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Collective Excitation and Quantum Depletion of a Bose—Einstein Condensate in a
Periodic Array of Quantum Wells *
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With the help of a set of exact closed-form solutions to the stationary Gross—Pitaevskii (GP) equation, we
calculate the collective excitation and quantum depletion of a weakly interacting Bose gas in the presence of a
periodic array of quantum wells. The excitation spectrum (Bogoliubov spectrum) is obtained from the solution
of the linearized time-dependent GP equation, which develops energy bands hw;(p) periodic in quasi-momentum
Moreover, we calculate the excitation strengths Z;(p) relative to the density operator and then the
dynamic structure factor S(p,w). Accordingly, the analytical expressions of quantum depletion of the system are
obtained. We find that the quantum depletion is enhanced when the interatomic interactions become larger and
the potential is sufficiently deep. The conditions for the possible experimental realization of our scenario are also

space.

proposed.
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Loading the ultracold atomic gases into an op-
tical lattice has provided a versatile and powerful
toolbox to study many physical problems due to
their abilities to accurately implement various lat-
tice models without impurities, lattice phonon and
other complications.!' ! In such cases, the resulting
standard and exotic many-body Hamiltonians can be
used to simulate otherwise untractable systems in con-
densed matter physics. For example, the cornerstone
along this research line consists of the experimental
realization of quantum transitions from superfluid to
Mott insulator. ]

So far, almost all theoretical investigations have
been primarily focused on BECs in a sinusoidal optical
lattice with the period of d, which is induced by the ac
Stark shift in optical standing waves and is therefore
composed of a single Fourier component.l”> On the
other hand, the state-of-the-art technology(”*! allows
us to Fourier-synthesize arbitrarily periodic potentials
for atoms with the help of a higher order multiphoton
Raman process, where a 2Nth order multiphoton pro-
cess can yield a spatial periodicity of d/2N. There-
fore, we reasonably expect that, if the more Fourier
components that are multiples of the fundamental are
added, the potential would become a lattice of well-
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separated wells. In the limit that the width of these
wells becomes much smaller than the lattice period,
the potential virtually can be treated as a periodic ar-
ray of quantum wells (see Eq. (2)). Now, it is clear that
the experimental progress in lattice physics makes the
study of BECs in a periodic array of quantum wells
highly interesting, which previously seems to only be
academic.

In this Letter, we are motivated to launch a com-
prehensive investigation on a BEC in a periodic array
of quantum wells. Based on a set of exact Bloch-state
solutions, we analytically calculate the collective exci-
tation, dynamic structure factor and quantum deple-
tion of a BEC in a periodic array of quantum wells.
Our results show convincingly that the fundamental
properties of a BEC in a periodic potential do not de-
pend on the shape of a lattice potential. As a result,
theorists are at liberty to choose the form of a periodic
potential for the convenience of their study. On the
other hand, our results root into the exact solutions
and therefore can be treated as a standard of testing
the various other theoretical approaches.

We consider that a BEC is subjected to a periodic
potential in the z-direction and tightly confined along
the transverse directions. Then the dynamics of such
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a system of a BEC is governed by the one-dimensional
stationary Gross-Pitaevskii (GP) equation!”]

( h? 82

 2m 0a?

+ Voo (2) + gndlf? ) = s, (1)

where g = 4wh2?as/m is the 1D reduced coupling con-
stant and n is the 3D average density; as > 0 is the
s-wave scattering length, m is the atomic mass, p is
the chemical potential and the order parameter v is
normalized according to fod dz|yp|? = 1.

The periodic potential Vo4 () is assumed to be a
periodic array of quantum wells,

“+oo
Voot (z) = > Vy(z —1d), (2)

n=-—oo
with
0, 0<z<a,

Vq(x)_{VOER, a<z<a+b, ®)
where a is the well width and b is the barrier width.
In Eq. (2), Vpot(z) has a periodicity of d = a+b. In
Eq. (3), V, is a dimensionless parameter that denotes
the strength of the Vpoi(x) in units of the recoil en-
ergy Er = h?q%/2m, with ¢, = 7/d being the Bragg
momentum.

Despite non-linearity, Eq. (1) permits solutions in
the form of Bloch wavesl'":!']

