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Nonlocality Distillation and Trivial Communication Complexity for
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A nonlocality distillation protocol for arbitrary high-dimensional systems is proposed. We study the nonlocality
distillation in the 2-input d-output bi-partite case. Firstly, we give the one-parameter nonlocal boxes and their
correlated distilling protocol. Then, we generalize the one-parameter nonlocality distillation protocol to the two-
parameter case. Furthermore, we introduce a contracting protocol testifying that the 2-input d-output nonlocal

boxes make communication complexity trivial.

PACS: 03.65.Ud, 03.67.—a

Quantum nonlocality is a significant phenomenon
related to the foundation of quantum mechanics. It
has attracted much interest in both theoretical and
experimental works.!'~"l For example, quantum non-
locality is indispensable for device-independent quan-
tum information processing protocols.” 9! It is also a
necessary resource for nonlocal computation.!'’l More-
over, nonlocality may make stronger correlations in
which communication complexity becomes trivial.['"]

In 2009, Forsteret et al. presented the first
nonlocality distillation protocol in the framework of
nonsignaling theory.'>~ "] Later, Brunner et al. pre-
sented another protocol for deterministically distilling
nonlocality, which works efficiently for a specific class
of postquantum nonlocal boxes (the correlated non-
local boxes).['”] More efficient quantum nonlocality
protocols were also given later.l'’l Recently, the non-
locality distillation protocol by Foster et al. has been
confirmed by experiment in Ref.[17]. In addition to
this bipartite nonlocality distillation, the distillation
protocols of multipartite nonlocality and multi-setting
boxes were also proposed.!*

In the previous study,!'”! we presented a nonlocal-
ity distillation protocol for two three-level (qutrit) sys-
tems. This protocol was based on a three-setting Bell
inequality and worked efficiently for a specific class
of 3-input 3-output nonlocal boxes. In this Letter,
we present a general nonlocality distillation protocol
for the 2-input d-output (d > 2) bipartite systems in
the framework of the nonsignaling theory. This pro-
tocol is based on the Collins—Gisin—Linden—Massar—
Popescu (CGLMP) inequality. It works efficiently for
a class of 2-input d-output nonlocal boxes. We also
demonstrate that the 2-input d-output nonlocal boxes
reduce to the correlated nonlocal boxes by contract-
ing protocol, which makes communication complexity
trivial.

Our study focuses on the case of the 2-input d-
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output bipartite system. To present our main results,
we first deal with the problem of how to quantify non-
locality in the 2-input d-output bipartite system. Here
we use the CGLMP expression introduced in Ref. [21]
in our research. For the sake of convenience, we re-
form the original CGLMP expression I; by letting
A; = —A; (i=1and 2) and By < By, i.e.,

[d/2]—1 ok

Is= kZ:O (1—ﬁ>{+[P(A1+B2=—k)
+ P(As+By=k+1)+ P(As + By = —k)
+P(A1+By =k)]—[P(A1+ B =k +1)
+ P(Ay+ By =—k)+ P(Ay+ By =k+1)
+P(A; + By = -k —-1)]}, (1)

where = denotes equality modulo d. It could be ex-
pressed as a 4 x d? matrix I4, by using the prescripts:
(1) The subscripts of A, and B; (4,5 = 1,2) corre-
spond to the values of inputs = and y respectively,
r=0—=i=lLz=1—i=2,y=0= 5 =1,
y=1=j = 2. (2) The values of A; and B; cor-
respond to the values of outputs a and b respectively,
a,b=0,1,2,...,d— 1. Thus we can define the nonlo-
cality of a 2-input d-output system Py as

NL(Py) = Y 14®Pq. (2)
4,J
Now, we introduce a class of one-parameter non-

local boxes P§. Definition 1: We define the classical
box IP’dC as

Lof a4 b=0,
PG { . 3)
0 otherwise.
Definition 2: We define the general PR-box PYR
as - .
A LA (W
0 otherwise.
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Definition 3. The general correlated nonlocal box
IP; we use for distilling are defined as follows:

PG = PR 4+ (1 — )PF, (where 0 < e < 1). (5)

It is easy to see that P§, PR, and P are non-
signaling. With slightly more calculations we can ob-

tain the nonlocality of P§ R and P
NL(P) =2, (¥d > 2), (6)
NL(Pg") =4, (vd > 2), (7)

NL(P;) =242, (Vd>2,0<e<1). (8
We can find that when ¢ — 0 and € — 1, NL(P9)
catches the nonlocal classical maximum and the non-
local arithmetic maximum, respectively.

