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Taking into account the effect of the generalized Gor’kov and Melik–Barkhudarov (GMB) approximation, we
calculate the radio-frequency spectra of balanced and homogeneous ultracold Fermi gases within the framework
of the non-self-consistent T-matrix approximation at unitarity in the normal phase. The corresponding equations
are numerically calculated on the real frequency axis directly. It is found that our results agree well with the
experimental result of the radio-frequency spectroscopy [Phys. Rev. Lett. 101 (2008) 140403].
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Ultracold Fermi gases provide model systems to
study many-body physics owing to their easy tunabil-
ities. This field has been extensively studied theoreti-
cally and experimentally.[1−8] Controlling the pairing
interaction via Feshbach resonance allows the study of
the crossover from Bardeen–Cooper–Schrieffer (BCS)
superfluidity to Bose–Einstein condensate (BEC). The
interaction strength between atoms can be described
by the parameter (𝑘F𝑎s)

−1, where 𝑘F is the Fermi wave
vector and 𝑎s is the s-wave scattering length. In the
weak-coupling BCS limit, (𝑘F𝑎s)

−1 ≪ −1, whereas in
the strong-coupling BEC limit, (𝑘F𝑎s)

−1 ≫ +1. The
region −1 . (𝑘F𝑎s)

−1 . +1 is the crossover region and
(𝑘F𝑎s)

−1 = 0 is the unitarity limit which is of special
importance to understanding the crossover physics.

A fundamental question of ultracold Fermi gases
is how to understand the pairing mechanism. In weak
coupling BCS limit, pairing and superfluidity emerge
simultaneously, whereas in the center of BCS-BEC
crossover it is predicted that pairs appear at tem-
peratures 𝑇 * higher than the critical temperature for
superfluidity and the preformed pairs are usually re-
garded as the origin of pseudogaps. The study of
the pseudogap phenomenon is expected to be help-
ful for further understanding high-temperature super-
conductivity. The recent radio-frequency (rf) spec-
troscopy experiments[9−14] on ultracold Fermi gases
provide valuable information on the nature of pairing.
In these experiments, a radio-frequency pulse drives
atoms from one of two paired spin states into an un-
occupied spin state, where they are counted to yield a
spectrum of counts versus frequency.[13] The rf spec-
tra are associated with the spectral function of ultra-

cold Fermi gases. The theoretical studies of rf spectra
have been performed by many authors.[15−23] How-
ever, the effect of the induced interaction, also called
the GMB approximation, which was first considered
by Gor’kov and Melik-Barkhudarov (GMB),[24] has
not been taken into account in their studies of the
spectral function through which we can calculate rf
spectra.

Yu and coworkers[25] considered the generalized
GMB approximation in the Nozières and Schmitt-
Rink (NSR)[26] framework to study ultracold Fermi
gases. The NSR approach is equivalent to expanding
the fermion propagator to the lowest order in the self-
energy when one calculates the number equation via
the fermion propagator. If the fluctuation corrections
are important as in the BCS-BEC crossover, a bet-
ter treatment might be to include the self-energy to
all orders. This is exactly the non-self-consistent T-
matrix approximation (nTMA) framework as adopted
in Ref. [27]. In this Letter, taking into account the
generalized GMB approximation in the nTMA frame-
work, we calculate the rf spectra of balanced and ho-
mogeneous ultracold Fermi gases in the normal phase
at unitarity. We compare our results with the experi-
mental results of rf spectra in Ref. [14] and the results
from the NSR theory and the extended BCS-Leggett
theory obtained by Chien and coworkers in Ref. [28].
It is found that our results agree well with the experi-
mental result after taking into account induced inter-
action. Throughout this study, we take ~ = 𝑘B = 1.

