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Computational Simulation of Sodium Doublet Line Intensities in Multibubble
Sonoluminescence ∗
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We perform a computational simulation of the fluid dynamics of sodium doublet (Na-D) line emissions from
one sonoluminescing bubble among the cavitation bubbles in argon-saturated Na hydroxide (NaOH) aqueous
solutions. Our simulation includes the distributions of acoustic pressures and the dynamics of cavitation bubbles
by numerically solving the cavitation dynamic equation and bubble-pulsation equation. The simulation results
demonstrate that when the maximum temperature inside a luminescing bubble is relatively low, two emission
peaks from excited Na are prominent within the emission spectra, at wavelengths of 589.0 and 589.6 nm. As the
maximum temperature of the bubble increases, the two peaks merge into one peak and the full width at half
maximum of this peak increases. These calculations match with the observations of Na-D line emissions from
MBSL occurring in aqueous solutions of NaOH under an argon gas.

PACS: 78.60.Mq, 47.55.dd, 43.35.+d DOI: 10.1088/0256-307X/36/10/107801

Multi-bubble sonoluminescence (MBSL) is a phe-
nomenon in which light is emitted during the intense
collapse of clouds of bubbles in liquids irradiated by
high-intensity ultrasound.[1] It is generally realized
that MBSL results from the extremely high tempera-
ture and pressure that occurs during the intense com-
pressional heating of gas and vapor in a collapsing
bubble, which is similar to that of single bubble sono-
luminescence (SBSL).[2] To date, however, there is no
equipment available for directly measuring the tem-
perature and pressure inside sonoluminescing bubbles
experimentally because the bubble is only several mi-
crons in diameter when it luminesces.

Spectra of MBSL and SBSL are generally used as
a probe to estimate the temperature and pressure in
these micro-bubbles. In 1999, Hilgenfeldt et al. pro-
posed a simple model to quantitatively interpret these
spectral data for SBSL. They assumed that the tem-
perature and pressure inside the bubble were uniform
and vapor effects were neglected.[3] In 2001, Yasui per-
formed computer simulations of SBSL by considering
the vapor effect inside a sonoluminescing bubble.[4]
He demonstrated that the temperature at the collapse
of the bubble was higher in a colder liquid because
a smaller amount of water vapor was trapped inside
a bubble at the point of collapse due to the lower-
saturated vapor pressure. This demonstrated that the
vapor pressure can prevent further increases in tem-
perature inside a bubble. In 2008, An and Li im-
proved upon this analysis utilizing computational fluid
dynamics (CFD) simulations that included appropri-
ate moving boundary conditions and vapor effects.[5]
Their calculations suggested a possible mechanism of
how the Na emission peak near 589 nm changes as the

total radiation power increases. In 2009, Xu et al. in-
vestigated the line emissions from non-volatile species
during MBSL.[6] They observed the spatial separation
of MBSL in 0.1 M Na2SO4 solution in 95wt% H2SO4

saturated with argon (Ar), and 0.1 M Na3PO4 solu-
tion in 85wt% phosphoric acid. The excited Na atom
(Na*) emission cannot be detected at the top of the
bubble cloud (near the horn tip), and the emission
was strictly a broad continuum. Strong Na* emis-
sion near the wavelength of 589 nm on a continuum
was observed at the bottom of the bubble cloud. Re-
cently, Zhao et al. experimentally measured Na dou-
blet (Na-D) lines from MBSL in Na hydroxide (NaOH)
aqueous solution saturated with Ar.[7] However, there
is no theoretical computational simulation available
to demonstrate the variation in the intensity of Na-D
lines during MBSL as a function of acoustic pressure.

MBSL is caused by the intense collapse of cavi-
tation bubbles, which is similar to the SBSL. How-
ever, the variation in the radius of the bubble with
time exhibits higher fluctuation in MBSL compared
to SBSL because of a complicated sound field arising
from interactions among bubbles. The effect of these
interactions among bubbles on MBSL spectra remains
unknown. Therefore, in this work, we further develop
the theoretical model of SBSL to explore the mech-
anism of Na-D lines emission in MBSL, using some
reasonable approximations of MBSL phenomena.

