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The Strategic Form of Quantum Prisoners’ Dilemma
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In a normal form, prisoners’ dilemma (PD) is represented by a payoff matrix showing players’ strategies and
payoffs. To obtain the distinguishing trait and strategic form of PD, certain constraints are imposed on the
elements of its payoff matrix. We quantize PD by a generalized quantization scheme to analyze its strategic
behavior in the quantum domain. The game starts with a general entangled state of the form |¢)) = cos §|00) +

% sin %|11) and the measurement for payoffs is performed in entangled and product bases. We show that for
both measurements, there exist respective cutoff values of entanglement of the initial quantum state up to which
the strategic form of the game remains intact. Beyond these cutoffs the quantized PD behaves like the chicken
game (CG) up to another cutoff value. For the measurement in the entangled basis the dilemma is resolved
for sin€ > 1/7 with Q ® @ as a Nash Equilibrium (NE). However, the quantized game behaves like PD when
sin§ > 1/3; whereas in the range 1/7 < sin€ < 1/3 it behaves like CG with Q® @ as an NE. For the measurement
in the product basis the quantized PD behaves like classical PD for sin® % < 1/3 with D® D as an NE. In region

1/3 < sin® % < 3/7, the quantized PD behaves like classical CG with C ® D and D ® C' as NEs.

PACS: 03.65.—w, 03.65.Ud, 02.50.Le

Game theory deals with a situation where two or
more rational players are involved in a strategic con-
test to maximize their payoffs.l'! The payoff of each
player depends on his own strategy and on the strate-
gies adopted by other players.[’] The set of strategies
from which unilateral deviation of any player reduces
his/ her payoff is called a Nash Equilibrium (NE) of
the game.l”] In its normal form a game is represented
by a bi-matrix with its elements as payoffs. It is nec-
essary to impose a set of constraints on the elements
of the payoff matrix to obtain the strategic form of
the game. Take, for example, prisoner dilemma (PD),
which is a story of two prisoners, Alice and Bob, who
have allegedly committed a crime together. They are
being interrogated in separate cells. Each of the pris-
oners has to decide whether to confess the crime (to
defect D) or to deny the crime (to cooperate C) with-
out any communication between them. If both players
receive R and U for mutual cooperation and defec-
tion, respectively, and a cooperator and a defector en-
gaged in a contest against each other receive S and T,
respectively, then the strategic form of PD demands
that 7> R > U > S.[% Due to these constraints,
rational reasoning forces each player to defect. As a
result DD appears as an NE of the game which is not
Pareto optimal. This is referred to as the dilemma of
this game.

Chicken game (CG) on the other hand depicts a
situation in which two players drive their cars straight
towards each other. The first to swerve to avoid the
collision (to cooperate C) is the loser (chicken) and
the one who keeps on driving straight (to defect D)
is the winner. By assigning R and U to mutual coop-
eration and defection, respectively, and S and T to a
cooperator and a defector against each other, then the
strategic form of CG requires that 7> R > § > U.l"]
As a result there is no dominant strategy and CD,
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DC' appear as an NE. The dilemma of this game is
that C'C which is Pareto optimal is not an NE.

This type of dilemma is resolved by analyzing
games in the quantum domain. One of the elegant
and foremost steps in this direction is by Eisert et
all! to remove the dilemma in PD. In this quanti-
zation scheme the strategy space of the players is a
two-parameter set of 2 x 2 unitary operators. Starting
with maximally entangled initial quantum state the
researchers showed that for a suitable quantum strat-
egy the dilemma disappears from the game. The quan-
tum strategy pair Q ® ) appears as an NE which is
Pareto optimal. They also pointed out that the quan-
tum strategy () always wins over all classical strate-
gies. Eisert et al.[ also showed that Q®Q is a unique
NE in CG and is Pareto optimal. This quantization
scheme has many interesting applications in quantum
game theory.[*~ 2!l Later, Marinatto and Weber!*? in-
troduced another interesting and simple scheme for
the quantization of non-zero sum games. They gave a
Hilbert structure to the strategic spaces of the players.
They also used the maximally entangled initial state
and allowed the players to play their tactics by apply-
ing probabilistic choices of unitary operators. Apply-
ing their scheme to the Battle of the Sexes game, they
found the strategy for which both the players have
equal payoffs. Marinatto and Weber’s quantization
scheme gave very interesting results while investigat-
ing evolutionarily stable strategies (ESS)!'»**?! and
in the analysis of repeated games®”°% etc. In our
earlier work we introduced a generalized quantization
scheme that establishes a relation between these two
apparently different quantization schemes.*”) Sepa-
rate set of parameters were identified for which this
scheme reduces to that of Eisert et alll and Mari-
natto and Weber!*”l quantization schemes.