We consider three-dimensional uniform Fermi
gases with an equal number of particles in the two dif-
ferent hyperfine states described by pseudospins 𝜎 =↑
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and ↓. The system with a broad Feshbach resonance
can be modeled by the Hamiltonian

𝐻 − 𝜇𝑁 =
∑︁
𝑘,𝜎

𝜉𝑘𝑐
†
𝑘𝜎𝑐𝑘𝜎

− 𝑈
∑︁
𝑞𝑘𝑘′

𝑐†𝑘+𝑞/2↑𝑐
†
𝑘+𝑞/2↓𝑐−𝑘′+𝑞/2↓𝑐𝑘′+𝑞/2↑,

(1)

where 𝑐𝑘𝜎 represents the annihilation operator for a
Fermi atom with pseudospin 𝜎 and kinetic energy
𝜉𝑘 = 𝜀𝑘 − 𝜇 with 𝜇 being the chemical potential. The
pairing interaction −𝑈 (which is negative) is tunable.
When we calculate some physical quantity, we will re-
late −𝑈 to the observable quantity, i.e., the s-wave
scattering length 𝑎s via

1

−𝑈
=

𝑚

4𝜋𝑎s
−
∑︁
𝑘

1

2𝜀𝑘
. (2)

The induced interaction was considered originally
by GMB[24] in the BCS limit. Yu and coworkers[25]
used the generalized GMB approximation in the BCS-
BEC crossover. For a scattering process 𝑝1 + 𝑝2 →
𝑝3+ 𝑝4, the induced interaction considered by Yu and
coworkers is

𝑈ind(𝑝1, 𝑝2; 𝑝3, 𝑝4) = − 𝑈2𝜒(𝑝1 − 𝑝4)

1− 𝑈𝜒(𝑝1 − 𝑝4)

= − 𝑈2𝜒(𝑞)

1− 𝑈𝜒(𝑞)
= 𝑈ind(𝑞),

(3)

where 𝑝𝑖 = (𝑘𝑖, 𝑖𝜔𝑛𝑖) with 𝑘 being the wave vector and
𝜔𝑛 = (2𝑛 + 1)𝜋/𝛽 = (2𝑛 + 1)𝜋𝑇 being the fermion
Matsubara frequency, and 𝑞 = (𝑞, 𝑖𝜈𝑛) with 𝜈𝑛 be-
ing the boson Matsubara frequency. The polarization
function 𝜒 is

𝜒(𝑞) = 𝑇
∑︁
𝑘,𝑖𝜔𝑛

𝒢0(𝑝)𝒢0(𝑝+ 𝑞) =
∑︁
𝑘

𝑓(𝜉𝑘)− 𝑓(𝜉𝑘+𝑞)

𝑖𝜈𝑛 + 𝜉𝑘 − 𝜉𝑘+𝑞
,

(4)
where 𝒢0(𝑝) = 𝒢0(𝑘, 𝑖𝜔𝑛) = 1/(𝑖𝜔𝑛 − 𝜉𝑘) is the
Matsubara function of a noninteracting fermion, and
𝑓(𝜉𝑘) = 1/[exp(𝛽𝜉k) + 1] is the Fermi distribution
function.

The effective interaction is the sum of the bare in-
teraction and the induced interaction. It is given by

−𝑈eff(𝑞) =
−𝑈

1− 𝑈𝜒(𝑞)
. (5)

Here 𝜒 (and hence −𝑈eff) is a function of the momen-
tum and the frequency.

Following the approach used in Ref. [25], we re-
place 𝜒(𝑞) in Eq. (5) by its average ⟨𝜒⟩. This leads
to

−𝑈eff =
−𝑈

1− 𝑈⟨𝜒⟩
. (6)

We borrow the result of the average of 𝜒 from Ref. [25].
When 𝜇 > 0, the average of 𝜒 is

⟨𝜒⟩ = 𝑚

4𝜋2

∫︁ 1

−1

𝑑 cos 𝜃

∫︁ ∞

0

𝑑𝑘
𝑘

𝑘′
𝑓𝑘ln

⃒⃒⃒𝑘′ − 2𝑘

𝑘′ + 2𝑘

⃒⃒⃒
,

(7)

where 𝑘′ = 𝑘
F

√︀
2(1 + cos 𝜃), and 𝑓𝑘 = 𝑓(𝜉𝑘) is the

Fermi distribution function. When 𝜇 becomes nega-
tive on the BEC side, the Fermi surface disappears,
and the average of 𝜒 is

⟨𝜒⟩ = − 𝑚

2𝜋2

∫︁ ∞

0

𝑑𝑘𝑓𝑘. (8)

The single-particle thermal Green’s function is

𝒢𝑘(𝑖𝜔𝑛) =
1

𝑖𝜔𝑛 − 𝜉𝑘 − Σ (𝑘, 𝑖𝜔𝑛)
. (9)