The theoretical model employed herein includes
the equation of cavitation bubble dynamics,[8] the
equation of acoustic waves in a cavitation bubble
cloud[9] and the spectral radiation formula of a sin-
gle sonoluminescing bubble, which is similar to the
model previously reported.[10]
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To simplify the dynamics of one bubble among a
cloud of bubbles, we assume that the number density
(𝑁) of the bubble with radius 𝑅 remains unchanged
and we only consider one kind of bubbles, with an am-
bient radius 𝑅0. Ignoring the flow of the bubble, 𝑅
reads[8]

(1 −𝑀)𝑅𝑅̈ +
3

2

(︁
1 − 𝑀

3

)︁
𝑅̇2

= (1 + 𝑀)
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𝜌l
[𝑝l − 𝑝] +

𝑡R
𝜌l

𝑝̇l, (1)

where 𝑀 = 𝑅/𝑐l is the bubble-wall Mach number,
𝑅 is the radius of a cavitating bubble, 𝜌l is the
liquid density, 𝑝 determined by Eq. (2) is the pres-
sure at the location of the bubble in liquid, 𝑝l =
𝑝g(𝑅, 𝑡)− 4𝜂𝑅̇/𝑅− 2𝜎/𝑅 is the pressure on the liquid
side of bubble wall, 𝑝g(𝑅, 𝑡) is the pressure on the gas
side of the bubble wall, 𝜂 is the shear viscosity of liq-
uid, 𝜎 the surface tension coefficient of the liquid, and
𝑡R ≡ 𝑅/𝑐l. When 𝑝 is computed by Eqs. (1) and (2),
the bubble is assumed in an isothermal approxima-
tion, 𝑝g(𝑅, 𝑡) = 𝜇ℛ𝑇/(𝑉 − 𝑏) + 𝑝v, where 𝜇 is the gas
mole number, ℛ is the gas constant, 𝑇 is the temper-
ature of the surround liquid, 𝑉 is the bubble volume,
𝑏 is the van der Waals hard core volume, and 𝑝v is the
vapor pressure of the liquid. When the spectrum from
a bubble is computed, the isothermal approximation
of the bubble is invalid.
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Fig. 1. Sketch of the experiment for the MBSL: (a) stere-
ogram and (b) axisymmetric view of computation region.

To determine the pressure at the location of the
bubble in liquid and to simplify the calculation, we
take a mean-field approximation to yield the acousti-
cal wave equation for a cavitation cloud,[9]

∇2𝑝− 1

𝑐2l

𝜕2𝑝

𝜕𝑡2
= −4𝜋𝜌l𝑁(2𝑅𝑅̇2 + 𝑅2𝑅̈), (2)

where 𝑐l is the speed of sound in the liquid at ambient
temperature and pressure. In this work, because the
horn tip (i.e., the ultrasonic source) is cylindrical (see
Fig. 1(a)), we use an axisymmetric approximation to
simplify the calculation. A homogenous distribution
of bubbles is assumed in the liquid, which forms a pres-
sure field in the 𝑟–𝑧 plane, as shown in Fig. 1(b). From
Eqs. (1) and (2), we can obtain the pressure distribu-
tion in the 𝑟–𝑧 plane by numerical calculation. The
pressure driving the bubble at a location in liquid is
derived approximatively.

To simulate the Na-D line emission spectra from
MBSL, we employ the theoretical model described in
Ref. [10]. In this model, the boundary at the moving
bubble wall is still described by Eq. (1). However, the
driving bubble pressure is the pressure at the location
of the bubble that is obtained by numerically solving
Eq. (2), based on Eq. (1).

The function for radiation power is taken from
Ref. [10],

𝑃 (𝜆, 𝑡) = 8𝜋2
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which describes the total power emitted from the bub-
ble for each acoustic cycle at wavelength 𝜆, 𝜅𝜆 is the
absorption coefficient, 𝑃PI

𝜆 is the Planck radiation in-
tensity, and 𝑟 is the radial distance from the center of
the bubble.