In this Letter, we address the question of to what
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extent the strategic form of PD remains unaffected if it
is quantized by a generalized quantization scheme.[*”]
Starting with a general entangled state of the form
|t)) = cos §|OO) + isin%\ll) we show that the strate-
gic form of quantized PD depends on entanglement of
initial quantum state as well as on the type of mea-
surement basis (entangled or product). For both types
of measurements there exist respective cutoff values
of entanglement of initial quantum state up to which
the strategic form of the game remains intact. Be-
yond these cutoffs the quantized PD behaves like the
chicken game up to another cutoff value.

For the case of PD, if to confess the crime is termed
as ‘to Defect’, the strategy D, and to deny the crime
is referred to as ‘to Cooperate’, the strategy C, then
depending upon their decisions the players obtain the
payoffs according to the following payoff matrix.

Bob
C D
. C (3,3 0,5
AhceD [5570; ELl” . (1)

It is clear from the above payoff matrix that D is the
dominant strategy for both the players. Therefore ra-
tional reasoning forces each of them to play D result-
ing in DD as an NE of PD. From the payoff matrix
Eq. (1), we can see that each player gets (1,1) as pay-
off. However, it is possible for the players to get better
payofl of value (3, 3) if they would have played C'C in-
stead of DD. This is generally known as the dilemma
of this game. We can rewrite the payoff matrix Eq. (1)
in a general form as

Bob
C D
. C|(R,R S, T
AhceD [((T, S)) ((U, U))} ) (2)
with
T>R>U>S, (3)

as constraint on its elements.

In CG, two players Alice and Bob drive their
cars straight towards each other. The first to swerve
to avoid the collision (the strategy C') is the loser
(chicken) and the one who keeps on driving straight
(the strategy D) is the winner. The payoff matrix for
this game can also be of the form of Eq. (2) but with
constraints

T>R>S>U. (4)

Certainly if both the players cooperate they can avoid
a crash and neither of them will be the winner. If
one of them steers away (defects D) he will be the
loser but will survive, and the opponent will receive
the entire honor. If they crash, then the cost of both
of them will be higher than the cost of being chicken
and the payoff will be lower.[*?*] There is no domi-
nant strategy in this game. The strategy pairs (C, D)
and (D, C) are two NEs in this game. The former is
preferred by Bob and the latter is preferred by Alice.

The dilemma of this game is that C'C which is Pareto
optimal is not the NE of this game.

Next we quantize PD using a generalized quanti-
zation scheme for two person non zero sum games.*’]
In this quantization scheme an arbiter prepares a two-
qubit general entangled state and passes on one qubit
to each player. After applying their local unitary oper-
ators (strategies) the players return the qubits to the
arbiter who then announces the payoffs by perform-
ing the measurement with the application of suitable
payoff operators depending on the payoff matrix of the
game. The payoff operators are Bell-like states which
transform to the operators of Eisert et al.l for max-
imum entanglement and for zero entanglement they
reduce to the payoff operators used by Marinatto and
Weber in their quantization scheme.l”?] There can be
four cases of interest. If both the initial quantum state
and payoff operators are in the form of product states,
then a classical game will be reproduced. When ini-
tial quantum state and the payoff operators are max-
imally entangled states, then this scheme will trans-
form to the quantization scheme of Eisert et al.l’] For
maximally entangled initial quantum state and prod-
uct basis measurement it is reduced to that of the
Marinatto and Weber quantization scheme.l””] On the
other hand if the game starts with the product state
but the measurement for the payoffs is performed in
the entangled basis then the payoffs are also quantum
mechanical in nature, whereas this feature is absent in
both the schemes of Eisert et al. and Marinatto and
Weber quantization.

