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The multisoliton solutions of the Levi equations are derived with the Hirota method and Wronskian technique
respectively.
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Up to now, there have been many power-
ful methods to find exact solutions for nonlinear
evolution equations, such as the inverse scatter-
ing transformation,[1] the Bäcklund transformation,[2]
the Darboux transformation,[3] the Hirota’s bilinear
method,[4] and the Wronskian technique.[5−13] The
Hirota method can transform certain nonlinear evo-
lution equations into the bilinear forms, which are rel-
atively easy to solve. However, the verification of the
𝑁 -soliton solution is very difficult. The Wronskian
technique makes the verification of the 𝑁 -soliton so-
lution easier by direct substitution because differentia-
tion of a Wronskian determinant can be easily handled
and its derivatives take similar compact forms. Sat-
suma firstly gave the Wronskian representation of the
soliton solution to the KdV equation. Then Freeman
and Nimmo developed the technique. Sirianunpiboon
et al.[14] generalized the Wronskian technique in or-
der that the Wronskian can generate rational solutions
and their interaction solutions with multi-solitons in
1988. Later, Matveev[15] introduced the generalized
Wronskian to obtain positons for the KdV equation.
In 2005, Ma et al.[16] obtained complexitons for the
KdV by assuming that the coefficient matrix of the
Wronskian entries has complex eigenvalues. Recently,
Chen et al.[17] extended the lower triangular matrix
equation satisfied by Wronskian entries to the arbi-
trary matrix equation and obtained the rational so-
lutions, Matveev solutions, complexitons and interac-
tion solutions of the AKNS equations.

In this Letter, we would like to consider the Levi
equations by Hirota method and Wronskian tech-
nique, respectively. By introducing a suitable trans-
formation of the potential function and writing soliton
equations into bilinear from, the 1-soliton, 2-soliton
and 3-soliton of the Levi equations can be derives sim-
ply. Further, 𝑁 -soliton formula can be conjectured.
Also we give the soliton solutions in double Wronskian
form for the Levi equations.

Considering the Levi equations

𝑢𝑡 = −𝑢𝑥𝑥 + 2𝑢𝑢𝑥 + 2𝑣𝑥,

𝑣𝑡 = 𝑣𝑥𝑥 + 2(𝑢𝑣)𝑥. (1)

Through the transformation

𝑢 = −
[︀

ln(𝑔/𝑓)
]︀
𝑥
, 𝑣 = (ln 𝑓)𝑥𝑥, (2)

then Eq. (1) can be transformed into the bilinear form

(𝐷𝑡 −𝐷2
𝑥)𝑓 · 𝑔 = 0, (3)

𝐷2
𝑥𝑓 · 𝑓 = 2𝑔ℎ, (4)

𝐷𝑡𝐷𝑥𝑓 · 𝑓 = 2𝐷𝑥ℎ · 𝑔, (5)

where 𝐷 is the well-known Hirota’s bilinear operator
defined by[4]

𝐷𝑚
𝑡 𝐷

𝑛
𝑥𝑎 · 𝑏 =

(︂
𝜕

𝜕𝑡
− 𝜕

𝜕𝑡′

)︂𝑚(︂
𝜕

𝜕𝑥
− 𝜕

𝜕𝑥′

)︂𝑛

𝑎(𝑥, 𝑡)

· 𝑏(𝑥′, 𝑡′) |𝑥=𝑥′,𝑡=𝑡′ ,𝑚, 𝑛 = 0, 1, . . .

we expand 𝑓 and 𝑔 into power series of a small param-
eter 𝜖 as

𝑓 = 1 +
∞∑︁

𝑗=1

𝑓 (2𝑗)𝜀2𝑗 , 𝑔 =
∞∑︁

𝑗=1

𝑔(2𝑗−1)𝜀2𝑗−1,

ℎ =
∞∑︁

𝑗=1

ℎ(2𝑗−1)𝜀2𝑗−1, (6)

substituting Eq. (6) into Eqs. (3)–(5) and equating co-
efficients of 𝜖 yield

𝑔
(1)
𝑡 = −𝑔(1)

𝑥𝑥 , 𝑔
(3)
𝑡 + 𝑔(3)