Now we introduce the nonlocality distillation pro-
tocol for the nonlocal boxes P¢.

z Yy
1= =y
1 ] g
‘ Box 1 ‘
3 3
ay by

To=—a1x (mod 2) ¥ = by (mod 2)
3 3

‘ Box 2 ‘
1 | |
as by

L 2 | 2

a=a;+ay (mod d) b= b;+by (mod d)

Fig. 1. The distillation protocol. Alice and Bob share two
boxes. They input the values z; and y; into the ith box
and obtain the corresponding outputs a; and b;, respec-
tively. Lastly, they calculate a = a1 4+ a2 and b = by + ba
as the final outputs of the new box. (= denotes equality

modulo 2.)
1.0 —
0.8] ‘
_ 06}
UJ //’/ ‘
0.4}
0.2} ‘
0.2 0.4 0.6 0.8 1.0
€
Fig. 2. The relation between ¢ and €¢’. The blue solid

is the result when d is even, and the red solid is the re-
sult when d is 3. The dashed straight line is given as a
reference € = e.

Distillation protocol: This protocol takes two
copies of any box PP to a new general correlated non-
local box P§ . Tt indicates that nonlocality is distilled
when ¢ > e. The protocol works in Fig.1. After
one iteration of this distillation protocol, two copies
of general correlated nonlocal box P turn to one gen-

eral correlated nonlocal box le, where

, {;(3—6), for even d,
e =
le(l—€) +e forodd d.

In the even case, the expression of ¢ is the same as
that in Ref.[15]. A more intuitional expression of the
relation between ¢ and € can be shown in Fig. 2

We now give a proof of the above results. Firstly,
we illustrate how this protocol works in the case d = 3
(see Fig.3). The process is generally welcome for ar-
bitrary d. We need only consider the non-zeroth term
in P§, which is numbered in the figure. Our protocol
should succeed if we obtain a new matrix P§ under an
iteration. The new matrix P§ has the properties: (1)
its first three rows are unchanged, (2) its fourth row
could be formulated by one coefficient € just like P§,
and (3) the amount flows follow the arrows shown in
the figure, i.e., € > e.

ab

————

Fig.3. An intuitional way to show how this protocol
works. Different colors denote different parameters in
front of the corresponding terms. The red panes denote
—1, the blue panes denote +1, and the gray panes denote
0. The numbers in those colored blocks denote elements
of P§, and the probability of blocks without a number is
zero. The arrows show the orientation of amount flows.

First we calculate the element P"*"(00]00) in new
box ]P’Zl'. According to the protocol,

ZP (a1b1]z191) - P

where P?(a;b;|7;y;) denotes the element in box i. The
summation calculates all the cases in which one re-
stricts a; + a2 = 0 and b; + by = 0. Noting that only
non-zero terms in the first row of P obey a1 +b; = 0,
we obtain

P%(00/00) = *(agba|z2ys),

P (00[00) =

It is easy to generalize this result to other elements
in the new boxes which have the form PV (k — k|zy)
(k=0,1,...,d — 1), where P*V(k — k|11) is an ex-
ception. This means that the first three rows are un-
changed after the distilling.

Then let us calculate PV (00|11) firstly in a simi-
lar way. Here P'(a1b;|11) is not zero only in the cases
of a1 +by =0 or a; + by = 1. Then we have

PeV(00[11) =

ZP 0,1—0,1|11)

a10

( a1a1|x2y2).

When d is even, there are ¢ terms of P?(—a;a:(00)

and % terms of P?(—aja1|11) in the summation.
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When d is odd, there are 4L terms of P?(—a;a;/00)
and 41 terms of P?(—ajay|11) in the summation.
Thus we obtain
1_6(3;6)
d I
17[(d71)2€d(176>+6]
d )

for even d,
PeY(00]11) =

for odd d.

We could generalize this result to elements P™*%(k —

k|11) (where k& = 0,1,...,d — 1).  Similar to
P"v(00|11), we have

E(‘Ze), for even d,
PP (k — k 4+ 1]11) = o

L[S 4 ], for odd d,

where £k =0,1,...,d — 1.

