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A coupled-mode method for three-dimensional acoustic propagation and scattering in two-dimensional waveguides
is presented. This method synthesizes the three-dimensional field solution by using Fourier transform techniques
based on a sequence of two-dimensional problems, each of which is solved by a numerical model recently developed
by Luo et al. [Chin. Phys. Lett. 29 (2012) 014302]. Numerical results indicate that the present model is remarkably
accurate, and thus can serve as benchmark against other numerical models. In addition, this model can be applied
to realistic problems, and can also be used to analyze horizontal refraction in some range-dependent waveguides
in reality, such as the continental shelf environment, ridge-like bathymetry, and underwater trenches.

PACS: 43.30.Bp, 43.30.Gv, 43.20.Fn DOI: 10.1088/0256-307X/30/11/114301

Over the past several decades, a large number
of numerical models have been developed for under-
water acoustic propagation. Most of these models
provide solutions for two-dimensional (2D) problems,
and they provide satisfactory solutions for the major-
ity of propagation problems where the environmen-
tal dependence on azimuth is insignificant. However,
acoustic propagation and scattering in the ocean usu-
ally involves fully three-dimensional (3D) effects. The
full solution of general 3D propagation and scatter-
ing is very intensive computationally. The finite dif-
ference method[1] and the finite element method[2]

can be applied to such problems, while the compu-
tational size may be excessively large for long-range
propagation. The 𝑁×2D approach introduced first
by Perkins and Baer[3] is highly efficient in solving
3D propagation problems. It assumes out-of-plane
scattering to be insignificant, and is therefore appli-
cable only to problems with weak transverse envi-
ronmental variability. Various 3D approaches have
been developed. Some of these 3D models, such as
the adiabatic mode parabolic equation approach,[4]
the coupled mode parabolic equation approach,[5] and
FOR3D, a 3D parabolic equation model presented in
Refs. [6,7], can provide approximate solutions for 3D
problems.

The 3D problem involving a 2D waveguide is
sometimes referred to as the two-and-half-dimensional
(2.5D) problem.[8−10] In some special cases, analytical
solutions are available for such 2.5D problems, for ex-
ample, acoustic propagation in a perfect wedge,[11,12]
or in a penetrable wedge.[13] In general, however,
numerical methods must be employed. The 2.5D
problem of acoustic propagation can be solved in a
straightforward manner by using the Fourier trans-
form method to reduce the problem to a sequence of
2D ones, the solutions of which can then be used to
synthesize the 3D field. The methods in Refs. [8–10]
and in the present study belong to this category.

Recently, a coupled-mode method with the use of
the direct global matrix (DGM) approach was pro-

posed by Luo et al.,[14,15] hereafter referred to as the
DGMCM model. This method is capable of handling
2D problems with either a point source in cylindri-
cal geometry or a line source in plane geometry. Due
to the use of the DGM approach, this method is nu-
merically stable. In addition, the introduction of the
general source condition enables this method to han-
dle the scenario where a line source is located right on
top of a sloping bottom. The DGMCM model is capa-
ble of accurately and efficiently modeling propagation
and scattering in very complicated waveguides, but it
is restricted to 2D problems.

In this Letter, we extend the DGMCM model to
a version capable of handing the 2.5D problem. Even
with the restricted waveguide geometry, the extended
model is nonetheless more physically realistic. We
first give a summary of the 2D DGMCM theory. Sec-
ond, we extend this 2D model to be able to solve the
2.5D problem with the use of the Fourier synthesis
technique, and discuss the numerical implementation.
Third, we apply this 2.5D model to solve an ideal
wedge problem, and compare the result with the an-
alytical solution to demonstrate the accuracy of this
method.

