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The Darboux Transformation and New Explicit Solutions for the Belov—Chaltikian
Lattice *
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An N-fold Darboux transformation with multi-parameters for the famous Belov—Chaltikian lattice is derived
with the aid of the gauge transformation between the corresponding discrete 3 X 3 matrix spectra. By using
the Darboux transformation and the reduction technique, new multi-soliton solutions for the Belov—Chaltikian
lattice, which are proved to be of solitary features, are given in the exponential form.

PACS: 02.30.Jr, 04.20.Jb

In recent years, because of their occurrence in
various scientific fields, differential-difference equa-
tions (DDEs) have aroused the increasing interest
of researchers.' ¥l DDEs have effectively described
numerous complicated phenomena that occur in na-
ture, such as quantum spin chains, the vibration of
a particle in a lattice, and the pulse vibration in bi-
ological chains. Searching for solutions to the DDEs
has already been an important and complicated task.
So far, several systematic approaches have been pro-
posed to obtain explicit solutions, for instance, the
inverse scattering transform (IST),l) the nonlineariza-
tion approach to the eigenvalue problem,[! the Hirota
technique,[” the Darboux transformation (DT),["] etc.
Among them, DT is one of the most powerful and
fruitful approaches.

In this Letter, we search for explicit solutions for
the celebrated Belov—Chaltikian (BC) lattice:

Un,t = un(un+1 - unfl) - (wn+1 - wn)a
Wn,t = wn(un+l - un—2); (1>

which were originally introduced in the study of lat-
tice analogues of W-algebras by Belov and Chaltikian
in 1993.7 Some resultful methods have been applied
to the BC lattice to derive its explicit solutions over
recent years, such as the Bécklund transformation, "]
and the ADM-Padé technique.[''] However, compared
to 2 X 2 matrix spectral problems, the DT associated
with 3 X 3 matrix spectral problems, especially the
discrete type, has received less attention. This has
motivated us to take advantage of this classical tech-
nique to seek for the diverse types of solutions for the
BC lattice.

The aim of the present study is to construct a DT
for the BC lattice with the aid of a gauge transforma-
tion between the corresponding discrete 3 x 3 matrix
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spectral problems. Then some new explicit solutions
of the BC lattice are provided according to the DT
derived here.

In what follows, we construct a Darboux trans-
formation for the BC lattice, which has the Lax
representation!'?]

0 ¢ 0
¢n+1 =Upthn, Up=| —up 1 w, |, (2)
¢ 0 O
Up—1 ]- O
wn,t = Vo, Vi = _un<_1 C_l + up wnC_l ,
1 0 Un—2

(3)

where u, and w, are potentials, ( a spectral pa-
rameter. Spontaneously, the zero-curvature equation
Un,t = Vo1 Up — U, V, yields the BC lattice by means
of a direct computation.

We firstly introduce the gauge transformation for
the spectral problems (2) and (3),

%/Jn = annv (4)

then Egs. (2) and (3) are transformed into a new Lax
pairs,

d)n-i,-l = Unina Jn,t = V’ﬂa’nﬂ (5)

where

U, =Tu1U T V= (The+T,Vo)T, " (6)
If the above new spectral problem is the same type as
the original one, we call the gauge transformation the
Darboux transformation.

Suppose
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where Ag), BS), C’y(ll), Dg), E,(Ll), FT(Ll), Gg), H,(Ll), I,(Ll) are
functions of n and t. Let ¢, = (9L, 2, 03T, ¥, =
(W, U7 ¥3)™, Xn = (X Xiio X5) T are three basic so-
lutions of the spectral problems (2), we write them
as D, = (PnsVn,Xn)T, then &, = T,P,. Assume
C1,Ca, 5 Gan (G # Cryi # k) to be 3N arbitrary
given parameters and the roots of detT},, then as { =
(j, the column vectors of '$,, are linearly dependent,
i.e., there exits constants Wj(-l),'yj(?) (j=1,2,---,3N),
which satisfy

N N
S A+ (Galdm) - DBY + o) S B
k=1 k=2

N—-1

N
> D¢t +all ) Y- B

k=0 k=1

9)

where 7](»1),%(.2) and ¢; (j =1,2,---,3N) are suitably
chosen so that any determinant of the coefficient for
Eq. (8) are unequal to zero. Hence, T,, is uniquely
determined by linear algebraic system (8).

Theorem 1: The matrix U,, determined by the first
expression of Eq. (6) has the same form as U,,, where
the transformation formula from the original potential

into new ones is given by

—_ BNV -EBRNuw  GUVEL
ARV AR A,
)
ntl oy (10)

Wy, = .
n N n
A0
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Fig. 1. One-soliton solutions of (a) u, and (b) w, with

75” =1, 7§2) =0, vél) =1, 752) =0, 7;5,1) =1, ;5,2) =

0, ¢1 =0.13, 2 = 0.23, (3 = —0.33.
Proof: Let T,;t = T /det T,, and

Tn+1UnT;: - (fsl(C?n))BX'S' (11)

It is easy to see that fg((,n)(s,l = 1,2,3) are (3N)th-
order or (3N + 1)th-order polynomials in ¢, Mean-
while, combining Egs. (2) and (9), we obtain