𝑥𝑥 = (𝐷𝑡 −𝐷2
𝑥)𝑓 (2) · 𝑔(1),

𝑔
(5)
𝑡 + 𝑔(5)

𝑥𝑥 = (𝐷𝑡 −𝐷2
𝑥)(𝑓 (2) · 𝑔(3) + 𝑓 (4) · 𝑔(1)),

· · · (7)

𝑓 (2)
𝑥𝑥 = 𝑔(1)ℎ(1),

𝑓 (4)
𝑥𝑥 = −1

2
𝐷2

𝑥𝑓
(2) · 𝑓 (2) + 𝑔(1)ℎ(3) + 𝑔(3)ℎ(1),

𝑓 (6)
𝑥𝑥 = −1

2
𝐷2

𝑥(𝑓 (2) · 𝑓 (4) + 𝑓 (4) · 𝑓 (2)) + 𝑔(1)ℎ(5)

+ 𝑔(3)ℎ(3) + 𝑔(5)ℎ(1),

· · · (8)

𝑓
(2)
𝑡𝑥 = 𝐷𝑥ℎ

(1) · 𝑔(1),

𝑓
(4)
𝑡𝑥 =−1

2
𝐷𝑡𝐷𝑥𝑓

(2) ·𝑓 (2)+𝐷𝑥(ℎ(1) ·𝑔(3)+ℎ(3) ·𝑔(1)),
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𝑓
(6)
𝑡𝑥 = −1

2
𝐷𝑡𝐷𝑥(𝑓 (2) · 𝑓 (4) + 𝑓 (4) · 𝑓 (2))

+𝐷𝑥(ℎ(1) · 𝑔(5) + ℎ(3) · 𝑔(3) + ℎ(5) · 𝑔(1)),
· · · (9)

Taking

𝑔(1) = 𝑒𝜉1 , ℎ(1) = 𝑒𝜂1 , 𝜉1 = 𝑘1𝑥+ 𝑤1𝑡+ 𝜉
(0)
1 ,

𝜂1 = 𝑙1𝑥+𝑚1𝑡+ 𝜂
(0)
1 , 𝑤1 = −𝑘2

1,𝑚1 = 𝑙21. (10)

From Eqs. (7)–(9), we have

𝑓 (2) = 𝑒𝜉1+𝜂1+𝜃13 , 𝑓 (2𝑗) = 0,

𝑔(2𝑗−1) =ℎ(2𝑗−1) = 0, 𝑗 = 2, 3, . . . (11)

where 𝑒𝜃13 = 1
(𝑘1+𝑙1)2

.
Thus the one-soliton solution for the Levi equations is

𝑢 =
𝑙1𝑒

𝜉1+𝜂1+𝜃13
2 − 𝑘1𝑒

− 𝜉1+𝜂1+𝜃13
2

2
sech

𝜉1 + 𝜂1 + 𝜃13
2

,

𝑣 =
(𝑘1 + 𝑙1)2

4
sech2 𝜉1 + 𝜂1 + 𝜃13

2
. (12)

Similar to the one-soliton solution, if we take

𝑔(1) = 𝑒𝜉1 + 𝑒𝜉2 , 𝜉𝑖 = 𝑘𝑖𝑥+ 𝑤𝑖𝑡+ 𝜉
(0)
𝑖 ,

𝑤𝑖 = − 𝑘2
𝑖 , 𝑖 = 1, 2, (13)

ℎ(1) = 𝑒𝜂1 + 𝑒𝜂2 , 𝜂𝑖 = 𝑙𝑖𝑥+𝑚𝑖𝑡+ 𝜂
(0)
𝑖 ,

𝑚𝑖 = 𝑙2𝑖 , 𝑖 = 1, 2, (14)

then

𝑓 (2) = 𝑒𝜉1+𝜂1+𝜃13 + 𝑒𝜉1+𝜂2+𝜃14

+ 𝑒𝜉2+𝜂1+𝜃23 + 𝑒𝜉2+𝜂2+𝜃24 , (15)

𝑔(3) = 𝑒𝜉1+𝜉2+𝜂1+𝜃12+𝜃13+𝜃23

+ 𝑒𝜉1+𝜉2+𝜂2+𝜃12+𝜃14+𝜃24 , (16)

