟩)/

√
2. The other parameters and corre-

sponding values of 𝜆 are the same as those in Fig. 1.

Without loss of generality, we study the dynamic
behavior of the QFI for a general superposition ini-
tial state |𝜓0⟩ = cos𝛼|𝑒⟩ + sin𝛼|𝑔⟩. The analytic
expressions of 𝐹C(𝜌), 𝐹Q(𝜌), and 𝐹Γ (𝜌) can be ac-
quired. The expressions are very complex, and we
only demonstrate their time evolutions in Fig. 3. The
effect of quantum feedback on the improvement of
𝐹C(𝜌) is still very evident. Here 𝐹C(𝜌) can reach high
stable values for different initial superposition states,
but 𝐹Q(𝜌) eventually decays to zero. Furthermore, we
find that the maximum value of the QFI appears at
𝛼 = 𝜋/4 and 3𝜋/4 corresponding to the initial states
(|𝑔⟩ ± |𝑒⟩)/

√
2 with Γ = 1 and 𝜆 = −0.75.

We have discussed the QFI dynamics when the
qubit is in a pure state initially. Next we investi-
gate the QFI for a mixed state 𝜌0 = 𝑝|𝑒⟩⟨𝑒| + (1 −
𝑝)|𝑔⟩⟨𝑔|(𝑝 ∈ (0, 1)). The evolved density matrix ele-

ments are as follows:

𝜌11(𝑡) = 𝑝𝑒−𝜉𝑡 +
(1− 𝑒−𝜉𝑡)𝜆2

𝜉
, 𝜌12(𝑡) = 0. (9)

The quantum part is also 𝐹Q(𝜌) = 0. The classical
Fisher information is

𝐹C(𝜌) = {(
√
Γ + 𝜆)2[𝑝𝜉2 𝑡− 𝜆2(1− 𝑒𝜉𝑡 + 𝜉𝑡)]2}

· {Γ 𝜉2[𝜆2 + 𝑒𝜉𝑡(
√
Γ + 𝜆)2 − 𝑝𝜉][(𝑒𝜉𝑡 − 1)𝜆2 + 𝑝𝜉]}−1.

(10)
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Fig. 3. The values of (a) 𝐹C(𝜌), (b) 𝐹Q(𝜌), and (c)
𝐹Γ (𝜌) with respect to 𝛼 and 𝑡 for the superposition initial
state |𝜓0⟩ = cos𝛼|𝑒⟩ + sin𝛼|𝑔⟩ with Γ = 1, Ω = 0, and
𝜆 = −0.75.

The dynamic evolutions of 𝐹C(𝜌) with and with-
out feedback control are displayed in Fig. 4. In the
absence of the feedback (i.e., 𝜆 = 0), 𝐹C(𝜌) =

𝑝𝑡2

𝑒𝑡Γ−𝑝 ,
which has large exponential decay in the long-time
limit, and the stable value of 𝐹C(𝜌) is 0. The value
of 𝐹C(𝜌) increases with the probability in the excited
state 𝑝, i.e., the optimal initial state is |𝑒⟩ without the
feedback. When the feedback parameter is chosen as
𝜆 = −0.75, the stable value of 𝐹C(𝜌) is 1.44 in the
long-time limit. We can easily find that the stable
value of 𝐹C(𝜌) is evidently improved in the presence
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of the feedback for arbitrary initial states. As a short
summary, the QFI can be enhanced by the feedback
and the improvement of the classical part is more ev-
ident whether the initial state is pure or mixed.
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Fig. 4. The classical Fisher information 𝐹C(𝜌) as func-
tions of the excited-state probability 𝑝 and time 𝑡 (a) with-
out feedback 𝜆 = 0 and (b) with feedback 𝜆 = −0.75. The
other parameters are Γ = 1 and Ω = 0.
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Fig. 5. (a) The steady-state QFI 𝐹∞ as functions of the
Rabi frequency Ω and the feedback control strength 𝜆 with
the damping rate Γ = 1, and (b) 𝐹∞ as functions of 𝜆 and
Γ with Ω = 0.

The above results show that the system can reach
the dynamic balance for the different initial states.
Now we study QFI of the steady state because it is

very important in realistic quantum information pro-
cessing. The stable solution of QFI for arbitrary initial
states with respect to the damping parameter Γ is

𝐹∞ =
Γ 2𝜆2 + 16Ω2(

√
Γ + 𝜆)2

Γ (Γ 2 + 2Γ 3/2𝜆+ 2Γ𝜆2 + 8Ω2)2
. (11)

From Fig. 5(a), it is easy to find that the maximum
value of QFI appears when the Rabi frequency of the
classical field is Ω = 0. The maximum value is approx-
imately equal to 1.46 with 𝜆 ≈ −0.71. Figure 5(b) in-
dicates that the stable value of the QFI decreases with
the increase of the damping rate Γ , which implies that
the greater the decoherence parameter is, the lower the
estimation precision becomes. The stable value of the
QFI is zero in the absence of the feedback, while the
estimation precision can be significantly strengthened
by tuning the optimal feedback strength 𝜆. The larger
stable values can be obtained in the range of 𝜆 < 0.
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Fig. 6. Variation of the steady-state QFI 𝐹 ′
∞ with re-

spect to the feedback parameter 𝜆 for different detection
efficiencies 𝜂 with Γ = 1 and Ω = 0.

Until now, all of the analyses are based on the per-
fect detection process. However, in practical feedback
schemes, the detection efficiency is a very important
factor as feedback is conditioned on the measurement
result. To take this factor into account, the corre-
sponding master equation (5) should be modified as[28]

𝜌̇ = −𝑖[𝐻+
1

2
(𝑐†𝐹+𝐹𝑐), 𝜌]+𝒟[𝑐−𝑖𝐹 ]𝜌+ 1− 𝜂

𝜂
𝒟[𝐹 ]𝜌,

(12)
where 𝜂 represents the efficiency of the detector. As
a result, the analytic expression of steady-state QFI
with respect to Γ is

𝐹 ′
∞ =

𝜂2𝜆2(
√
Γ + 𝜆)2

Γ (Γ𝜂 + 2
√
Γ𝜂𝜆+ 𝜆2)(Γ𝜂 + 2

√
Γ𝜂𝜆+ 2𝜆2)2

.

(13)
We display the effect of detection efficiencies on the
QFI of the steady state in Fig. 6. It is obvious that the
imperfect detection results in the decreasing steady-
state QFI. This is reasonable because less efficient de-
tection will lead to the weakening of effective control.
However, we can find the optimal value of 𝜆 corre-
sponding to the maximum value of the steady-state
QFI for different detection efficiencies 𝜂.

In summary, we have investigated the QFI dynam-
ics for a dissipative qubit system by quantum feedback
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based on homodyne measurement. To study the ef-
fect of quantum feedback on the dynamical evolution
of QFI, the classical Fisher information and the quan-
tum contribution are discussed. The analytical results
show that homodyne-mediated quantum feedback ev-
idently increases the maximum values and stable val-
ues of the QFI. The quantum feedback plays a more
important role in the dynamic evolution of the clas-
sical part, whether the initial state is pure or mixed.
The classical part can reach a high stable value for
an appropriate feedback strength. Nevertheless, the
stable values of the quantum part are independent of
the feedback parameter values and always remain at
zero. Therefore, quantum feedback actually enhances
the stable values of the classical Fisher information.
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