Pr(z) = e* gy (), (4)

where k£ is the Bloch wave vector and ¢ (x) is a pe-
riodic function with the same periodicity as Vpoi(z).
The GP Eq. (1), in terms of the function ¢x(x), can
be rewritten as

{(—mam + k)2

S+ Vo + gndlonl?| o = u(k)ér. (5)

Note that the chemical potential p(k), which is de-
rived from Eq. (5),

¢ —ihd, + k)
:u(k) = /0 dl‘d?z {% + Vpot + gnd‘¢k|2:| ¢k7
(6)

usually does not coincide with the energy e(k) of the
BEC system defined by

d : 2
(o) = [ oo [ SR v pandin P
(7)
To find the solution of a Bloch state in the lowest band,
we substitute an ansatz of ¥ (z) = r(x)exp(—iO(x))
into Eq. (1), yielding,

(ag(;) )2 = 29p(2)° +4(p— Voor)p(x)* — Bp(x) — 402,
8)

and

«
© / dxp(w)’ ®)
with p(z) = r%(z) being the density of the state and
a, B being two integral constants. In Eq.(8), the
length scale is d/m and the n = gnd/Er represents
the nonlinear interaction. As shown in Refs. [12-14]
the exact solutions to Eq. (8) can be analytically ex-
pressed in terms of the Jacobi Elliptic functions (SN,
CN, and NC). Moreover, in our recent work,!”']
we have pointed out that there exist two different
classes of exact solutions of Eq. (8), depending on the
relation of the chemical potential p and the barrier
height Vg. (i) For g > Vp, we have p;(z) = A/8K? —
(A/8K? —128K*a?/A(16 K* + An))SN?(Kx + 6,n1).
(ii) For g < Vo, we have two different kinds of ex-
act solutions of Eq. (8), corresponding to there exist-
ing zero or only one node within the barrier region.
For the case without a node in the barrier region,
the exact solution reads py(z) = B/8Q? + (B/8Q? +
128Q*a?/B(16Q* — Bn))SC?(Qx + v,n2). However,
for the case of there being only one node in the barrier
region, we have ps(z) = —B/8Q%+ (Q?/n+ B/8Q? —
Q+/BQ? — 16a21/vVBn)NC?*(Qx + v,n2). Here the
free parameters of A, B, K, @, ¢, v, and « can be
totally determined by imposing the continuity of the
wave function and the first derivative of the wave func-
tion at = a, and the Bloch periodic condition.['”]
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Fig.1. (a) Elementary excitation spectrum fw(q) as a
function of ¢ for s = 5, 10, 15 when gn = 0.1Eg. (b)
Elementary excitation spectrum fw(q) as a function of ¢
for gn = 0.1ER and 0.5FER when s = 15.

The knowledge of a linear response of a complex
system gives crucial information about its many-body
behavior.['”l For the system of BEC, the superfluid
properties are intimately related to the linear part of
the phononic dispersion relation at low momenta. The
presence of a periodic potential enriches the excita-
tion spectrum of BEC in a remarkable way. First,
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the lattice increases the local atomic density, which
enhances the interactions. The increase of density
leads to the effective 1nteract10n coupling constant
g(s) =g [, Pi(x dx—i—gf p3(z)dz, where p;(z) and
pa(x) are solutions respectively in well and barrier.['”]
The second effect of the lattice is to modify the dis-
persion T'(¢), which is simply T'(q) = h%q?/2m for free
atoms. The effect of the periodic potential can be ac-
counted by an increased effective mass m*, where the
effective mass is defined by 1/m* = §%¢/0k?[11:17]
reading T"(q) = 2h?sin*(dq/2)/(m*d?). According to
the above physical picture, the dispersion of the ele-
mentary excitations can be well approximated in the
tight-binding limit['*]

hw(q)
2 2
Vo [ g () 727
(10)
where ¢ is the quasi-momentum. As expressed in
Eq. (10), just knowing information of the effective
mass m* and the compressibility x is enough to study
the excitation energy in the tight-binding limit. In
our case, the compressibility & is given by k! =
ndp/on. 119 In Fig. 1, the elementary excitation
spectrum of the BEC system as functions of two-body
interaction and potential depth is comprehensively in-
vestigated. It is clear that all the excitations in the
lowest band acquire the linear phonon dispersion with
a finite slope at small quasi-momenta and the role
of two-body interactions is strongly enhanced with
the increase of the potential depth. Experimentally,
Bragg spectroscopy represents an excellent experimen-
tal tool to investigate the linear response of BECs.['"]
It has allowed us to measure the dispersion relation
of BECs in the mean-filed regimel”'~?! to the deep
Mott insulator.[?*] Theoretically, the capability of the
system to an external density probe transferring mo-
mentum p and energy fuw is described by the dynamic
structure factor. In the presence of a periodic poten-
tial, the dynamic structure factor takes the form!”!