ℎ(3) = 𝑒𝜉1+𝜂1+𝜂2+𝜃13+𝜃14+𝜃34

+ 𝑒𝜉2+𝜂1+𝜂2+𝜃23+𝜃24+𝜃34 , (17)

𝑓 (4) = 𝑒𝜉1+𝜉2+𝜂1+𝜂2+𝜃12+𝜃13+𝜃14+𝜃23+𝜃24+𝜃34 , (18)

𝑓 (2𝑗) = 0, 𝑔(2𝑗−1) = ℎ(2𝑗−1) = 0, 𝑗 = 3, 4, · · ·
where 𝑒𝜃14 = 1

(𝑘1+𝑙2)2
, 𝑒𝜃23 = 1

(𝑘2+𝑙1)2
, 𝑒𝜃24 = 1

(𝑘2+𝑙2)2
,

𝑒𝜃12 = (𝑘1 − 𝑘2)2, 𝑒𝜃34 = (𝑙1 − 𝑙2)2. Therefore the
two-soliton solution is obtained,

𝑢 = −
[︀

ln(𝑔2/𝑓2)
]︀
𝑥
, 𝑣 = (ln 𝑓2)𝑥𝑥,

𝑓2 = 1 + 𝑒𝜉1+𝜂1+𝜃13 + 𝑒𝜉1+𝜂2+𝜃14

+ 𝑒𝜉2+𝜂1+𝜃23 + 𝑒𝜉2+𝜂2+𝜃24

+ 𝑒𝜉1+𝜉2+𝜂1+𝜂2+𝜃12+𝜃13+𝜃14+𝜃23+𝜃24+𝜃34 ,

𝑔2 = 𝑒𝜉1 + 𝑒𝜉2 + 𝑒𝜉1+𝜉2+𝜂1+𝜃12+𝜃13+𝜃23

+ 𝑒𝜉1+𝜉2+𝜂2+𝜃12+𝜃14+𝜃24 . (19)