For the quantization of PD the classical strategies
C (to cooperate) and D (to defect) are assigned two
basis vectors |C) and |D), respectively, in a Hilbert
space of a two-level system. The state of the game
at any instant is a vector in four-dimensional Hilbert
space spanned by the basis vectors |CC), |CD), |DC)
and |[DD). Here the entries in the ket refer to the
qubits possessed by Alice and Bob, respectively. Rep-
resenting that |C) — |0) and |D) — |1) lets the initial
quantum state of the game be of the form

) :cosg\00>+isin§|11>, (5)

where £ is the entanglement parameter. The strategies

of the players are represented by unitary operators Uj,

given asl*™]

6, 6,
U; = cos EJRj + sin chj’ (6)

where j = A, B and R;, C; are the unitary operators
defined as

R;[0) = e'®10), Ry[1) = e™"%[1)
Cjl0) = = 1), Cjl1) = 10). (7)

After the application of strategies the initial state
given by Eq. (5) transforms into

pr = (Ua @ Up)p(Us @ Up)'. (8)
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The payoff operators of Alice and Bob are

PA =3Py + P11 + 5Pig
PB =3Py + P11 + 5Fo1, 9)

where

Poo =1%00) (Yoo, |¥o0) = cos *|00> +isin §|11>

(10a)

§
[11) = cos =|11) +isin = |00>
2 2" (10b)

Pll = |w11><'¢)11|a

1) )
Pro =[10){(10l, |¥10) = cos §|10> —isin §|01>7

(10c)
Po1 =vo1)(Yo1], |to1) = cos g|01> — isin — |10>
(10d)

and 6 € [0, %] is the entanglement of measurement
basis. These payoff operators reduce to the scheme of

Eisert et all”) for § = T, and for § = 0 these transform
to the scheme of Marlnatto and Weber.[*”] The payoff
for player ¢ is calculated by
$2(0A7¢A;0B7¢B) (P pf) (11)

Since in a generalized quantization scheme, measure-
ments can be performed in the entangled as well as
in the product basis. Therefore we discuss both cases
one by one.

Case 1: Entangled measurement

When the measurement is performed in the entan-
gled basis then using Egs. (1), (5), and (8)—(10), the
payoffs of players come out to be

[2 + sin € cos 2(pa + ¢ )] cos® %

0 0
5(1+sm§cos2¢3)sm 2Acos EB

0
278 in? G—B
2 2

$A(0A7 ¢A79B7 ¢B) =

0
2B
- COS 5 +

+ = (1 —sin& cos2¢x ) cos

N Ot

Oa 08
2 Sln2 —_—

9 _
+ (2 —sin¢) sin 5 5

(2 + siné)
4

- Zsm 05 sin Op sin(dp — ¢B), (12)

sin O sin O sin(Pa + PB)

0
[2 4 sin & cos 2(pa + ¢B)] cos? 7A
0 50 50
- cos? 7]3 + g(l + sin € cos 2¢ ) sin? 2B cos 7A

0 50
+ (1 —sin & cos 2¢) cos? — A

$B(9A7 ¢A70B7 ¢B) =

B
Sln —_—

2 2

N | Ot

+ (2 —sin &) sin? = Oa sin? =

2 2
~ (2+sing)
4

— Zsin@AsiHHBsin(qu—gbB). (13)

sin O sin O sin(pa + ¢B)

In this case if the game starts from a maximally entan-
gled state then Q® @ will be the only NE of the game,
where @ is the unitary operator U(6,¢) = U(0, %).[)
To see the behavior of Q ® () at other values of entan-
glement we apply the NE conditions as

™ ™

84(0, 5.0, 5) = $4(0a, 04,0, 5) 20,
$B(O7ga07g)_$B(Oag79B7¢B) 20 (14)

With the help of Egs. (12
above inequalities give

) and (13) for i = A, B, the

7sin €+ [1 + (2 cos 2¢; — 5) sin €] cos? % —1>0. (15)

This inequality is satisfied for sin& > 1/7. Therefore
Q ® @ remains the NE for a game that starts with an
initial state for which

siné > 1/7. (16)