The formulation of 2D line-source problems will
be used to compute the 3D acoustic field. Thus, we
give the DGMCM theory for the line-source problem
in plane geometry. In Cartesian coordinates, with the
location of a harmonic line source of angular frequency
𝜔 denoted by (𝑥s, 𝑧s), the Helmholtz equation is[16]
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We divide the range-dependent waveguide into a num-
ber of range-independent segments, and represent the
field solution in segment 𝑗 as
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where 𝑁 is the total number of normal modes involved
in mode coupling, 𝑎𝑗𝑛 and 𝑏𝑗𝑛 are modal amplitudes cor-
responding to the forward and backward propagating
waves respectively, Ψ 𝑗

𝑛(𝑧) are the local vertical eigen-
functions, 𝐸𝑗

1𝑛(𝑥) and 𝐸𝑗
2𝑛(𝑥) are normalized expo-

nential functions defined as follows:

𝐸𝑗
1𝑛(𝑥) = 𝑒𝑖𝑘

𝑗
𝑥𝑛(𝑥−𝑥𝑗−1), (3)

𝐸𝑗
2𝑛(𝑥) = 𝑒−𝑖𝑘𝑗

𝑥𝑛(𝑥−𝑥𝑗), (4)

with 𝑘𝑗𝑥𝑛 denoting the horizontal wavenumbers. The
solutions for 𝑎𝑗 and 𝑏𝑗 in each segment are obtained
by solving the following linear system of equations,

𝐶𝑥 = 𝑣, (5)

where 𝑥 is the column vector

𝑥 = [𝑏1 𝑎2 𝑏2 𝑎3 · · · 𝑏𝑗s 𝑎𝑗s+1 · · · 𝑏𝐽−1 𝑎𝐽 ]T,
(6)

𝑣 is the column vector

𝑣 = [0 0 0 0 · · · 0 𝑠 · · · 0 0 ]
T
,

(7)

with the superscript T denoting transpose, and 𝑠 be-
ing the column vector with entries
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and 𝐶 is the global coefficient matrix
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Coupling matrices ̃︀𝐶𝑗 and ̂︀𝐶𝑗 are respectively defined
as
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In the following, we introduce the formulation for
the 2.5D problem as depicted in Fig. 1. The acoustic
properties in the waveguide are dependent on the co-
ordinates 𝑥 and 𝑧, but independent of the coordinate
𝑦. When a point source is located at (𝑥s, 0, 𝑧s), the
complex pressure satisfies the following 3D Helmholtz
equation:
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=− 𝛿(𝑥− 𝑥s)𝛿(𝑦)𝛿(𝑧 − 𝑧s). (12)

The Fourier transform is defined as[10]
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Since the waveguide is independent of the coordinate
𝑦, by taking the Fourier transform of Eq. (12), we ob-

tain
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=− 𝛿(𝑥− 𝑥s)𝛿(𝑧 − 𝑧s). (14)

Comparing with Eq. (1), we observe that the resulting
problem is 2D for each specified value of 𝑘𝑦. Here we
solve Eq. (14) using the DGMCM model,[14,15] with
𝑘2(𝑧) − 𝑘2𝑦 playing the role that 𝑘2(𝑧) usually plays,
where the wavenumber 𝑘(𝑧) = 𝜔/𝑐(𝑧).

After the pressure 𝑝(𝑥, 𝑘𝑦, 𝑧) has been computed
for a sequence of 𝑘𝑦 values, the solution 𝑝(𝑥, 𝑦, 𝑧) can
be obtained by the inverse Fourier transform,[10]

𝑝(𝑥, 𝑦, 𝑧) =
1

2𝜋

∫︁ ∞

−∞
𝑝(𝑥, 𝑘𝑦, 𝑧)𝑒

𝑖𝑘𝑦𝑦𝑑𝑘𝑦.
(15)

As clearly explained in Refs. [9,10], 𝑝(𝑥, 𝑘𝑦, 𝑧) in
Eq. (15) has singularities at the eigenvalues of the 2D
problem. We use contour integration to avoid the sin-
gularities, which is analogous to the method used in
the SAFARI model.[17] Here 𝑘𝑦 is taken along the con-
tour in the complex plane described by the functional
form,[9]

𝑘𝑦 = 𝑠− 𝑖𝜖 tanh(𝛿𝑠), −∞ < 𝑠 < ∞,
(16)

where 𝑠 is the real part of 𝑘𝑦, and 𝜖 and 𝛿 are the
parameters governing the integration contour. The
integration contour is above the real axis for 𝑠 < 0
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and below the real axis for 𝑠 > 0. Equation (15) thus
becomes

𝑝(𝑥, 𝑦, 𝑧) =
1

2𝜋

∫︁ ∞

−∞
𝑝[𝑥, 𝑘𝑦(𝑠), 𝑧]𝑒

𝑖𝑘𝑦(𝑠)𝑦

· [1− 𝑖𝜖𝛿sech2(𝛿𝑠)]𝑑𝑠. (17)

In implementation, the integration employs a trape-
zoidal rule, and symmetry may be exploited to avoid
solving Eq. (14) for 𝑠 < 0.
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Source
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Fig. 1. Geometry of the 2.5D problem involving a point
source in a waveguide in which the acoustic properties vary
with the coordinates 𝑥 and 𝑧, but not with the coordinate
𝑦.