(1)
J

¢l (n)

(n) + wpal? (n)

—Up + >

045-1) (n+1)=

b

-
i (n)
Through direct computation, it can be verified that
all (;(1 < j <3N) are roots of fs(¢,n)(s,l =1,2,3).
Then we have

P n+1)= (12)

T U, T = (det T,,) P(¢,n) (13)
with
0 1 0
PO PDC P
P((,n) = P2(1) P2(2) P2(3)
1 0 0
b Pl P

Comparing the coefficients of (%, ¢!, ¢V, ¢V*! in
Eq. (13), we can arrive at

Pl(?):Ov P1(21):17 Pl(??):O’

0 _ 0 0 _
P2(1) = ~Un, P2(2) =1, P2(3)(”) = Wn,
Py =1, P9 =0, PO =o0.
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The proof is completed.
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Fig. 2. One-soliton solutions of (a) @, and (b) W, with

Theorem 2: The matrix V,, determined by the sec-
ond expression of Eq. (6) has the same form as V,,, in
which the old potentials are mapped into new ones
according to the same DT (10).

Proof: By using Egs. (3) and (9), we obtain

= - uncj‘il + (le + Up — unfl)ag'l)(n)
+wa (5t ol? (n) = (o} (m)?,

J
aft)(n) =1+ (up—o — un_l)a§2) (n) — ag.l)(n)af)(n).

(14)
Then theorem 2 can be proved in a similar way to
theorem 1.

Theorem 3: Every solution (u,,w,) of the BC lat-
tice (1) is mapped into a new solution (u,,w,) of
Eq. (1) under the DT (4) and Eq. (10), where T;, is
uniquely given by linear algebraic system (8).

After constructing the DT for the BC lattice equa-
tion, we use the DT to generate new explicit solutions
for Eq. (1). Substituting the trivial solution w, = 0,

YO — 1, 4® g, 751) —1, 42 =0, 7§1) _ 1, 7&2) _ Wy, = —1 into Egs. (2) and (3), the matrix of the basic
0, ¢1 =—0.18, (2 = —0.28, (3 = 0.38. solution can be chosen as
k’?ffle(kjl/Cj)t kﬂgle(ka/ij)t kﬂ?jrle(kjs/@)t
() = glk;?i%(kjl/cj)t glk;?;ﬂe(ka/g)t glk;gr?e(kjs/ﬁj)t , (15)
Cjk]nle(kjl/@)t Cjk;,lze(ka/cj-)t gjkyge(kjs/Cj)t
where kj1, kjo, kj3 (1 < j < 3N) are three dif- ) _ §71,0A71151 W _ 4N A’f,?
ferent real roots of the third-order polynomial equa- " AT A’f—l T n—1 A?—l
. _ 4
tion k% — k> + (7 = 0 (0 < |G| < y/55), and with
kjg <0< k‘jl < kjg. Then we have
G Gal) —1 ol
_ _ " _ _ 1 2
oD () = [ My + 2V kg2 exp(¢ 1 018) A= 6 Gopl-1 ey,
_ n _ L ay’ —1 «
+ 7]('2)Cj 1/€j39j2+1 eXP(Cj 119j2t)] _C?, G (13) 2) 3
(1) n+1 -1 LoGag b
AL+ g exp(¢ 0nt) A= |1 Gald o |,
n _ -1
+ P ol exp (G5t} (1 Gal) ol
_ _ (1) (2)
o (n) = [¢; + 75V (¢ 1 0jt) s M N
@, n -1 Ti=1-1 Gay' =1 a3’ |,
+ ;7G5 0% exp((f M ;0t)] L ta 1 4@
(1) 7 —1 B CSaB D 3
’ {kjl + kﬁ@jl eXp(Cj ﬁjlt) r1 _agl) 0452)
n _ -1 n _ 1 2
+ 'Yj(-Q)kj?,QJQ exp((; 119j2t)} , (16) 22= |1 —Olé ) aé R
L1 —agl) agQ)
where kjo/kj1 = o0j1, kj2 — kj1 = Y, kjz/kjy = 1 ol —alV
052, kjz —kj1 = Uja. Ba= |1 ot —alV |,
In what follows, we discuss the special case N =1 ’ 1 G ol D
for simplicity. Solving the linear algebraic system (8), ) 8 8
we have
1 1 Cla( ) Cla(l) 1 04(12)
FO - _ AgJ?: 1 _ ASJQF A0 — 11 51,0 = —CZO‘g) C204g1) -1 52)
mEApth e At e ArY Gay? C304§1) -1 aéQ)

100201-3


http://cpl.iphy.ac.cn

CHIN.PHYS.LETT. Vol.29, No.10(2012) 100201

Then it follows [2]
_ (3]

omya sy A
n=- T T Un =~ S5 s |4
LA AL Ay apiagt

(17)
In the same way, we can obtain more new explicit so- 6]
lutions to Eq. (1) one by one. Finally, some new soli- [l

ton solutions are displayed by suitably choosing the

(8]
parameters.

(9]

[10]
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