Different approximation schemes lead to different self-
energy correction Σ (𝑘, 𝑖𝜔𝑛). In this study we adopt
nTMA as in Ref. [27]. In the nTMA, the self-energy
function Σ (𝑘, 𝑖𝜔𝑛) which describes pairing fluctua-
tions represented by Fig. 1 is

Σ (𝑘, 𝑖𝜔𝑛) = 𝑇
∑︁
𝑞,𝑖𝜈𝑛

Γ (𝑞, 𝑖𝜈𝑛)𝒢0
𝑞−𝑘(𝑖𝜈𝑛 − 𝑖𝜔𝑛)𝑒

𝑖(𝜈𝑛−𝜔𝑛)𝛿,

(10)
where 𝜈𝑛 is the boson Matsubara frequency and
Γ (𝑞, 𝑖𝜈𝑛) is the particle-particle scattering matrix,
which is depicted in Fig. 2.

Σ =

Γ

Fig. 1. Self-energy function Σ(𝑘, 𝑖𝜔𝑛) in the nTMA. The
solid line represents the free fermion propagator.

= + + +...Γ

Fig. 2. Particle-particle scattering matrix Γ (𝑞, 𝑖𝜈𝑛) in
the nTMA. The straight and wavy lines represent the free
fermion propagator and the effective interaction in Eq. (6),
respectively.

The self-energy is formulated for Matsubara fre-
quencies on the imaginary axis. One can use the Padé
approximation to continue the self-energy to a real fre-
quency axis. In this study, we adopt another method.
We calculate the imaginary part of the retarded self-
energy ImΣ𝑅(𝑘, 𝜔) via the real frequency formalism

ImΣ𝑅(𝑘, 𝜔) =
∑︁
𝑞

[𝑏(𝜔 + 𝜉𝑞−𝑘) + 𝑓(𝜉𝑞−𝑘)]

× Im[Γ𝑅(𝑞, 𝜔 + 𝜉𝑞−𝑘)], (11)

where 𝑓(𝑥) = 1/(𝑒𝛽𝑥 + 1) is the Fermi distribution
function and 𝑏(𝑥) = 1/(𝑒𝛽𝑥 − 1) is the Bose distribu-
tion function. The real part of the retarded self-energy
ReΣ𝑅(𝑘, 𝜔) can be obtained via the Kramers–Kronig
relation. This approach can avoid the difficulty of
analytical continuation of the numerical results from
imaginary frequency to real frequency.

110303-2

http://cpl.iphy.ac.cn


CHIN.PHYS. LETT. Vol. 30, No. 11 (2013) 110303

The single-particle spectral function which is of
great importance to calculating the rf spectra is deter-
mined by the imaginary part of the retarded Green’s
function via

𝐴(𝑘, 𝜔) = − 1

𝜋
Im[𝒢(𝑘, 𝑖𝜔𝑛 → 𝜔 + 𝑖𝛿)].

(12)

In terms of the real part and the imaginary part of
the retarded self-energy, 𝐴(𝑘, 𝜔) can be expressed as

𝐴(𝑘, 𝜔)=−1

𝜋

ImΣ𝑅(𝑘, 𝜔)

[𝜔−𝜉𝑘−ReΣ𝑅(𝑘, 𝜔)]2+[ImΣ𝑅(𝑘, 𝜔)]2
.

(13)
The imaginary part of the retarded self-energy is

crucial to the calculation of spectral function. In order
to obtain ImΣ𝑅(𝑘, 𝜔) via Eq. (11), now we focus on
the particle-particle scattering matrix Γ (𝑞, 𝑖𝜈𝑛). The
expression is

Γ (𝑞, 𝑖𝜈𝑛) =
−𝑈eff

1− 𝑈effΠ (𝑞, 𝑖𝜈𝑛)

=
{︁ 𝑚

4𝜋𝑎s
−
∑︁
𝑘

1

2𝜀𝑘
+ ⟨𝜒⟩+Π (𝑞, 𝑖𝜈𝑛)

}︁−1

,
(14)

where the pair propagator Π (𝑞, 𝑖𝜈𝑛) is given by

Π (𝑞, 𝑖𝜈𝑛) =𝑇
∑︁
𝑘,𝑖𝜔𝑛

𝒢0
𝑘+𝑞/2(𝑖𝜈𝑛 + 𝑖𝜔𝑛)𝒢0

−𝑘+𝑞/2(−𝑖𝜔𝑛)