If we take

𝑔(1) = 𝑒𝜉1 + 𝑒𝜉2 + 𝑒𝜉3 , 𝜉𝑖 = 𝑘𝑖𝑥+ 𝜔𝑖𝑡+ 𝜉
(0)
𝑖 ,

𝜔𝑖 = − 𝑘2
𝑖 , 𝑖 = 1, 2, 3,

ℎ(1) = 𝑒𝜂1 + 𝑒𝜂2 + 𝑒𝜂3 , 𝜂𝑖 = 𝑙𝑖𝑥+𝑚𝑖𝑡+ 𝜂
(0)
𝑖 ,

𝑚𝑖 = 𝑙2𝑖 , 𝑖 = 1, 2, 3,

we can obtain

𝑓 (2) = 𝑒𝜉1+𝜂1+𝜃14 + 𝑒𝜉1+𝜂2+𝜃15 + 𝑒𝜉1+𝜂3+𝜃16

+ 𝑒𝜉2+𝜂1+𝜃24 + 𝑒𝜉2+𝜂2+𝜃25 + 𝑒𝜉2+𝜂3+𝜃26

+ 𝑒𝜉3+𝜂1+𝜃34 + 𝑒𝜉3+𝜂2+𝜃35 + 𝑒𝜉3+𝜂3+𝜃36 ,

𝑔(3) = 𝑒𝜉1+𝜉2+𝜂2+𝜃12+𝜃15+𝜃25 + 𝑒𝜉2+𝜉3+𝜂1+𝜃23+𝜃24+𝜃34

+ 𝑒𝜉2+𝜉3+𝜂2+𝜃23+𝜃25+𝜃35 + 𝑒𝜉1+𝜉2+𝜂1+𝜃12+𝜃14+𝜃24

+ 𝑒𝜉2+𝜉3+𝜂3+𝜃23+𝜃26+𝜃36 + 𝑒𝜉1+𝜉3+𝜂3+𝜃13+𝜃16+𝜃36

+ 𝑒𝜉1+𝜉3+𝜂2+𝜃13+𝜃35+𝜃15 + 𝑒𝜉1+𝜉2+𝜂3+𝜃12+𝜃16+𝜃26

+ 𝑒𝜉1+𝜉3+𝜂1+𝜃13+𝜃14+𝜃34 ,

ℎ(3) = 𝑒𝜉1+𝜂1+𝜂3+𝜃14+𝜃16+𝜃46

+ 𝑒𝜉2+𝜂1+𝜂3+𝜃24+𝜃26+𝜃46

+ 𝑒𝜉1+𝜂1+𝜂2+𝜃56+𝜃15+𝜃45 + 𝑒𝜉3+𝜂2+𝜂3+𝜃35+𝜃36+𝜃56

+ 𝑒𝜉1+𝜂2+𝜂3+𝜃15+𝜃16+𝜃56 + 𝑒𝜉2+𝜂1+𝜂2+𝜃24+𝜃25+𝜃45

+ 𝑒𝜉3+𝜂1+𝜂2+𝜃34+𝜃35+𝜃45 + 𝑒𝜉3+𝜂1+𝜂3+𝜃34+𝜃36+𝜃46

+ 𝑒𝜉2+𝜂2+𝜂3+𝜃25+𝜃26+𝜃56 ,

𝑓 (4) = 𝑒𝜉2+𝜉3+𝜂1+𝜂3+𝜃23+𝜃46+𝜃36+𝜃24+𝜃26+𝜃34

+ 𝑒𝜉2+𝜉3+𝜂2+𝜂3+𝜃23+𝜃25+𝜃26+𝜃35+𝜃36+𝜃56

+ 𝑒𝜉1+𝜉3+𝜂2+𝜂3+𝜃13+𝜃15+𝜃16+𝜃35+𝜃36+𝜃56

+ 𝑒𝜉1+𝜉2+𝜂2+𝜂3+𝜃12+𝜃15+𝜃16+𝜃25+𝜃26+𝜃56

+ 𝑒𝜉2+𝜉3+𝜂1+𝜂2+𝜃23+𝜃24+𝜃25+𝜃34+𝜃35+𝜃45

+ 𝑒𝜉1+𝜉3+𝜂1+𝜂2+𝜃13+𝜃14+𝜃15+𝜃34+𝜃35+𝜃45

+ 𝑒𝜉1+𝜉2+𝜂1+𝜂2+𝜃12+𝜃14+𝜃15+𝜃24+𝜃25+𝜃45

+ 𝑒𝜉1+𝜉3+𝜂1+𝜂3+𝜃34+𝜃13+𝜃14+𝜃16+𝜃36+𝜃46

+ 𝑒𝜉1+𝜉2+𝜂1+𝜂3+𝜃12+𝜃14+𝜃16+𝜃24+𝜃26+𝜃46 ,

𝑔(5) = 𝑒𝜉1+𝜉2+𝜉3+𝜂1+𝜂2+𝜃12+𝜃13+𝜃23

· 𝑒𝜃45+𝜃24+𝜃25+𝜃34+𝜃35+𝜃14+𝜃15

+ 𝑒𝜉1+𝜉2+𝜉3+𝜂1+𝜂3+𝜃12+𝜃23+𝜃13

· 𝑒𝜃46+𝜃24+𝜃26+𝜃34+𝜃36+𝜃14+𝜃16

+ 𝑒𝜉1+𝜉2+𝜉3+𝜂2+𝜂3+𝜃12+𝜃13+𝜃23

· 𝑒𝜃56+𝜃15+𝜃25+𝜃16+𝜃26+𝜃35+𝜃36 ,

ℎ(5) = 𝑒𝜉1+𝜉2+𝜂1+𝜂2+𝜂3+𝜃12+𝜃45+𝜃46+𝜃56

· 𝑒𝜃14+𝜃15+𝜃16+𝜃24+𝜃25+𝜃26

+ 𝑒𝜉1+𝜉3+𝜂1+𝜂2+𝜂3+𝜃13+𝜃45+𝜃46+𝜃56

· 𝑒𝜃14+𝜃15+𝜃16+𝜃34+𝜃35+𝜃36

