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Quantum Search Algorithm Based on Multi-Phase *
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The success probability of the Grover quantum search algorithm decreases quickly when the fraction of target
items exceeds 1/4, where the phase plays a significant role. Therefore, we use multiple phases to complement
each other. We obtain three useful properties and an important theorem of the success probability and design a
systematic solution of the optimal phases for an arbitrary number of phases. Based on these results, we finally
propose a multi-phase quantum search algorithm whose success probability rises with the increase of the number
of phases with just a single iteration, and it tends to be 100% when the fraction of target items is over a lower

limit.
PACS: 03.67.Lx, 03.67.—a, 03.67.Ac

The Grover algorithm!"? has been of great inter-
est since it was proposed in 1996. When applied to
an unstructured database of size N with only one
target item, the Grover algorithm can obtain the
target item within O(v/N) which achieves quadratic
speedup. However, when the fraction of target items
increases from 1/4 to 1/2, the algorithm’s success
probability decreases rapidly and reaches its minimum
at 50%.

A great deal of effort has been expended to analyze
and/or generalize the original Grover algorithm, "]
where the phase research plays an important role. The
arbitrary phase quantum search algorithm was studied
in Refs. [3.,4], by extending the algorithm phases to be
arbitrary. Researchers focused on the success proba-
bility of finding a target item, and obtained a number
of algorithms. In particular, a quantum search algo-
rithm with full probability was shown in Ref. [5], with
O(y/N/M) original Grover transforms and an addi-
tional arbitrary-phase transform. However, the phase
of this algorithm varies along with the number of tar-
get items, which needs to be known.

Trying to let the algorithm phase be fixed, re-
searchers have carried out much work on the fixed
phase algorithm.['"-''] In Ref. [10], Li et al. proposed a
fixed-phase quantum search algorithm with more flex-
ible behavior, yielding a success probability of 99.38%
with the phase fixed at 0.1r. In Ref.[11], Younes
presented a fixed-phase search algorithm, yielding the
minimum success probability at 99.58% with the phase
fixed at 1.916847. By researching the relationship
among the success probability, the phases, the number
of target items and the number of iterations compre-
hensively, Zhong et al. obtained a quantum search
algorithm based on the phase 1.018 with the success
probability larger than 93.43%.['%

To obtain a high success probability and algorithm
efficiency, the phase matching conditions have been
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well researched.[*"?~ ' Long et al. showed in Ref. [14]
that several other phase conditions were special cases
of their condition. Based on the condition proposed in
Ref. [15], Toyama et al. designed the multiple Grover
operation, and presented a multiphase matching for
the Grover algorithm.!'?l Unlike the one Grover oper-
ation, the multiple Grover operation involves multi-
ple pairs of phases, which operates pair by pair. The
required iteration of this algorithm equals the num-
ber of pairs. This algorithm discussed one-, two-, and
six-pair-phase special cases, and showed that the six-
pair-phase operation can yield a success probability
over 99.8% when the fraction of target items exceeds
0.1.

On the research of multiple phases, Zhong designed
a two-phase algorithm for the multi-object search
problem with phases 1.8 and 1.4.'"] By using phases
in a different and selectable way, the algorithm yields
a success probability over 97.42%, with a single iter-
ation. However, the general multi-phase search algo-
rithm with arbitrary n phases is not pointed out in
Ref. [17], which is confined to two phases. The known
public literature shows that the general multi-phase
search problem is not well researched yet. Thus in-
spired by the ideas of multi-phase in Refs. [16,17], fo-
cused on the success probability, we have conducted
some research on the arbitrary-phase Grover algo-
rithm and the multi-phase Grover algorithm.

In this Letter, firstly we analyze the properties of
the success probability function of the arbitrary-phase
Grover algorithm. Then for the multi-phase algorithm
with an arbitrary phase number, we study the re-
lationship between the minimum success probability
and the phases and the specific mathematical rela-
tionship among the optimal phases and put forward
a systematic solution of the optimal phases. Based
on these results, a multi-phase quantum search al-
gorithm is designed finally, which yields almost full
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success probability with a single iteration. In our al-

gorithm, phases are selectively used depending on the

fraction of targets, which is different from the way in
04f /" —pw

Ref. [16].
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Fig. 1. The relationship among P, ¢ and .