For the line emission spectra

𝜅𝜆 =
𝜆5

2ℎ𝑐2
(𝑒ℎ𝑐/𝜆𝑘𝑇 − 1)𝑃𝜆, (4)

where 𝑃𝜆 denotes the radiation power per unit vol-
ume per unit wavelength interval of the line spectrum.
Herein, we mainly consider the 3𝑃3/2 → 3𝑆1/2 and
3𝑃1/2 → 3𝑆1/2 transitions of Na.[11]

For line emissions from a Na atom, we assume that
thermal excitation dominates the formation of excited
Na atom (Na*) during an individual luminescing bub-
ble among MBSL bubbles. For the transition of Na*,
the radiation power per unit volume may be calculated
by

𝑃𝑖,𝑗 =
𝑛a𝑔𝑖𝑒

−ℎ𝜈𝑖,𝑗/𝑘𝑇∑︀
𝑘 𝑔𝑘𝑒

𝐸𝑘/𝑘𝑇
𝐴𝑖,𝑗ℎ𝜈𝑖,𝑗 , (5)

where 𝑛a is the number density of Na atoms inside
the bubble, 𝐴𝑖,𝑗 is the transition probability, ℎ𝜈𝑖,𝑗 is
the photoenergy, and 𝑔𝑖 is the Lande factor of the 𝑖th
energy level 𝐸𝑖.

The distribution of the intensities of line spectra
emitted by MBSL is assumed to be even. The radia-
tion power from Na* per unit volume per wavelength
interval is given by

𝑃𝜆𝑑𝜆 = 𝑃𝑖,𝑗𝑔𝑖,𝑗

(︁
𝜈 =

𝑐

𝜆

)︁ 𝑐

𝜆2
𝑑𝜆, (6)

where 𝜈 is the emission frequency, and 𝑔𝑖,𝑗 is the fol-
lowing Lorentzian function

𝑔𝑖,𝑗(𝜈) = 𝜋
∆𝜈/2

(𝜈 − 𝜈𝑖,𝑗)2 + (∆𝜈/2)2
. (7)

For collision and resonance broadening[12]

∆𝜈 =
𝜎0𝜈0𝑛

𝜋
+ 50

𝑛a𝑓a
𝜈𝑖,𝑗

, (8)

where 𝜎0 is the collision cross section, 𝜈0 is the av-
erage relative speed of molecules in the gas, 𝑛 is the
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number of particles, and 𝑓a is the absorption oscillator
strength. We determine the cross sections for collision
from the diameters of the gas molecules.

The total radiation power is the integral over the
relevant wavelengths 𝜆. To calculate the detail of Na-
D line emissions, we reduce the wavelength interval of
the integral

𝑃 (𝑡) =

∫︁ 596 nm

584 nm

𝑃 (𝜆, 𝑡)𝑑𝜆. (9)
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Fig. 2. Variations in acoustic pressures versus time 𝑡 at lo-
cation (𝑟 = 0, 𝑧 = 4mm) in the sound field (a) with a driv-
ing 𝑝a = 1.1 atm, (b) with a driving 𝑝a = 1.4 atm, (c) with
a driving 𝑝a = 1.7 atm, (d) with a driving 𝑝a = 2.0 atm,
(e) with a driving 𝑝a = 2.3 atm, and (f) with a driving
𝑝a = 2.6 atm.
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Fig. 3. Variations in acoustic pressures in a period of 800
to 950µs at location (𝑟 = 0, 𝑧 = 4mm) in the sound
field (a) with a driving 𝑝a = 1.1 atm, (b) with a driving
𝑝a = 1.4 atm, (c) with a driving 𝑝a = 1.7 atm, (d) with a
driving 𝑝a = 2.0 atm, (e) with a driving 𝑝a = 2.3 atm, and
(f) with a driving 𝑝a = 2.6 atm.

We also evaluate the cumulative radiation energy
emitted from an MBSL bubble over the time 0 to 𝑡
within each acoustic period

𝐸𝜆(𝑡) =

∫︁ 𝑡

0

𝑃 (𝜆, 𝑡′)𝑑𝑡′, 0 ≤ 𝑡 ≤ 2𝜋

𝜔
. (10)

Because MBSL occurs for only a few hundreds of pi-
coseconds, or even less, in each acoustic cycle, only

in the time interval, short duration does 𝑃 (𝜆, 𝑡) not
vanish.

To obtain the distribution of the sound field in
the cavitation cloud and to reduce the time of com-
putation, Eq. (2) is solved numerically to exploit the
axi-symmetry of the setup (see Fig. 1(b)), that is, 𝑝
is as functions of radial distance 𝑟 and height 𝑧. In
addition, we consider only one bubble type, that is,
𝑅0 = 4.5µm. The number density of bubbles is ho-
mogenous in liquid, that is, 𝑁 = 3.0 mm−3. Some
parameters are derived from experimental data. The
height of the liquid is 8 cm, the diameter of the horn
tip is 1.3 cm and the horn is inserted into the host liq-
uid. The region of calculation is set to be 1.2 cm at the
𝑟 azimuth, and 1.2 cm at the 𝑧 azimuth, because the
cavitation region is about 1 cm near the horn. In fact,
Eq. (2) is from three dimensions to two dimensions.