Consider the wedge problem as illustrated in Fig. 2.
The environment consists of a homogeneous water col-
umn with sound speed 𝑐w = 1500m/s and density
𝜌w = 1.0 g/cm3, bounded by plane, pressure-release
boundaries. The wedge angle is approximately 3.0∘.
We set the origin on the sea surface where the wa-
ter depth is 252.41 m. The point source is located at
range (𝑥) 1.0 km, cross range (𝑦) 0 km, and depth (𝑧)
100 m, where the water depth is 200m. The source
frequency is 25Hz.
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Fig. 2. Geometry of the ideal wedge problem involving
pressure-release boundaries.
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Fig. 3. Field solutions for the 3.0∘ wedge problem with pressure-release boundaries. The source is located at range
1.0 km, cross range 0 km, and depth 100m. The source frequency is 25Hz. (a) TL in the horizontal plane at depth
30m by the present model; (b) TL in the horizontal plane at depth 30m by the analytical solution; (c) TL versus
range at 𝑦 = 0 km; (d) TL versus range at 𝑦 = 7.5 km. In (c) and (d), the solid line in blue corresponds to the
analytical solution, and the dashed line in red corresponds to the solution of the present model.

In the implementation of the present model, 513
values of 𝑘𝑦 are used to compute the integral (17) for
𝑠 ≥ 0, and values of the integrand for 𝑠 < 0 are com-
puted using symmetry. To obtain convergent 2D so-
lutions for each 𝑘𝑦 value, a total of 30 normal modes
is involved in mode coupling and a total of 400 seg-
ments is used to represent the slope. For such an ideal
wedge problem, the analytical solution presented in
Refs. [11,12] is used as the reference solution. Because

the wedge angle is a submultiple of 𝜋, the diffracted
component of the sound field is identically zero.[11,12]
Thus, the diffracted component need not be consid-
ered in this analytical solution. Figure 3 shows the re-
sults of transmission loss (TL) in the horizontal plane
at depth of 30m (Figs. 3(a) and 3(b)), and TL versus
range along 0-km and 7.5-km cross range (Figs. 3(c)
and 3(d)). Sound field in the horizontal plane is sym-
metric with respect to the 𝑥 axis, so we only give the

114301-3

http://cpl.iphy.ac.cn


CHIN.PHYS. LETT. Vol. 30, No. 11 (2013) 114301

results in the half plane in Figs. 3(a) and 3(b). As
can be seen, the agreement between the solution by
the present model and the reference solution is excel-

lent, indicating that the present model is remarkably
accurate.
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Fig. 4. Field solutions in the vertical plane of cross range 𝑦 = 0 km for the 3.0∘ wedge problem with pressure-release
boundaries. The source is located at range 1.0 km, cross range 0 km, and depth 100m. The source frequency is
25Hz. (a) TL by the present model; (b) TL by the analytical solution.

A comparison of the field results in the vertical
plane 𝑦 = 0 km by the present model and by the
reference solution is provided in Fig. 4, which also
shows excellent overall agreement. Moreover, the
mode stripping effect, which is clearly explained in
Ref. [18], is evident in Fig. 4 in the upslope region, that
is, from 1 km to 4.82 km.

The ideal wedge problem is a particularly stringent
test for numerical propagation and scattering mod-
els. For this kind of 2.5D wedge problem, the ana-
lytical solution presented in Refs. [11,12] is extremely
useful as a primary benchmark. The excellent agree-
ment between the analytical solution and the present
model establishes the accuracy of the latter. Conse-
quently, with the use of closed-form expressions for
local modal solutions and their associated coupling
matrices, the present model can serve as a secondary
benchmark against other 2.5D and 3D numerical mod-
els. Note that the present model can be applied to
general range-dependent waveguides, not necessarily
wedge-shaped waveguides. Moreover, this model can
be easily generalized to more realistic waveguides. For
this purpose, a numerical normal mode model such
as KRAKEN[19] should be adopted to provide local
modal solutions and their associated coupling matri-
ces.