Now we investigate whether the quantum game that
we obtained by quantization of PD with Q ® @ as
the NE possesses the characteristics of PD. Using

Egs. (12) and (13) the elements of the payoff matrix
of quantized PD are
R=2+sing, §= 2 m¢ Zsmg,
T:%Smg, U=2—sin¢. (17)

For the above values of payoff elements the constraint
Eq. (3) is satisfied if sin¢ > 1/3. It shows that in
quantized PD the resolution of the dilemma without
affecting its strategic form requires that the entan-
glement of the initial quantum state must be greater
than arcsin%. It means that Q ® @ is the NE of a
quantized PD for all values of entanglement for which
sin¢ > 1/7. However, it behaves like PD only for
sin¢ > 1/3. This is shown in Fig. 1. It can be seen
that in the region 1/3 > sin{ > 1/7 the constraints
on payoff elements transforms to

T>R>8>U. (18)

Comparing with Eq. (4) we can see that for these val-
ues of entanglement the quantized PD behaves like
CG. It means that when PD is quantized with an
initial state of entanglement less than arcsin% then
it transforms to CG while Q ® @ still remains the
NE. When the entanglement is further reduced and
sin€ < 1/7 then the quantum game again changes its
form. In this region the payoff matrix elements obey
the constraints

T>S>R>U, (19)
and Q ® D, D ® Q are NEs. For Q ® D the NE con-

ditions
$A(Q, D) —
$B(Qa D) -

$A(0A7 QSA?D) Z 07
$B(Q7 eBa ¢B) > Oa (20)
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become

0 0
sin? 7A +[7—(2—5cos2¢4) cos? 7A] siné >0,
0
[1—(5—2cos2¢p)siné] cos? 2 > 0.
2 (21)

These inequalities are satisfied for all 6’s and ¢'s if
0 < sin& < 1/7. However at sin€ = 0 two new NEs
C ® D and D ® C also come into play. At this stage
we have a game that has four pure strategy NEs. For
C ® D the NE conditions

$A<C,D) - $A(9A7 ¢A7 D) Z 07
$5(C, D) —$5(C,0p,¢8) = 0 (22)
yield
) GA 2 HA :
sin® — — [3 4 (2 — 5cos2¢4 ) cos® —]sin& > 0,
[1+ (5 —2cos2¢p) sin £] cos? 97]3 > 0. (24)

These inequalities are satisfied for all #’s and ¢’s for
sin £ = 0 showing that for zero value of entanglement
C ® D becomes an NE.

On the other hand it is also obvious from Fig.1
that there are two points sin€ = 1/7 and sin¢ = 1/3
where the constraints on the elements of the payoff
matrix are

T>R=5S>UT>R>S5=U, (25)

respectively. The former constraint represents the
game called compromise dilemmal’! whereas the other
constraint represents a game that is also different from
PD.

5 T

af
0
il
&
[al}

02 04 06 08 10
Sin &
Fig. 1. Payoff elements versus sin{ when the measure-

ment is performed in the entangled basis. It shows that
the quantized PD behaves like PD for an initial quantum
state for which sin& > 1/3. Intheregion 1/3 > sin& > 1/7
the quantized PD behaves like CG and for sin& < 1/7 the
form of the game is again changed.

It proves that when PD starts with a general en-
tangled state of the form (5) and measurement is per-
formed in the entangled basis then it behaves like PD
up to a certain cutoff value of entanglement of initial
quantum state.

Case 2: Product Measurement

When the measurement is performed in the prod-
uct basis then using Egs. (1), (5), (8), (9), and (11),

the payoff of player A comes out to be

0 0
$A<9A,¢A,GB,¢B> = (1+2¢08” 5 cos? 2 cos? 2
0 0

+ 5cos? g sin? 5 2 cos? ?B+5sin2 gcos2 7Asin2 ?B
+ (1 + 2sin? 5) sin® 22 sin? %s

2 2 2

1

— ZsinfsinHA sin 0p sin(¢a + ¢B). (26)

The payoffs of player B can be found by replacing
O0n — 0 and ¢p — ¢B. For these payoffs C ® C' is
the NE of the game if

$A(C7 C) - $A(9Aa ¢Aa

Putting the corresponding values from Eq. (26), we get

C) > 0. (27)

sin2 5 (3 sm2 £ ) > 0. (28)