Figure 2 presents the evolution of pressure at the
location (𝑟, 𝑧) = (0, 4 mm) with time for six differ-
ent acoustic pressures. This location is defined by the
horizontal alignment of the slit of the spectrometer
and the center of the flat quartz window in the cell.[7]
The pressure is periodically pulsed with an ultrasound
frequency (20 kHz) (Fig. 2). The peak of each pulse
corresponds to the minimum radii of collapsing bub-
bles, which demonstrates that the same kind of bub-
bles are in synchronous resonance near the horn tip
(about 1 cm).
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𝑝a = 2.6 atm.

Because Eqs. (1) and (2) include information about
a bubble’s radius, we can calculate the evolution of
bubble radius with time (Fig. 4). Figure 4 shows that
the period of bubble radius in MBSL is less than that
in SBSL, even though a bubble expands, intensely
collapses, and bounces, similar to an SBSL bubble.
This bubble pulsation is strongly non-periodic because
of the strong non-linear interactions, which generates
a complicated sound field, between bubbles and the
acoustic field. This is exhibited in the fluctuations of
the pulsation of bubbles.

Previous studies have collected the MBSL spec-
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tra from NaOH aqueous solutions with different driv-
ing acoustic pressures.[7] These studies demonstrate
that as the driving power increases, the full width at
half maximum (FWHM) of the Na-D lines increases.
To obtain an approximate quantitative prediction of
the peaks in the MBSL emission spectrum, we assume
that the Na-D lines originate from Na* within the gas
bubble, and simulate the Ar bubble in NaOH aqueous
solutions for six values of driving acoustic pressure.
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Fig. 6. Simulation results of a sonoluminescing Ar bubble
at the location (𝑟 = 0, 𝑧 = 4mm) during the 17th acoustic
cycle (800–850µs) shown in Fig. 5 for different amplitudes
(𝑝a) of the driving acoustic pressure: (a) energy spectra,
(b) temperature when the bubble reaches its minimum
size, (c) corresponding temperature.

We calculate the spectra of an Ar bubble at loca-
tion (𝑟 = 0, 𝑧 = 4 mm) in the sound field (Fig. 6). The
Na-D spectral line intensities in the regions of 0.584–
0.594µm are low at the smallest amplitude of acoustic

pressure, 𝑝a = 0.11 MPa; the peaks of Na-D lines at
wavelengths of approximately 0.5890 and 0.5896µm
are distinct (Fig. 6(a)). As the driving pressure in-
creases, the two peaks of the Na-D lines merge into a
single peak, and the FWHM of this peak increases.

Even though an exact comparison between the
simulation results in Fig. 6(a) and the observed data
is not possible, the simulation results follow a simi-
lar trend to that of previously published experimen-
tal data.[7] Therefore, we judge that our simulation
models the MBSL system reasonably well. Figures
6(b) and 6(c) plot the distributions of temperature
and pressure inside a bubble at its minimum radius.
However, the core temperature remains below approx-
imately 3829 K (corresponding to a pressure of approx-
imately 8.77×107 Pa), the two peaks of the Na-D lines
are observed. As the temperature increases, the two
peaks of the Na-D lines finally merge into a single
peak, and the FWHM of this peak increases. This
trend agrees with the experimental data.

In summary, we have obtained the pressure distri-
bution in a NaOH aqueous solution containing cavi-
tation bubbles, and the dynamics of an individual gas
bubble, by numerically solving the nonlinear acoustic
wave equation with the KM equation. We also calcu-
late the spectra of an individual bubble in a cavitation
bubble cloud using the spectral formula. The results
show that as the amplitude of acoustic pressure (𝑝a)
increases, the intensities of emission increase, the two
peaks of the Na-D lines will finally merge into one
peak, and the FWHM of this peak increases. This
trend agrees with the experimental data. It should
be noted that certain parameters in our calculation,
such as the number density of bubbles (𝑁), and the
number density of Na atom, are assumed, rather than
being derived from experimental measurement. This
may lead to differences between the theoretical results
and experimental data.
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