We summarize and analyze the arbitrary-phase
Grover search algorithm as follows. The first step is

to prepare the equal superposition state |¢)). Here
M—1 _

|a> = \/IM ZO |£E/>7|ﬁ> = \/ﬁ ;O |x/’>7 where
x/= e—

7' and z” represent the target item and the non-target
item, respectively. Applying H®" on |0)®", we obtain

N—

) = HE"|0)®" Z

oy + F NV

where H is the Walsh-Hadamard transform. Denot-
ing the fraction of target items as A\, we obtain A = %,

and [¢) = VAa) + 1 = X|B). If we adopt
Ste =1 (1=, (2)
Sop =1 — (1= €")[0)(0], (3)

where ¢ and ¢ are the phases of the algorithm.
Then the Grover transform can be described as G =
—HSy,,HS¢ 4. Applying G on |1)), we obtain G|¢) =
arla) + by|B), with

ar =VA[(1 =€) — e — (1 —€e¥)(1 — )],

by =V1—A[—e? — (1 —€™)(1 —e?))\]. (4)
Based on the phase matching condition in Ref.[14],
¢ = . Let P = P(\, ¢) represent the corresponding
success probability, when the target items fraction is

A and the value of the phase is ¢. Considering the sit-
uation of one iteration, then P = |a;|?, and we obtain

P @) =X [4(1 = X)? =4\ — M) cos® ¢

+ 43\ —2)\% — 1) cosp + 1]. (5)

The relationship among P, ¢ and A is shown in Fig. 1.

Figure 1(a) describes the ¢ and A dependence of
P, from which we can see that, when A > i a certain
o exists which makes P close to 1.

Given the value of ¢, P is a function of A\, denoted
as P,(\). Figure 1(b) shows the graph of Pr(\) and
P.(\). We can obtain that the minimum of P.(\)
over the range 0 < A < 1 is 0 and the maximum of
Pr(X) is 1. After mathematical analysis on P, (), we
obtain its three properties as follows: firstly, function
P,(\) has a local maximum point and a local mini-
mum point. Let A7'** and A" represent the maxi-
mum point and the minimum point, respectively, and
make the derivative of P,(\) equal to 0, we obtain

max __ -1 min __ 4t_5
NS wme Y Tese (©)
where ¢t = cos ¢.

Secondly, function P, (\) and P,,(\) have one
and only one intersection over the range 0 < A < 1.
Let a represent the intersection and solve the equation
P, (A) = P,,(\), we obtain

1

= . 7
“ 2 — coS 1 — COS (P2 (7)

Thirdly, P,(A1) and P,(A2) (A1 < A2) are equal to
each other if and only if

1
2(t — 1)2

V(1= X) (1 = 1)(38hg — 3ot — t — 1)], (8)

where ¢ = cos ¢.

The first property describes the characteristics of
extreme points, which gives a rough profile of P, ().
The second and third properties obtain Egs. (7) and
(8) as the solution of Py, (\) = P,,(\) and P,(\1) =
P_(A2), respectively. These three properties play im-
portant roles in our algorithm.

When ¢ = 7, Pr()) reaches a minimum 0 at A = 2.
When A falls within the scope of [%, 1], the algorithm
in Ref. [17] promotes the minimum of P to 97.42% by
using two different phases. The algorithm consists of
two parts.

When % <A< %7 we set ¢ = 1.8 in Eq.(3) to
apply G transform. When % <A <1, weset o =1.4.
Here \ = % is the separation point of two parts. We
obtain

A= — Mo(t —1)2 +3t—2t2 =2+ (1 —t)

1rnln {P,(N)}
3<A<1

:min{ %?QE%{PM(A)}’ %gligl{PlA(/\)}}-

In this way, ¢ = 1.8 and ¢ = 1.4 complement each
other’s advantages and improve the algorithm.