This inequality is satisfied if sinzg > 2/3. It shows
that C ® C is an NE with payoff 3 —2sin? § for quan-
tized PD that starts with an initial entangled state of
the form (5) if sin? % > 2/3. Tt is important to note
that C ® C' being an NE does not imply the resolu-
tion of the dilemma, because for sin2% > 2/3 each
player could have obtained a better payoff 1+ 2 sin? %
by playing D instead of C.
For D ® D as an NE we have the inequality

$A(D7D)_$A(0A7¢A7D) 207 (29)
which with the help of Eq. (26) gives
cos? %( — 3sin? f) 0. (30)

The above inequality is satisfied for sin? % < 1/3 show-
ing that D ® D is an NE for quantized PD if it starts
with an initial quantum state with sin? % <1/3.

The D®C can be an NE if it satisfies the following
NE inequalities

$a( ) = $a(0a,0a,C) >0,
$5( ) —$8(D, 0B, ¢B) >0. (31)

With the help of Eq.(26) the above inequalities be-
come

D,C
D,C

£

0

2 2
>\ >

5) 20

—(2 — 3si
cos 2( sin

6
sin? 7B(3 sin? 5~ 1) >0. (32)

These inequalities are satisfied if 1/3 < sin? % < 2/3.
Therefore, D ® C' is an NE of quantized PD which
starts with an initial entangled state with 1/3 <
sin2§ < 2/3. By similar reasoning it can be proved
that C ® D is an NE if the entanglement of the initial
quantum state is in the range 1/3 < sin® g <2/3.
Now we investigate how the strategic form of quan-
tized PD depends upon the entanglement of the initial
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state. We find from Eq. (26) that the elements of the
payoff matrix in this case are
R =3 — 2sin® g, S = 5sin? %,

2§
27

U:1+2sin2§. (33)

T =5—>5sin
These elements of the payoff matrix are plotted as
a function of sin2% in Fig.2. The figure shows six
regions and each region represents a different game.
The constraints (3) required for the game to behave
like PD are satisfied in region 1. This region is defined
as 0 < sin? % < 1/3 with D® D as the NE. In region 2

where 1/3 < sin? % < 3/7 the payoff matrix elements
given in Eq. (33) are transformed into the constraints
given in (4). In this region the quantized PD repre-
sents classical CG with C ® D and D ® C as NEs.
When the entanglement of the initial state is further
increased then the form of the game varies according
to Table 1.

Table 1. Different forms of PD for specified range of ini-
tial state entanglement when measurement is performed in the
product basis.

Region Entanglement NE Game
1 sin? § <1 D®D Classical PD
2 l<sin?§<2 C®D,D®C  Classical CG
3 2<sin?f <l C®D, D®C Neither CG nor PD
4 L<sin?f <2 C@D, D®C Neither CG nor PD
5 2<sin?§ <2 C®D, D®C Neither CG nor PD
6 sin? g > % cC®C Neither CG nor PD
5. T
=
wn
S8R
> Teell . T
z
Ao —-—__:v:_‘_'-‘,._:
1_.,8 -
0.2 0.4 0.6 0.8 1.0
3

sin? 5

Fig. 2. Payoff elements versus sin? % when the measure-
ment is performed in the product basis. The constraints
required for the game to behave like PD are satisfied in

the region defined by 0 < sinzg < 1/3. In the region

1/3 < sin? % < 3/7 the quantized PD behaves like classi-
cal CG with C ® D and D ® C as NEs.

Furthermore from Fig. 2, it can be seen that there
are points such as sin? % = 1/3, sin? % = 3/7, sin® % =
1/2, sin? % = 4/7 and sin® g = 2/3 where two or more
payoff matrix elements are equal. The form of game
at these points can be described as follows:

(1) At sin? g = 1/3 the payoff matrix elements are
related through the constraints 7' > R > S = U with
R =2.3333, S =U = 1.6667, and 7" = 3.3333. Here
the game has C ® D and D ® C as NEs. However,
both these NEs are not strict.!*]

(2) At sin? % =3/7Tweseethat T > (R=S5)>U
with R = S5 = 2.1429, T = 2.8571, U = 1.8571 and

at this point quantized PD behaves like compromise
dilemma. In such a situation it is better to play op-
posite to the opponent.["]

(3) At sin? % = 1/2 the matrix elements obey the
constraints (R = U) < (S = T) where R = U = 2,
S =T = 2.5. Here the game has C® D and D ® C as
NEs.

