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Miniband Formation in GaN/AlN Constant-Total-Effective-Radius Multi-shell
Quantum Dots *
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We study the procedure of miniband formation in GaN/AlN constant-total-effective-radius multi-shell quantum
dots (CTER-MSQDs) by calculating the subband energies. We find a different behavior of the miniband widths
and miniband gaps when the number of wells changes. It is shown that with increasing the inner quantum dot
radius 𝑅in, the number of minigaps decreases; with increasing the outer quantum dot radius 𝑅out, the number
of minigaps increases. We show that in the CTER-MSQDs systems, two kinds of minigaps exist: in the type
(i) ones, minigaps increase monotonically when the number of wells increases while in the type (ii) ones, with
increasing the number of wells, some of minigaps create, increase, at a critical number of wells decrease and finally
vanish. Thus tuning of the minigaps and miniband widths in the CTER-MSQDs systems by using the number
of wells, inner and outer quantum dot radii 𝑅in and 𝑅out is now possible.
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Minibands are one of the most important char-
acteristics of the superlattices. Studies of the mini-
band formation procedures are suitable to calculate
some physical properties which have an essential role
in the semiconductor quantum devices such as THz
detectors,[1] quantum cascade detectors,[2] Bloch os-
cillators and quantum cascade lasers.[3] In the litera-
ture, electronic transport is one of the most important
properties of superlattices. Miniband formation has
also been an important research field during the last
few decades.[4,5] In the theory of minibands, differ-
ent scopes such as miniband transport phenomena[6,7]
and collapse of the minibands[8,9] have been investi-
gated. In these studies, both wide[10] and narrow[11]

miniband forms have been explored.
Among the commonly employed theoretical tools,

studying electronic properties of semiconductor quan-
tum structures is the envelope function method which
for example can be used in determining transmission
coefficients, bound state energies, or the behavior un-
der the effect of electric and magnetic fields.[12−20] In
this framework, the effective mass approximation is
usually considered. This is due to the fact that the po-
tential structures generated are usually near the bot-
tom of the conduction band of the barrier and well
material. In the standard model the potential wells
and barriers are rectangular. This is due to the abrupt
jump of the potential energy between successive ma-
terials.

Shapes and arrangements of the building blocks
severely affect the miniband formation scenario. In
the literature, Fibonacci[21] and Pascal-type[22] super-
lattices and also the effect of the barrier widths on the
miniband formation and miniband widths have been
extensively investigated before.[23,24]

Spherical quantum dots are of special impor-
tance. Changing the number of wells along the ra-
dius in a quantum dot can affect the different prop-

erties of the system such as electronic[25] and optical
properties.[25,26] In this situation, we have a quantum-
dot quantum well system. However, the superlattice
form of multi-layer quantum dots with fixed radius has
not yet been studied.

Here we have used another interesting way which
we expect may find a good situation in the mod-
ern technologies. Retaining the total length of the
structure constant and varying the number of wells
within it in our recent studies,[27−30] led to con-
stant total effective length multiple quantum wells
(CTEL-MQWs), constant total effective radius multi-
well quantum rings (CTER-MWQRs). We expect
that our method of building blocks can lead to smaller
nano-devices with optimized physical properties. In
the current work, we have studied the miniband for-
mation procedure in CTER-MSQDs. This is carried
out through direct numerical calculation (a finite dif-
ference method) of the subband energies. Finally we
note that the experimental fabrication of such semi-
conductor quantum structures is also possible.[31−35]

Behavior of electrons in quantum dots can be de-
scribed by means of the radial part of the spherical
Schrödinger equation within the effective mass ap-
proximation[︁
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where 𝑚* is the effective mass, and 𝑉 (𝑟) is the geo-
metrical confinement potential which we have defined
as
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where 𝑁 is the number of wells, 𝐿 is the orbital quan-
tum number, 𝑉conf is the constant relative conduc-
tion band offset, 𝑖 shows the 𝑖th well or barrier, and
𝑅in and 𝑅out are the inner and outer quantum dot
shell radii, respectively. For illustration purposes, a
schematic diagram for a typical single-well quantum
dot is presented in Fig. 1. We have used the finite dif-
ference method[36] to solve Eq. (1) and to calculate the
subband energies.

Potential energy
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Fig. 1. Schematic representation of a typical single well-
quantum dot system. Here we have depicted the potential
profile versus radius 𝑟.

In this work, we have studied GaN/AlN CTER-
MSQDs systems. The values of the effective masses
𝑚* = 0.12𝑚e for GaN, and 𝑚* = 0.48𝑚e for AlN[37]

and 1.28 eV confinement potential[37] assumed. To de-
termine the effect of the size of the quantum dot, we
have selected different outer radii of quantum dots,
i.e., 400, 600 and 1000 Å.

By using the finite difference method we have
solved Eq. (1) and calculated the subband energies.
When we plot these subband energies as a function of
the number of wells in the quantum dot we have found
Figs. 2–4. In some of these figures we have only plot-
ted the subband energies for 𝐿 = 0 (specified on the
figurer) while in Figs. 3(a) and 4(a) we compared the
result for 𝐿 = 0, 1 and 2. This is due to the fact that
there is not new physics in the systems with larger 𝐿
and thus we have only presented the diagram corre-
sponding to 𝐿 = 0. In all of Figs. 2–4 we have assumed
that 𝑅out is constant (400, 600 and 1000AA) and then
we have changed the number of wells within these con-
stant 𝑅out. Meanwhile, we have supposed that all of
the wells and barriers in a system have the same thick-
ness (e.g., in 3-well CTER-MSQDs we have 3 wells and
4 barriers which have the same thickness). By increas-
ing the number of wells at fixed 𝑅out, each well and
barrier thickness will be reduced. Reduction of the
barrier thickness leads to tunneling of the electrons
between adjacent wells and thus gradually a superlat-
tice will be created. In this situation, minibands will
be formed and since the number of degenerate states
in a subband energy of a multiple quantum well sys-
tem is equal to the number of wells in that system, a
superlattice which is created from systems with larger
number of wells has wider minibands. This is just
the phenomena we observe in the Figs. 2–4, i.e., the
miniband width increases when the number of wells
increases. Finally, the maximum number of wells in
each system is selected based on the fact that there
are some technological limitations on making barriers
or wells with very small thicknesses. We are not al-