Thus, we have proved that this protocol works. It
turns the nonlocal box P§ into a new general corre-
lated nonlocal box IP’;I with

, {S‘(3€), for even d,
6 =
d=le(l—€) +e, forodd d.

Next, we give a brief description of the two-
parameter nonlocal boxes and their distilling protocol.
Let us introduce the two-parameter nonlocal boxes P.

Definition 4: We define the noise-box P} as

1
Py = " ONE(4,d?),
where ONE(4,d?) is a 4 x d* matrix with all entries
equal to 1.

Definition 5. The general correlated nonlocal box
]Pfl’5 we use for distilling is defined as follows:

PSS = €P5 + (1 - E)PY. (9)

Similarly, P and ]P’Z’E are non-signaling. Taking d = 3
as an example, we have

€8 _
P> =
oy ™ 00 01 02 10
00 (d=—1)e+1 1-¢ 1= 1-¢
d? d? dZ a2
01 (d—1)¢é+1 1-¢ 1-¢ 1-¢
d2 d? d2 d?
10 (d—1)é+1 1—¢ 1-¢ 1-¢
a2 az a2 dz
11 E(d—ed—1)+1  efd—E+1  1—€  efd—E+1
a2 a2 a2 a2
11 12 20 21 22
1-¢ (d=1)&+1 1-¢ (d=1)+1 1-¢
d2 d2 2 d2 d2
1-¢ (d—1)é+1 1-¢ (d—1)&é+1 1-¢
a2 a2 a2 a2 a2
1—¢ (d—1)€+1 1— (d—1)¢+1 1—¢
a? dZ dZ dZ a2
1—¢  &(d—ed—1)+1  1—¢  &(d—ed—1)+1  efd—E+1
d? d? d2 d? d?

The area of the protocol works is illustrated in Fig. 4.

In reality, the new general correlated nonlocal box
]P’Zl’gl and the original box ]P’Z’5 must be the same boxes.
This condition will be suitable if and only if the output
shots d = 2,3. When d = 2, the correlated nonlocal

box becomes undistinguished. When d = 3, we have
PS¢ — P after a distillation

e — €+£(1;§_3€2)’ 5/252_

Quantum nonlocality of the initial and final boxes is
represented in Fig. 5.
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Fig.4. The area in which our protocol works well (we

’ ’
choose d = 3). In this area, when ]P’fl’g — ]P’Z < by this
protocol, the quantum nonlocality is distilled.
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Fig.5. Quantum nonlocality after distillation is repre-
sented by the blue line. The red line is a reference that
represents quantum nonlocality of the initial box. The
first figure is obtained when £ = 0.996, and the second
figure is obtained when £ = 0.96.

The first half of the figure is obtained when £ =
0.996, and the latter part is obtained when £ = 0.96.
We also give the distinction of quantum nonlocality in
Fig.6. We can find that as £ — 1 and ¢ — 0.5, the
distillation has a satisfactory effect.

One question left is whether the correlations in
Eq. (9) have a quantum realization. Our answer is
negative. We shall demonstrate this by giving a con-
tracting protocol. The contracting protocol recasts
nonlocal boxes to correlated nonlocal boxes which
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make communication complexity trivial. Thus the ini-
tial boxes also make communication complexity trivial
and the correlations in Eq. (9) do not have a quantum
realization.

Fig. 6. The difference of quantum nonlocalities before
and after distillation. For d = 3, the quantum nonlocality
can be distilled. The vertical axis of the graph A denotes
the increase of the nonlocality.

z=0,1 y=0,1
@ = y*=y
1 l
P3¢, Box
] 1
a*=0,1,..d-1 b*=0,1,...d-1
a=a* b=0b*

Fig.7. The contracting protocol in the even case. The
initial box is a ]P’zl’g—box, whose ports are 2-input and d-
output. The correlated nonlocal box is a 2-input 2-output
box, which finally outputs a = a*,b = b*.

The contracting protocol has different forms in odd
d and even d cases. Firstly, we present a contracting
protocol in the even case, as illustrated in Fig. 7. The
initial box is a IF’Z’E—box. We can recast it to a 2-
input 2-output correlated nonlocal box, which can be
expressed as

5 00 01 10 11
Pt — | 1 iR 1=¢ 1=¢ 14¢ (10)
even ] 7 ) T |
10 e 1% 1°¢  1ie
1 1 1 1
11 Nyt Nai Nz Ny

where Nij = 155 + 135, Noy = §6+ 135, Ny =
€+ 15 and Ny = 156¢ + 155, In fact, it is the
two-parameter nonlocal box

Po s = aP"R + BPC + (1 — a — B)PPR,

where o = 1—55 + &6 and B =£(1 —e).