However, after mathematical analysis, we find that
making the intersection a of P;g(A) and P 4(\) be
the separation point is optimal to enlarge min{P,(\)},
which can be seen from Fig. 1(b). Based on Eq. (7),
a = 0.4861. We obtain min{P,(\)} = 97.43% with
A= % replaced by A = a. If we change ¢ = 1.8 and
¢ = 1.4 to other phases, min{P,(\)} varies.
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Then there is a problem of how to find the opti-
mal values of ¢ to enlarge min{P,(\)}, when we use
two phases or three phases, or a general case with n
phases.
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Fig. 2. The profile of P, _,(\), Py, _,(\) and P, ().

Suppose that we use n values of ¢, and assume
that the value precision is 1073, then the value space
of ¢ is over 2™ - 103", Thus, it is infeasible and in-
accurate to find out the optimal values by exhausting
the values. However, after mathematical analysis, we
find out the relationship among the optimal values. It
is described in the following theorem, which reduces
the value space sharply.

Suppose that the optimal values of ¢ are
01,92, ..., 9n, where 0 < ¢; < 27. Let a; represent
the intersection of P,,(\) and Py, ., (A). Then

Pit1
Psm (CL1) = P‘P? (al) = P‘P? (aQ) = Ptpn 1(an—2)
=Py, (an-1) = Py, (an-1) = Py, (/\gl:])7 (9)

where X2 is the minimum point of function P, (X).
From Eq. (9), we can further obtain

—(cos? g, —4cosp, +1)
cos pn, + 1
-1

. \/(1 — ai)(l — ti)(?)ai — 3aiti

(Pp—1 = arccos [ ) (10)

;-1 =

—t; —1)],
(11)

where t; = cos @;.
We can prove the theorem as follows. Based
on the properties of P,(\), we obtain the profile of

P, ,(A),P,, ,(\) and P, (X) as shown in Fig. 2.
From Fig. 2, we can find
min {P,(N)} =P,

Amax < \< \max Pn (anil)
Pp—1=""="¢n

min  {P,(\)} = P,

)\min
Amax <1 (A5")

Amex </\<1{P( )}:mln{P n(an71)7p (/\rn:bn)}.

When a,,_; < )\mm, P,, (an—1) increases monotoni-

cally about ¢,, while P, (X2") decreases monoton-
1cally about ¢,, on the contrary Thus P,, (an-1) =
P, (A2") is necessarily used to enlarge rmn{PS(J N}

We can also prove that P,  (an—2) =
P, (an—1). Given that ¢,_o, @,—1 exists meet-
ing the above equation. In this situation, we denote
min{P,(\)} as Py. Assume that another phase ¢/,_,;
does not meet the above equation, as is described in
Fig. 3.

0.8

Fig. 3. The profile of Py,, ,(\), P,

It Py
It Py,

() and P,y (A).

1(an_g) < Py, then min{P,(\)} < F.
1(an,g) > Py, based on the properties, we
know 7,1 > ¢n_1, and Py (an—1) < FPo. Thus
min{P (A)} < Py. Thus Py, ,(an—2) = P,, ,(an—1)
is necessary. Similarly, we can obtain Po (o) =
P, \(a;_y), where 3 < i < n. Flnally Eq (9) is
proved. Equation (10) can be obtained by solving
P, (an_1) = P,, (XNZ"), with the help of Egs. (6) and
(7). With the help of Eq. (8), Eq. (11) can be obtained
by solving P,, ,(ai—2) = P, ,(a;—1).

Based on the above theorem, we can obtain a sys-
tematic solution of the optimal phases {¢;}. Equation
(10) is the expression of ¢,,_1 with respect to ¢, and
an—1 can be calculated by Eq. (7). This process can
be summarized as follows:

Eq. (10) Eq. (7)

On —  QPn_1 7 Ap_1. (12)

For Eq. (11), when ¢ = n — 1, it becomes the expres-
sion of a,,_o with respect to ¢,. Based on Eq. (7), we
obtain the expression of p;_»

Yi—g = arccos(2 — 1/a;—o — cos p;_1). (13)
Finally, the calculation process is depicted as follows:

Eq. (11) Eq. (13)
Pn = Gp-2 7 Pn—2 — "