+ 𝑒𝜉2+𝜉3+𝜂1+𝜂2+𝜂3+𝜃23+𝜃45+𝜃46+𝜃56

· 𝑒𝜃24+𝜃25+𝜃26+𝜃34+𝜃35+𝜃36 ,

𝑓 (6) = 𝑒𝜉1+𝜉2+𝜉3+𝜂1+𝜂2+𝜂3+𝜃12+𝜃13+𝜃23+𝜃45+𝜃46+𝜃56

· 𝑒𝜃14+𝜃15+𝜃16+𝜃24+𝜃25+𝜃26+𝜃34+𝜃35+𝜃36 ,

where 𝑒𝜃𝑗,𝜌 = (𝑘𝑗 − 𝑘𝜌)2, 𝑒𝜃𝑗,3+𝜌 = 1
(𝑘𝑗+𝑙𝜌)2 , (𝑗, 𝜌 =

1, 2, 3), 𝑒𝜃𝑛+𝑗,3+𝜌 = (𝑙𝑗 − 𝑙𝜌)2, (𝑗 < 𝜌 = 2, 3). Taking
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𝑓 (2𝑗) = 𝑔(2𝑗−1) = ℎ(2𝑗−1) = 0, 𝑗 = 4, 5, . . ., we can get
the three-soliton solution for the Levi equations from
Eq. (2).

Generally, we have

𝑓 =
∑︁

𝜇=0,1

𝐴1(𝜇) exp
(︂ 2𝑛∑︁

𝑗=1

𝜇𝑗𝜉𝑗 +
2𝑛∑︁

1≤𝑗<𝜌

𝜇𝑗𝜇𝜌𝜃𝑗𝑝

)︂
,

(20)

𝑔 =
∑︁

𝜇=0,1

𝐴2(𝜇) exp
(︂ 2𝑛∑︁

𝑗=1

𝜇𝑗𝜉𝑗 +
2𝑛∑︁

1≤𝑗<𝜌

𝜇𝑗𝜇𝜌𝜃𝑗𝑝

)︂
,

(21)
where

𝜉𝑗 = 𝑘𝑗𝑥+ 𝑤𝑗𝑡+ 𝜉
(0)
𝑗 , 𝜂𝑗 = 𝑙𝑗𝑥+𝑚𝑗𝑡+ 𝜂

(0)
𝑗 ,

(𝑗 = 1, 2, . . . , 𝑛), (22)

𝑤𝑗 = −𝑘2
𝑗 , 𝑚𝑗 = 𝑙2𝑗 , 𝜉𝑛+𝑗 = 𝜂𝑗 ,

𝑒𝜃𝑗,𝑛+𝜌 =
1

(𝑘𝑗 + 𝑙𝜌)2
, (𝑖, 𝑗 = 1, 2, . . . , 𝑛), (23)

𝑒𝜃𝑗,𝜌 = (𝑘𝑗 − 𝑘𝜌)2, 𝑒𝜃𝑛+𝑗,𝑛+𝜌 = (𝑙𝑗 − 𝑙𝜌)2,
(𝑗 < 𝜌 = 2, 3, . . . , 𝑛), (24)

𝐴1(𝜇) and 𝐴2(𝜇) take over all possible combinations
of 𝜇𝑗 = 0, 1(𝑗 = 1, 2, · · · , 2𝑛) and satisfy the following
condition

𝑛∑︁
𝑗=1

𝜇𝑗 =
𝑛∑︁

𝑗=1

𝜇𝑛+𝑗 ,

𝑛∑︁
𝑗=1

𝜇𝑗 = 1 +
𝑛∑︁

𝑗=1

𝜇𝑛+𝑗 , (25)

respectively.
In the following, we use the abbreviated notion

of Freeman and Nimmo[6] for the Wronskian and its
derivatives. For convenience of proof, we first give the
following lemmas

Lemma 1.

|𝑄, 𝑎, 𝑏||𝑄, 𝑐, 𝑑| − |𝑄, 𝑎, 𝑐||𝑄, 𝑏, 𝑑|
+ |𝑄, 𝑎, 𝑑||𝑄, 𝑏, 𝑐| = 0, (26)

where 𝑄 is an 𝑁 × (𝑁 − 2) matrix, 𝑎, 𝑏, 𝑐 and 𝑑 repre-
sent 𝑁 -dimensional column vectors.
Lemma 2.