In summary, a coupled-mode model for 3D sound
propagation and scattering in a 2D range-dependent
waveguide has been presented. The 3D field in the
waveguide can be synthesized by a sequence of 2D
problems, each of which is solved by DGMCM.[14,15]
The numerical results indicate that the present
method is remarkably accurate. Thus, this model can
serve as benchmark against other 2.5D and 3D nu-
merical models. In the future, the present model will
be generalized to solve realistic 2.5D problems. More-
over, the present model will be used to analyze the

phenomenon of horizontal refraction in some range-
dependent waveguides in reality, for instance, the con-
tinental shelf environment, ridge-like bathymetry, and
underwater trenches.

References
[1] Stephens R A 1988 Rev. Geophys. 26 445
[2] Marfurt K J 1984 Geophysics 49 533
[3] Perkins J S and Baer R N 1982 J. Acoust. Soc. Am. 72 515
[4] Collins M D and McDonald B E 1995 J. Acoust. Soc. Am.

97 1567
[5] Peng Z H and Zhang R H 2005 Acta Acust. 30 97 (in Chi-

nese)
[6] Botseas G, Lee D and King D 1987 FOR3D: A computer

model for solving the LSS three-dimensional, wide angle
wave equation (New London: Naval Underwater Systems
Center)

[7] Lee D and Botseas G 1992 J. Acoust. Soc. Am. 91 3192
[8] Doherty J 1988 Geophys. Prospecting 36 644
[9] Fawcett J A and Dawson T W 1990 J. Acoust. Soc. Am.

88 1913
[10] Orris G J and Collins M D 1994 J. Acoust. Soc. Am. 96

1725
[11] Buckingham M J 1984 Acoustic propagation in a wedge-

shaped ocean with perfectly reflecting boundaries (Washing-
ton, DC: Naval Research Laboratory)

[12] Buckingham M J 1989 J. Acoust. Soc. Am. 86 2273
[13] Deane G B and Buckingham M J 1993 J. Acoust. Soc. Am.

93 1319
[14] Luo W Y, Yang C M and Zhang R H 2012 Chin. Phys. Lett.

29 014302
[15] Luo W Y, Yang C M, Qin J X and Zhang R H 2012 Sci.

Chin.-Phys. Mech. Astron. 55 572
[16] Jensen F B, Kuperman W A, Porter M B and Schmidt H

2011 Computational Ocean Acoustics 2nd edn (New York:
Springer) p 341

[17] Schmidt H and Jensen F B 1985 J. Acoust. Soc. Am. 77
813

[18] Luo W Y, Yang C M, Qin J X and Zhang R H 2013 Chin.
Phys. B 22 054301

[19] Porter M B 1991 The KRAKEN Normal Mode Program
(La Spezia: SACLANT Undersea Research Center)

114301-4

http://cpl.iphy.ac.cn
http://dx.doi.org/10.1029/RG026i003p00445
http://dx.doi.org/10.1190/1.1441689
http://dx.doi.org/10.1121/1.388032
http://dx.doi.org/10.1121/1.413050
http://dx.doi.org/10.1016/j.saa.2004.11.023
http://dx.doi.org/10.1121/1.402856
http://dx.doi.org/10.1111/j.1365-2478.1988.tb02185.x
http://dx.doi.org/10.1121/1.400214
http://dx.doi.org/10.1121/1.410250
http://dx.doi.org/10.1121/1.398436
http://dx.doi.org/10.1121/1.405417
http://dx.doi.org/10.1088/0256-307X/29/1/014302
http://dx.doi.org/10.1007/s11433-012-4666-0
http://dx.doi.org/10.1121/1.392050
http://dx.doi.org/10.1088/1674-1056/22/5/054301

	Title
	Eq. (1)
	Eq. (2)
	Eq. (3)
	Eq. (4)
	Eq. (5)
	Eq. (6)
	Eq. (7)
	Eq. (8)
	Eq. (9)
	Eq. (10)
	Eq. (11)
	Eq. (12)
	Eq. (13)
	Eq. (14)
	Eq. (15)
	Eq. (16)
	Eq. (17)
	Fig. 1
	Fig. 2
	Fig. 3
	Fig. 4
	References