=
∑︁
𝑘

1− 𝑓(𝜉𝑘+𝑞/2)− 𝑓(𝜉𝑘−𝑞/2)

𝜉𝑘+𝑞/2 + 𝜉𝑘−𝑞/2 − 𝑖𝜈𝑛
. (15)

Performing the analytical continuation 𝑖𝜈𝑛 → 𝑧 + 𝑖𝛿,
we arrive at

Π (𝑞, 𝑧 + 𝑖𝛿) =
∑︁
𝑘

1− 𝑓(𝜉𝑘+𝑞/2)− 𝑓(𝜉𝑘−𝑞/2)

𝜉𝑘+𝑞/2 + 𝜉𝑘−𝑞/2 − 𝑧 − 𝑖𝛿
.
(16)

The imaginary part of Π (𝑞, 𝑧 + 𝑖𝛿) is

ImΠ (𝑞, 𝑧 + 𝑖𝛿) =
𝑚
√
𝑚

4𝜋𝛽
√︁
𝐸0

𝑞

𝜃(𝑧 + 2𝜇− 𝐸0
𝑞 )

× ln

cosh
𝛽

2

[︂
𝑧

2
+
√︁
(𝑧 + 2𝜇− 𝐸0

𝑞 )𝐸
0
𝑞

]︂
cosh

𝛽

2

[︂
𝑧

2
−
√︁
(𝑧 + 2𝜇− 𝐸0

𝑞 )𝐸
0
𝑞

]︂ ,
(17)

where 𝐸0
𝑞 = 𝑞2/4𝑚, and 𝜃(𝑥) is the step function.

Then, we can obtain the imaginary part of Γ (𝑞, 𝑧+𝑖𝛿)
via Eq. (14).

In this study, we focus on the normal state of ul-
tracold Fermi gases. Knowledge of 𝑇𝑐 is required.
The critical temperature 𝑇𝑐 can be obtained from the
Thouless criterion Γ (𝑞 = 0, 𝑖𝜈𝑛 = 0, 𝑇 = 𝑇𝑐)

−1 = 0,
which gives

𝑚

4𝜋𝑎s
+ ⟨𝜒⟩ =

∑︁
𝑘

[︂
1

2𝜀𝑘
− 1

2(𝜀𝑘 − 𝜇)
tanh

𝜉𝑘
2𝑇

]︂
.
(18)

There are two important differences between the usual
BCS calculation and the BCS-BEC crossover. First,
in the BCS-BEC crossover there is no explicit cutoff
as in the BCS theory, and we have to regularize the
ultraviolet divergence via Eq. (2). Second, the chemi-
cal potential 𝜇 deviates from the Fermi energy 𝜀

F
and

it is determined via the number of Fermi atoms,

𝑁 = 2𝑇
∑︁
𝑘,𝑖𝜔𝑛

𝑒𝑖𝜔𝑛𝛿𝒢𝑘(𝑖𝜔𝑛). (19)

By solving the coupled equations, Eqs. (18) and (19),
we obtain the superfluid transition temperature 𝑇𝑐 =
0.218𝑇

F
and the chemical potential 𝜇(𝑇 = 𝑇𝑐) is

0.631𝜀
F

at unitarity.[29] The spectral function at the
transition temperature can be determined with the
obtained 𝑇𝑐 and 𝜇(𝑇 = 𝑇𝑐). For 𝑇 > 𝑇𝑐, by solving
the number equation [Eq. (19)] only, we can obtain
the chemical potential for a certain 𝑇 . In terms of
the given 𝑇 and the obtained chemical potential, the
spectral function can be determined.

In the rf experiments, three different hyperfine
states are involved. The two lowest states |1⟩ and |2⟩
participate in the superfluid pairing and the higher
state |3⟩ is unoccupied initially. The Hamiltonian for
|3⟩ is 𝐻3 − 𝜇3𝑁3 =

∑︀
𝑝(𝜀𝑝 + 𝜔3 − 𝜇3)𝑏

†
𝑝𝑏𝑝. Here, 𝜀𝑝

is the atomic kinetic energy, 𝜔3 is the energy splitting
between |3⟩ and |2⟩, 𝜇3 is the chemical potential of |3⟩,
and 𝑏𝑝 is the annihilation operator for a Fermi atom
in |3⟩.