D) =Y 20w -w), (1)

where Z;(p) are the excitation strength relative to the
jth band and Aw;(p) are the excitation energy. We
only calculate Z;(p), i.e., the excitation strength rela-
tive to the lowest Bloch band, due to the fact that we
are mainly interested in the ground state of Eq. (5).
The analytical expression of Z;(p) can be written in
the tig‘ht—binding limit

Z1(p 2 ip/qp T 2
= P/ g 12
Al n)Per/a) (12)
where 4
m . T
£(p) = —— sin” (). (13)

and
) = e (50) [ (5) 251
(14)

In Fig. 2, we plot the excitation strength Z; relative to
the lowest Bloch band via the transfer momentum p
with different interactions gn/Er. It is found that for
an interacting system, the strength towards the first
band develops an oscillating behavior as a function
of the momentum transfer, vanishing at even multi-
ples of the Bragg momentum due to the presence of a
phononic regime.
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Fig. 2. Excitation strength Z;(p) at lattice depth s = 10
for gn = 0 (dash-dotted line), gn = 0.02ER (shot dashed
line) and gn = 0.5FER (solid line).
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Fig.3. Quantum depletion as a function of potential

depth s for gn = 0.02ER, 0.05ER and 0.1ER.

Also, it is important to study the effect of the lat-
tice on the quantum depletion of the condensate. The
presence of the optical potential may introduce phase
fluctuations which reduce the degree of coherence of
the sample. This effect is known to yield spectacular
consequences in 3D periodic lattices, giving rise to a
transition from the superfluid to the Mott insulator
phases. Also in the presence of a 1D periodic lattice,
one can predict interesting effects. The quantum de-
pletion of the condensate increases as a consequence
of the increase of the effective coupling constant and
of the effective mass. Depending on the parameters of
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the problem, we distinguish among different configu-
rations which show 1D features. The quantum deple-
tion of the condensate can be calculated by using the
Bogoliubov result!”!

ANior 1 / / / )
= dz [dx [|dy|v; )%,
Ntot tot Z Z y| quvpampy( )|

J PPy

(15)
where N..; denotes the total number of atoms and
ANy is the number of non-condensed particles. We
sum over all bands j, over the quasi-momenta ¢ in
the first Brillouin zone and the momenta of elemen-
tary excitations in the transverse directions p, and p,
allowed by the periodic boundary conditions. In the
thermodynamic limit, the depletion can be calculated
by replacing the sum with an integral in Eq. (15), the
quantum depletion takes the generalized Bogoliubov

form[°!
81 m* (ﬁ)3/2(/<;*1)3/2
372V m \8 Er '

A—]Vtot

Ntot
We find that the quantum depletion of the conden-
sate increases as a consequence of the increase of the
effective coupling constant and of the effective mass.
According to Eq. (16), we can calculate the quantum
depletion of condensates in a 1D periodic potential.
However, Eq. (16) is valid in the cases of weak inter-
actions and relatively low values of the lattice depth.

We plot the quantum depletion as a function of
the potential depth s for gn = 0.02FEg, gn = 0.05FER
and gn = 0.1FR in Fig.1. When gn = 0.02FR, the
quantum depletion increases slowly with the potential
depth s. With the increase of the interatomic interac-
tions gn, the quantum depletion is enhanced remark-
ably. The quantum depletion increases rapidly with
the increase of potential depth s.

In summary, with the help of a set of exact closed-
form solutions, we have investigated the collective ex-
citation and quantum depletion of a Bose-Einstein
condensate in a periodic array of quantum wells. Us-

(16)

ing m* and k, the interaction effects on collective
excitations, the dynamic structure factor and quan-
tum depletion of the system of BEC are comprehen-
sively studied. The excitations in the lowest band are
strongly enhanced with the increase of interactions
and potential depth. In the cases of weak interac-
tions and relatively low values of the lattice depth,
we can obtain the analytical expressions for quantum
depletion, which can be rewritten as a function of the
compressibility and effective mass of a system of BEC.
We can see that the increase of the quantum depletion
relates to the potential depth s and the interatomic
interactions gn. The quantum depletion is enhanced
when the interatomic interactions become larger and
the potential is sufficiently deep.
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