(4) At sin2§ = 4/7 the constraints on the pay-
off matrix element become S > (T' = U) > R and
R =1.8571, § =2.8571, T = U = 2.1429. The game
has C® D and D ® C as NEs.

(5) At sin? % = 2/3 the constraints take the form
S>U>(R=T)where R=T = 1.6667, S = 3.3333,
U = 2.3333. This game has C ® D and D ® C' as NEs
and both these NEs are not strict.[*’]

Note that for all the above cases the quantized
game never behaves like PD.

In summary, we have quantized PD by a gener-
alized quantization schemel®”! starting with a general
initial entangled state of the form [¢) = cos 5]|00) +

isin §|11>. In this scheme the measurements for pay-
offs can be performed in entangled and product bases.
For both types of measurements the strategic form of
quantized PD depends upon the entanglement of the
initial quantum state. For measurement in the entan-
gled basis when the entanglement of initial quantum
state is reduced then beyond a certain level of entan-
glement the quantized PD behaves like CG with Q®Q
as the NE. On further reduction of entanglement the
game ceases to behave like CG and transforms into a
new game with Q ® D and D ® Q as NEs. At last
for zero entanglement two additional NEs C ® D and
D ® C also appear in resulting a game with four pure
strategies NEs. When the measurement is performed
in product basis then the quantized PD can be divided
in eleven different games with respect to initial state
entanglement. In this case for zero entanglement of
initial quantum state the game behaves like PD with
D® D as an NE. With increasing entanglement of ini-
tial state there is a cutoff value beyond which the game
behaved like CG with C ® D and D ® C' as NEs. On
further increasing there appeared another cutoff value
beyond which the quantized PD transformed into a
game with C ® C' as an NE which is not Pareto opti-
mal.

The apparent reason for these results is when the
players apply their pure strategies (I and o operators)
on a maximally entangled state (Bell state) shared be-
tween them then the resulting quantum state is also
one of the Bell states. This state overlaps with one
of the payoff operators (10) and is orthogonal to the
other three operators. Therefore the measurement of
payoffs is error free. However, when the entanglement
of a shared quantum state is reduced then applica-
tion of pure strategies transform it into a state which
overlaps with two payoff operators (10). The payoffs
against the pure strategies (I and o operators) are
transformed into the payoffs corresponding to mixed
strategies (linear combination of I and o). It changes
the strategic form of the game. Similarly the case of
product measurements can be explained.

050302-5


http://cpl.iphy.ac.cn

CHIN.PHYS.LETT. Vol. 30, No.5(2013) 050302

References

(1]
2]
(3]
[4]

[5]
[6]
[7]
(8]

(9]
[10]
[11]
12]

[13]

(14]

Dixit A and Skeath S 1999 Games of Strategy 1st edn (New
York: W. W. Norton & Company)

von Neumann J and Morgenstern O 1953 Theory of Games
and Economic Behavior 3rd edn (Princeton: Princeton Uni-
versity Press)

Nash J F 1950 Proc. Natl. Acad. Sci. USA 36 48
Carlsson B 1998 Ewvolutionary Models Multi-Agent Syst.
(Lund University Cognitive Studies) p 72

Szabo G and Toke C 1998 Phys. Rev. E 58 69

Eisert J, Wilkens M, Lewenstein M 1999 Phys. Rev. Lett.
833077

Eisert J and Wilkens M 2000 J. Mod. Opt. 47 2543

Du J, Li H, Xu X, Shi M, Wu J, Zhou X and Han R 2002
Phys. Rev. Lett. 88 137902

Zhou L and Kuang L. M 2003 Phys. Lett. A 315 426

Lee C F and Johnson N F 2003 Phys. Lett. A 319 429
Igbal A and Toor A H 2002 Phys. Rev. A 65 022306
Piotrowski E W and Sladowski 2003 Int. J. Quantum Inf.
1395