𝑁∑︁
𝑗=1

|𝛼1, . . . , 𝛼𝑗−1, 𝑏𝛼𝑗 , 𝛼𝑗+1, . . . , 𝛼𝑁 |

=
𝑁∑︁

𝑗=1

𝑏𝑗 |𝛼1, 𝛼2, . . . , 𝛼𝑁 | =
𝑁∑︁

𝑗=1

𝑏𝑗 |𝐴|, (27)

where 𝛼𝑗 (𝑗 = 1, 2, . . . , 𝑁) are 𝑁 column vec-
tors, 𝑏 = (𝑏1, 𝑏2, . . . , 𝑏𝑁 )𝑇 and 𝑏𝛼𝑗 means
(𝑏1𝛼1𝑗 , 𝑏2𝛼2𝑗 , . . . , 𝑏𝑁𝛼𝑁𝑗)𝑇 .

Applying the Wronskian technique, we can obtain
Theorem 1. The Levi equations (1) have the double
Wronskian solutions

𝑓 = | ̂︀𝑁 ; ̂︁𝑀 |, 𝑔 = 2 | ̂︂𝑁 + 1; ̂︂𝑀 − 1 |,
ℎ = 2 | ̂︂𝑁 − 1; ̂︂𝑀 + 1 |, (28)

where the entries 𝜑𝑗 , 𝜓𝑗(𝑗 = 1, 2, · · · , 𝑁) enjoy the fol-
lowing conditions

𝜑𝑗,𝑥 = 𝜆𝑗𝜑𝑗 , 𝜓𝑗,𝑥 = −𝜆𝑗𝜓𝑗 , (29)

𝜑𝑗,𝑡 = −2𝜑𝑗,𝑥𝑥, 𝜓𝑗,𝑡 = 2𝜓𝑗,𝑥𝑥, (30)
respectively.

Substituing 𝑓, 𝑓𝑥, 𝑓𝑥𝑥, 𝑓𝑡, 𝑔, 𝑔𝑥, 𝑔𝑥𝑥, 𝑔𝑡 into Eq. (3),
we have

(𝐷𝑡 −𝐷2
𝑥)𝑓 · 𝑔 = 𝑓𝑡𝑔 − 𝑓𝑔𝑡 − 𝑓𝑥𝑥𝑔 + 2𝑓𝑥𝑔𝑥 − 𝑓𝑔𝑥𝑥

= 2 | ̂︂𝑁 + 1; ̂︂𝑀 − 1 |
(︀
| ̂︂𝑁 − 2, 𝑁,𝑁 + 1; ̂︁𝑀 |

+ 3 | ̂︂𝑁 − 1, 𝑁 + 2; ̂︁𝑀 |
− 2 | ̂︂𝑁 − 1, 𝑁 + 1; ̂︂𝑀 − 1,𝑀 + 1 |
− 3 | ̂︀𝑁 ; ̂︂𝑀 − 2,𝑀,𝑀 + 1 | + | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 − 2 |

)︀
− | ̂︀𝑁 ; ̂︁𝑀 |

(︀
6 | ̂︂𝑁 − 1, 𝑁 + 1, , 𝑁 + 2; ̂︂𝑀 − 1 |

− 2 | ̂︀𝑁,𝑁 + 3; ̂︂𝑀 − 1 | +4 | ̂︀𝑁,𝑁 + 2; ̂︂𝑀 − 2,𝑀 |
+ 2 | ̂︂𝑁 + 1; ̂︂𝑀 − 3,𝑀 − 1,𝑀 |
+ 6 | ̂︂𝑁 + 1; ̂︂𝑀 − 2,𝑀 + 1 |

)︀
,

+ 4
(︀
| ̂︀𝑁,𝑁 + 2; ̂︂𝑀 − 1 | + | ̂︂𝑁 + 1; ̂︂𝑀 − 2,𝑀 |

)︀
·
(︀
| ̂︂𝑁−1, 𝑁+1; ̂︁𝑀 |+ | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 1|

)︀
. (31)

Noting(︂ 2𝑁∑︁
𝑗=1

𝜆𝑗

)︂2

| ̂︂𝑁 + 1; ̂︂𝑀 − 1 || ̂︀𝑁 ; ̂︁𝑀 |

=
2𝑁∑︁
𝑗=1

𝜆𝑗 | ̂︂𝑁 + 1; ̂︂𝑀 − 1 |
2𝑁∑︁
𝑗=1

𝜆𝑗 | ̂︀𝑁 ; ̂︁𝑀 |

= | ̂︂𝑁 + 1; ̂︂𝑀 − 1 |
(︂ 2𝑁∑︁

𝑗=1

𝜆𝑗

)︂2

| ̂︀𝑁 ; ̂︁𝑀 | . (32)