Eq.(11) Eq.(13)
— ©2 — ai — ©1- (14)
Based on Eq. (9), we obtain that when A mae <A <1,
min{P,(A)} is P,, (A2™"). Let ¢ represent the min-
imum value of A we are interested in. Then when
e <A< Agmax, min{P,(A\)} is P, (c). Thus

min {P,(\)} = min{P,, (\"), Py, (0)}.

c<AL1

Equations (12) and (14) show that all ¢; including ¢,
can be calculated by ¢,,. Thus I<n>\in1{P¢()\)} is deter-
c<AL

mined by ¢,. We search the scope 0 < ¢, < 27 and
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can obtain

max{ min {F,(A)}}, (15)

c<A<1
and the relevant optimal {¢;}. The complexity is just
related to the phase number and the search precision.

Suppose that we use n phases ¢1,92,...,¢n,
where 0 < ¢; < 27. Let ¢ represent the minimum
value of A we are interested in. Then we propose our
multi-phase search algorithm as follows.

Step 1: find the optimal {¢;} by Eq. (15).

Step 2: for a given A, choose the value of ¢ in the
following way. If A < a1, ¢ = ¢1. If a; < X < a;y1,
p=p;. fX>a,_1, 0= pn.

Step 3: apply a G transform once, with ¢ in step
2.

When n < 4, ¢ = 1/3 or ¢ = 1/4, the algorithm
results min{P,(\)} and {¢;} are shown in Table 1.

Table 1. The algorithm results of min{P,(\)} and {¢;}.

n c=1/3 c=1/4
min{Py(A\)} ot min{Py(A)} tpid
1 92.59% /2 86.22% 1.7141
2 97.83% 1.8025, 1.3789 95.93% 2.1340, 1.4653
3 98.98% 1.8903, 98.07% 2.3179,
1.5738, 1.3007 1.7584, 1.3651
4 99.40% 1.9371,1.6820 98.88% 2.4273,1.9346

1.4629,1.2565 1.5957,1.3089
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Fig.5. The relationship between P,(A) and X, when

c=1/4, n =6 and n = 20.

In the complexity analysis of our proposed multi-
phase search algorithm, the iteration number of the G
transform is 1. Here min{P,(\)} is relevant to phase
number n and A’s lower limit ¢. Figure 4 shows the re-
lationship between min{P,()\)} and n, when ¢ = 1/3

and ¢ = 1/4, from which we can see that P tends to
be 100% with the increase of n, when ¢ > 1/4. In par-
ticular, when ¢ = 1/4, n = 6 and 20, the relationship
between P,(\) and A is described in Fig. 5.

Compared with other existing algorithms, our pro-
posed multi-phase algorithm is valuable.

When ¢ = 1/3 and n = 1, the optimal value of
© in our algorithm is 7/2, equivalent to the result of
Ref.[15]. Compared with the original Grover algo-
rithm, min{P,(\)} is larger (92.59% > 50%) and the
number of iteration is smaller. When ¢ = 1/3 and
n = 2, our algorithm is the two-phase Grover algo-
rithm with ¢1 = 1.8025 and ¢, = 1.3789. Compared
with the two-phase algorithm in Ref. [17], min{P,(\)}
is promoted from 97.42% to 97.83%. For the general
n and ¢ > 1/4, min{P,(\)} can be larger than any
real number lower than 1. For example, min{P,(\)}
of our algorithm with ¢ = 1/3 and n = 5 is 99.61%
larger than that of Ref. [11].

In summary, we have proposed a multi-phase quan-
tum search algorithm with a single iteration. For the
search problem whose target items are not unique, we
find that phases can complement each other’s advan-
tages and promote the algorithm result finally. Thus
we have studied the arbitrary-phase Grover algorithm
with multiple phases. We obtain three useful proper-
ties of the success probability function and an impor-
tant theorem which depicts the exact necessary con-
dition that the optimal multiple phases meet. These
lead to a systematic solution of the optimal phases,
for the arbitrary phase number. Given A and its lower
limit ¢, our algorithm can find the target item with
nearly full probability through one iteration, when
c>1/4.
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