lowed experimentally to further increase the number
of wells.
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Fig. 2. Variation of the subband energies as a function of
the number of wells for CTER-MSQDs with 𝑅out = 400Å.
Two different 𝑅in = 0 and 𝑅in = 200Å are presented in
(a) and (b), respectively. First and second mini-gaps are
shown by red and green lines, respectively.

Now, we study the effect of 𝑅in and 𝑅out in CTER-
MSQDs systems on minibands and minigaps. In
Fig. 4(a), we have selected 𝑅in = 0 and 𝑅out = 400Å.
Here red and green lines show the first and second
minigaps, respectively. Both of these lines monoton-
ically increase when the number of wells increases.
This is not the behavior we usually see in the usual
superlattices. As we know from the quantum mechan-
ics, when the well width decreases the value of the
discrete energy levels increases (e.g., the ground state
energy takes a larger value when the well width in-
creases). Here when we increase the number of wells
in a fixed quantum dot radius, the width of each quan-
tum well also decreases. Thus when we increase the
number of wells, the minibands and minigaps start to
be created and these energies find larger values since
the well width has been decreased. Thus the main
reason for this monotonic increasing behavior is the
decrease of the well widths when the number of well
increases. Figure 5 shows the first three minibands
of a superlattice with 1 nm thickness of each well and
barrier. Variation of the first and second minigaps as
a function of the number of wells in Figs. 2–4 is not
monotonic. For example, the first minigap (indicated
by the red line in Fig. 2(a)) increases monotonically
when the number of wells increases while the second
minigap (indicated by the green line) increases from
single to four-wells CTER-MSQDs and then by fur-
ther increasing the number of wells decreases. As we
know from the basic quantum mechanics, the spacing
of the energy levels increases by the index of a state
(e.g., (𝐸3 − 𝐸2) > (𝐸2 − 𝐸1), where 𝐸𝑖 is 𝑖th energy
level). This is just what we observe in our diagrams.
However with the increase of 𝑅in the spacing grows
larger (e.g., compare Fig. 2(a) with Fig. 2(b)). A dif-
ference between Figs. 2(a) and 2(b) is that we have
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two minigaps in Figs. 2(a) and a minigap in Figs. 2(b).
If we see Figs. 2–4, we conclude that with increasing
𝑅in the number of minigaps decreases. Comparison
of Figs. 2(a), 3(a) and 4(a) also reveals that with in-
creasing 𝑅out the number of minigaps increases. A
common fact in Figs. 2–4 is that we have two kinds on
minigaps: (i) some of the minigaps increase monoton-
ically when the number of wells increases. The first
minigaps (red lines) are of this kind. (ii) By increas-
ing the number of wells some of the minigaps create,
increase, at a critical number of wells decrease and fi-

nally vanish. The second minigaps (green lines) are
of this kind. Colored lines indicate the position of
the minigaps in the plane of subband energy-number
of wells. Higher minigaps in a typical system within
all of Figs. 2–4 have a higher slope. Minigaps in sys-
tems with larger orbital quantum number 𝐿 also have
a higher slope (e.g., compare panels A, B and C of
Fig. 3(a)). The final fact is that by using the number
of wells, inner and outer quantum dot radii 𝑅in and
𝑅out, we are able to tune the minigaps and miniband
widths in the CTER-MSQD systems.
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Fig. 3. Variation of the subband energies as a function of the number of wells for CTER-MSQDs with 𝑅out = 600Å.
Three different 𝑅in = 0, 150 and 350Å are presented in (a)–(c), respectively. The first–fifth mini-gaps are shown
by red, green, violet, brown and purple lines, respectively. In (a), the results for 𝐿 = 0, 1 and 2 are compared.
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Fig. 4. Variation of the subband energies as a function of the number of wells for CTER-MSQDs with 𝑅out = 1000Å.
Four different 𝑅in = 0, 250, 500 and 750Åare presented in (a)–(d), respectively. The first–fifth mini-gaps are shown
by red, green, violet, brown and purple lines, respectively. In (a), the results for 𝐿 = 0, 1 and 2 are compared.
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Fig. 5. The first three minibands of a constant total effec-
tive length-multiple quantum well system (CTEL-MQWs)
with 1 nm thickness of each well and barrier.

In summary, the miniband formation procedure in
GaN/AlN constant total effective radius multi-shell
quantum dots has been investigated by subband en-
ergy calculations. We observe that: (1) with increas-
ing 𝑅in the number of minigaps decreases, (2) with
increasing 𝑅out the number of minigaps increases, and
(3) we have two kinds of minigaps: type (i) some of
the minigaps increase monotonically when the num-
ber of wells increases. Type (ii) with increasing the
number of wells some of the minigaps create, increase,
at a critical number of wells decrease and finally van-
ish. Thus by using the number of wells, inner and
outer quantum dot radii 𝑅in and 𝑅out, we are able to
tune the minigaps and miniband widths in the CTER-
MSQD systems.
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