An rf pulse excites atoms from the state |2⟩(≡|↑⟩)
to another unoccupied state |3⟩. The transition from
|2⟩ to |3⟩ is described by the Hamiltonian[30] 𝐻𝑇 =

𝑡F
∑︀

𝑘(𝑒
−𝑖𝜔

L
𝑡𝑏†𝑘+𝑞

L
𝑐𝑘↑ + H.c.), where 𝑡

F
is a transfer

matrix element between |2⟩ and |3⟩, which is taken to
be a constant, and 𝑞

L
and 𝜔

L
are the momentum and

energy of the rf pulse. The momentum of the radio
frequency photon 𝑞

L
is negligible compared with the

typical momenta of the atoms, and the momenta of
the outcoupled atoms are equal to that of the origi-
nal atom states.[13] For simplicity, we ignore the final-
state effects as in Ref. [28]. The rf current defined as
𝐼 = ⟨𝑁̇3⟩ can be obtained from the linear response
theory and it is given by Refs. [28,30]

𝐼(𝜈) = 2𝜋𝑡2
F

∑︁
𝑘

𝐴(𝑘, 𝜔)𝑓(𝜔)|𝜔=𝜉𝑘−𝜈 , (20)

where 𝜈 = 𝜔
L
−𝜔3 is the rf detuning, 𝑓(𝜔) is the Fermi

distribution function, and 𝐴(𝑘, 𝜔) is the spectral func-
tion including the generalized GMB approximation.

In order to compare our results with those in
Ref. [28] and the corresponding experimental result in
Ref. [14] (see the supplemental materials), we normal-
ize each curve by its maximum and align the maxi-
mum on the horizontal axis as performed by Chien
and coworkers.[28] In the present work we aim at com-
paring rf spectroscopies in the normal phase and in
the unitarity limit.
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In Fig. 3 we show the calculated rf spectra in the
present work, the experimental data of Schirotzek
et al. (supplemental materials in Ref. [14]), the re-
sults obtained from the NSR theory and the extended
BCS-Leggett theory (𝐺𝐺0) by Chien and cowork-
ers in Ref. [28]. We take the experimental data at
𝑇 = 0.22𝑇

F
, 0.34𝑇

F
, 0.55𝑇

F
. In order to compare the

results conveniently, the rf spectra obtained by us are
also calculated at the same set of temperatures. The
calculated rf spectra for a homogeneous and balanced
system at unitarity show a single peak, which is differ-
ent from the result of the extended BCS-Leggett cal-
culation. The single peak is consistent with the exper-
imental result and the result of NSR theory. However,
the rf spectra obtained from NSR theory in Ref. [28]
show a broader peak as compared to experiments.
The same phenomenon also exists in the 𝐺𝐺 t-matrix
calculation.[31] From Fig. 3, we see that compared to
experiments, after taking into account the generalized
GMB approximation, a more satisfactory result can
be obtained without slightly overestimating the width
of the peak.
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Fig. 3. Radio-frequency spectra at unitarity for differ-
ent temperatures in the normal phase. The (red) solid
lines are our results of rf spectra obtained after taking
into account the generalized GMB approximation in the
nTMA framework, the (black) solid dots are the experi-
mental data of Schirotzek et al. (supplemental materials
of Ref. [14]), the (green) dashed lines are the NSR results
from Ref. [28], and the (blue) dotted lines are the results
obtained from the extended BCS-Leggett (𝐺𝐺0) theory by
Chien and coworkers in Ref. [28]. The values of 𝑇/𝑇F are
(a) 0.22 (0.24 for the curve from NSR theory), (b) 0.34,
and (c) 0.55.

In summary, we have studied the rf spectra of ul-
tracold Fermi gases at unitarity in the normal phase
including the generalized GMB approximation in the

nTMA framework, which combines a generalized ver-
sion of the usual GMB correction with a theoretical
framework for pairing and superfluidity, which incor-
porates pairing fluctuations. The obtained rf spectra
for a homogeneous and balanced system show a single
peak, which is consistent with experiments. A more
satisfactory result is obtained without slightly overes-
timating the width of the peak that emerges in the
extended BCS-Leggett calculation and 𝐺𝐺 t-matrix
theory.
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