Flittney A P and Abbott D 2003 Proc. R. Soc. London Ser.
A 459 2463

Cheon T 2005 Europhys. Lett. 69 149

050302-6

[15]
[16]
[17]
(18]

[19]
[20]

[21]
[22]
[23]
[24]

Ozdemir S K, Shimamura J, Morikoshi F and Imoto N 2004
Phys. Lett. A 333 218

Ozdemir S K, Shimamura J and Imoto N 2007 New J. Phys.
943

Shimamura J, Ozdemir S K, Morikoshi F and Imoto N 2004
Phys. Lett. A 328 20

Chen L K, Ang H, Kiang D, Kwek L C and Lo C F 2003
Phys. Lett. A 316 317

Flitney A P and Abbott D 2005 J. Phys. A 38 449
Francisco A and Rosero H 2004 MS thesis (Universidad de-
los Andes) arXiv:quant-ph/0402117

Schneider David 2012 J. Phys. A: Math. Theor. 45 085303
Marinatto L and Weber T 2000 Phys. Lett. A 272 291
Igbal A and Toor A H 2002 Phys. Rev. A 65 052328
Nawaz Ahmad and Toor A H 2010 Chin. Phys. Lett. 27
050303

Igbal A and Toor A H 2001 Phys. Lett. A 280 249
Frackiewicz Piotr 2012 J. Phys. A: Math. Theor. 45 085307
Nawaz Ahmad and Toor A H 2004 J. Phys. A: Math. Gen.
37 11457

Russel B 1959 Common Sense and Nuclear Warfare (Simon
& Schuster)

Osborne M J and Robinstein Ariel 1994 A Course in Game
Theory (Cambridge: MIT Press)


http://cpl.iphy.ac.cn
http://dx.doi.org/10.1073/pnas.36.1.48
http://dx.doi.org/10.1103/PhysRevE.58.69
http://dx.doi.org/10.1103/PhysRevLett.Lett.833077
http://dx.doi.org/10.1080/095003400750039537
http://dx.doi.org/10.1103/PhysRevLett.88.137902
http://dx.doi.org/10.1016/S0375-9601(03)01100-9
http://dx.doi.org/10.1016/j.physleta.2003.10.019
http://dx.doi.org/10.1103/PhysRevA.65.022306
http://dx.doi.org/10.1142/S0219749903000279
http://dx.doi.org/10.1098/rspa.2003.1136
http://dx.doi.org/10.1209/epl/i2004-10343-x
http://dx.doi.org/10.1016/j.physleta.2004.10.055
http://dx.doi.org/10.1088/1367-2630/9/2/043
http://dx.doi.org/10.1016/j.physleta.2004.06.006
http://dx.doi.org/10.1016/S0375-9601(03)01175-7
http://dx.doi.org/10.1088/0305-4470/38/2/011
http://arxiv.org/abs/quant-ph/0402117
http://dx.doi.org/10.1088/1751-8113/45/8/085303
http://dx.doi.org/10.1016/S0375-9601(00)00441-2
http://dx.doi.org/10.1103/PhysRevA.65.052328
http://dx.doi.org/10.1088/0256-307X/27/5/050303
http://dx.doi.org/10.1016/S0375-9601(01)00082-2
http://dx.doi.org/10.1088/1751-8113/45/8/085307
http://dx.doi.org/10.1088/0305-4470/37/47/014

	Title
	Eq. (1)
	Eq. (2)
	Eq. (3)
	Eq. (4)
	Eq. (5)
	Eq. (6)
	Eq. (7)
	Eq. (8)
	Eq. (9)
	Eq. (10)
	Eq. (11)
	Eq. (12)
	Eq. (13)
	Eq. (14)
	Eq. (15)
	Eq. (16)
	Eq. (17)
	Eq. (18)
	Eq. (19)
	Eq. (20)
	Eq. (21)
	Eq. (22)
	Eq. (23)
	Eq. (24)
	Eq. (25)
	Fig. 1
	Eq. (26)
	Eq. (27)
	Eq. (28)
	Eq. (29)
	Eq. (30)
	Eq. (31)
	Eq. (32)
	Eq. (33)
	Table-1
	Fig. 2
	References