That is,

| ̂︀𝑁 ; ̂︁𝑀 |
(︀
| ̂︂𝑁 − 1, 𝑁 + 1, 𝑁 + 2; ̂︂𝑀 − 1 |

+ | ̂︀𝑁,𝑁 + 3; ̂︂𝑀 − 1 | −2 | ̂︀𝑁,𝑁 + 2; ̂︂𝑀 − 2,𝑀 |
+ | ̂︂𝑁 + 1; ̂︂𝑀 − 3,𝑀 − 1,𝑀 |
+ | ̂︂𝑁 + 1; ̂︂𝑀 − 2,𝑀 + 1 |

)︀
=

(︀
| ̂︀𝑁,𝑁 + 2; ̂︂𝑀 − 1 | − | ̂︂𝑁 + 1; ̂︂𝑀 − 2,𝑀 |

)︀
·
(︀
| ̂︂𝑁 − 1, 𝑁 + 1; ̂︁𝑀 | − | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 1 |

)︀
= | ̂︂𝑁 + 1; ̂︂𝑀 − 1 |

(︀
| ̂︂𝑁 − 2, 𝑁,𝑁 + 1; ̂︁𝑀 |

+ ̂︂𝑁 − 1, 𝑁 + 2; ̂︁𝑀 | −2 | ̂︂𝑁 − 1𝑁 + 1;̂︂𝑀 − 1,𝑀 + 1 | + | ̂︀𝑁 ; ̂︂𝑀 − 2,𝑀,𝑀 + 1 |
+ | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 2 |). (33)

Utilizing the identity (33), the right of Eq. (31) is re-
duced as

− 4| ̂︀𝑁,𝑁 + 2; ̂︂𝑀 − 1|| ̂︂𝑁 − 1, 𝑁 + 1; ̂︁𝑀 |
− 4| ̂︂𝑁 + 1; ̂︂𝑀 − 2,𝑀 || ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 1|
+ 4| ̂︀𝑁 ; ̂︁𝑀 || ̂︂𝑁 − 1, 𝑁 + 1, 𝑁 + 2; ̂︂𝑀 − 1|
+ 4| ̂︀𝑁 ; ̂︁𝑀 || ̂︂𝑁 + 1; ̂︂𝑀 − 2,𝑀 + 1|
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+ 4| ̂︂𝑁 + 1; ̂︂𝑀 − 1|| ̂︂𝑁 − 1, 𝑁 + 2; ̂︁𝑀 |
+ 4| ̂︂𝑁 + 1; ̂︂𝑀 − 1|| ̂︂𝑀 − 2,𝑀,𝑀 + 1|. (34)

Using Lemma 1, (34) is equal to zero. So the proof of
(3) is finished.
Similarly

𝐷2
𝑥𝑓 · 𝑓 − 2𝑔ℎ = 2𝑓𝑥𝑥𝑓 − 2𝑓2

𝑥 − 2𝑔ℎ

= 2
[︀
| ̂︂𝑁 − 1; ̂︂𝑀 − 1|

(︀
| ̂︂𝑁 − 1, 𝑁 + 2; ̂︁𝑀 |

+ | ̂︂𝑁 − 2, 𝑁,𝑁 + 1; ̂︁𝑀 |
+ 2| ̂︂𝑁 − 1, 𝑁 + 1; ̂︂𝑀 − 1,𝑀 + 1|
+ | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 2|+ | ̂︀𝑁 ; ̂︂𝑀 − 2,𝑀,𝑀 + 1|

)︀
−

(︀
| ̂︂𝑁 − 1, 𝑁 + 1; ̂︁𝑀 |+ | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 1|

)︀2

− 4| ̂︂𝑁 + 1; ̂︂𝑀 − 1|| ̂︂𝑁 − 1; ̂︂𝑀 + 1|
]︀
, (35)

using the following identities

| ̂︂𝑁 − 1, 𝑁 + 1; ̂︁𝑀 |(| ̂︂𝑁 − 1, 𝑁 + 1; ̂︁𝑀 |
− | ̂︀𝑁 ;𝑀 − 1, ̂︁𝑀 |)