We prove those results by direct calculations.

P (00[00) = Y

a*=0,b*=0

PS5 (a*b*[00).

There are ()? terms following the relationship a* =

0,b* = 0. Among them, there are ¢ terms following

the relationship a* + b* = 0. Therefore, in the first
three rows, the value of the % terms is % + 1({;25 The
rest of the elements in these rows are (1 —¢) 5. Thus
we have

1+¢

P (00]00) = — =,

new 1-
P e(01/00) = —
Similarly, we can obtain the rest of the elements of the
first three rows. For the fourth row, the value of the
terms following a* + b* = 0 is £(1 — e)é + 1(1;25’ the
value of the terms following a* + b* =1 is fe% + 1(1_25,
and the value of the other terms is (1 — &)z Thus

1-— 1-—
PP (00[11) = PP (111) = =S¢+ =2 S
11—
PRev(01]11) = PRe¥(10[11) = 25 + Tf.
This completes the proof.
z=0,1 y=0,1
r*=qx y*:y
l
Pde’g...Box
] 1
a*=0,1,...d-1 b*=0,1,...d-1
l Random bit r 1
a b

Fig. 8. The contracting protocol in the odd case. There
is a sharing randomness r. Before output, Alice and Bob
must measure the random number 7.

The proof for the odd case is more complicated.
A contracting protocol is illustrated in Fig.8. Alice
and Bob share the random number bit with p(r =
0) = p(r = 1) = 0.5. Before output, Alice and Bob
must measure the random number r. When r = 0,
the outcome is

o * b:()
a=a",
b=b*+1

(when b* = 0),
(when b* # 0).

When r = 1, the outcome is

b=1
b= b*

(when b* = 0),

=a" +1,
= { (when b* #0).
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The new correlated nonlocal box can also reduce to a
2-input 2-output box, which is

5 00 01 10 11

00 14p 1—p 1—pn 14+p
4 4 4 4
Pt = o1 e lom lop Lbwf 5(qq)
odd — 4 4 4 4 ’
10 1+p 1—p 1—p 14+p
4 4 4 4
11 My My Msy My

where M7, = 1_7”M+ 1?% My = Zp+ 177”, M3 =
%:LL+1?TH) M41 = 154/1"’_1?%, H= §+1T_2§7 and

= ;(fif(_%_)i)l. We can see that the box in Eq.(11)
has the same form as the even case in Eq. (10). When
d — o0, the difference will vanish, u — &, v — e.

We calculate P"°¥(00]00) as an example
new 1
oo =5 Y
f(a*)=0,f(b*)=0,r=0

> P5*(a*b*(00).

f(a*)=0,f(b*)=0,r=1

PS5 (a*b*(00)

—~

+

DN | =

In the first three rows, the value of the terms follow-
ing a*+b* =0is % + 1d§5. The rest of the elements
in these rows are (1 — {)d%. When r = 0, there are
(4H1)? terms in this summation, in which %%* terms
follow the relation a* +b* = 0. When r = 1, there are
(451)? terms in this summation, in which 45* terms
follow the relation a* 4 b* = 0. Therefore

T+p
1
Similarly, we can obtain P2Y(11/00), Prey(00[11),
neY(00]11) and P25y (01]11). Thus we have proved
that the communication complexity collapses after dis-
tillation. Although some correlations in Eq. (15) are
arbitrarily close to the set of classical correlations, all
of these correlations are postquantum and make com-
munication complexity trivial after distillation.

odd (00]00) =

In summary, our work represents a primary step
to explore multi-setting Bell inequalities in the task
of distilling nonlocality. It may be interesting to fur-
ther explore the contracting technique in proving that
certain nonlocal boxes are postquantum and they are
unlikely to exist in nature.

We would like to mention that Pan et al. also de-
sign some protocols to distill high-dimensional non-
local boxes.??! In their protocols, the inputs of the
second box are decided by the global inputs, the out-
puts of the first box and the dimension d. However,
in our protocols the inputs of the second box are in-
dependent of the dimension d, which seems easier to
implement in experiment.
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