= | ̂︀𝑁 ; ̂︁𝑀 |(| ̂︂𝑁 − 2, 𝑁,𝑁 + 1; ̂︁𝑀 |+ | ̂︂𝑁 − 1, 𝑁 + 2; ̂︁𝑀 |
− | ̂︂𝑁 − 1, 𝑁 + 1; ̂︂𝑀 − 1,𝑀 + 1|). (36)

| ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 1|(| ̂︂𝑁 − 1, 𝑁 + 1; ̂︁𝑀 |
− | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 1|)

= | ̂︀𝑁 ; ̂︁𝑀 | × (| ̂︂𝑁 − 1, 𝑁 + 1; ̂︂𝑀 − 1,𝑀 + 1|
− | ̂︀𝑁 ; ̂︂𝑀 − 2,𝑀,𝑀 + 1|
− | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 2|). (37)

We can have

2𝑓𝑥𝑥𝑓 − 2𝑓2
𝑥 − 2𝑔ℎ

= 8| ̂︀𝑁 ; ̂︁𝑀 || ̂︂𝑁 − 1, 𝑁 + 1; ̂︂𝑀 − 1,𝑀 + 1|
− 8| ̂︂𝑁 − 1, 𝑁 + 1; ̂︁𝑀 || ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 1|
− 8| ̂︂𝑁 + 1; ̂︂𝑀 − 1|| ̂︂𝑁 − 1; ̂︂𝑀 + 1|, (38)

according to Lemma 1, (38) is equal to zero.
In the same way,

𝐷𝑡𝐷𝑥𝑓 · 𝑓 − 2𝐷𝑥ℎ · 𝑔 = 2(𝑓𝑡𝑥𝑓 − 𝑓𝑡𝑓𝑥 − ℎ𝑥𝑔 + ℎ𝑔𝑥)

= 4
[︀
| ̂︂𝑁 − 1; ̂︂𝑀 − 1|(| ̂︂𝑁 − 3, 𝑁 − 1, 𝑁,𝑁 + 1; ̂︁𝑀 |

+ | ̂︂𝑁 − 2, 𝑁,𝑁 + 1; ̂︂𝑀 − 1,𝑀 + 1|
− | ̂︂𝑁 − 1, 𝑁 − 3; ̂︁𝑀 | − | ̂︂𝑁 − 1, 𝑁 + 2; ̂︂𝑀 − 1,𝑀 + 1|
− | ̂︂𝑁 − 1, 𝑁 + 1; ̂︂𝑀 − 2,𝑀,𝑀 + 1|
− | ̂︀𝑁 ; ̂︂𝑀 − 3,𝑀 − 1,𝑀,𝑀 + 1|
+ | ̂︂𝑁 − 1, 𝑁 + 1; ̂︂𝑀 − 1,𝑀 + 2|
+ | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 3|)− (| ̂︂𝑁 − 1, 𝑁 + 1; ̂︁𝑀 |
+ | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 1|)(| ̂︂𝑁 − 2, 𝑁,𝑁 + 1; ̂︁𝑀 |
− | ̂︂𝑁 − 1, 𝑁 + 2; ̂︁𝑀 | − | ̂︀𝑁 ; ̂︂𝑀 − 2,𝑀,𝑀 + 1|
+ | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 2|)
− 2| ̂︂𝑁 + 1; ̂︂𝑀 − 1|

(︀
| ̂︂𝑁 − 2, 𝑁 ; ̂︂𝑀 + 1|

+ | ̂︂𝑁 − 1; ̂︁𝑀,𝑀 + 2|
)︀

+ 2| ̂︂𝑁 − 1; ̂︂𝑀 + 1|

·
(︀
| ̂︀𝑁,𝑁 + 2; ̂︂𝑀 − 1|+ | ̂︂𝑁 + 1; ̂︂𝑀 − 2,𝑀 |

)︀]︀
. (39)

Making use of the following identities which are simi-
lar to Eqs. (33),(36) and (37),

| ̂︀𝑁 ; ̂︁𝑀 |
(︀
| ̂︂𝑁 − 3, 𝑁 − 1, 𝑁,𝑁 + 1; ̂︁𝑀 |

− | ̂︂𝑁 − 2, 𝑁,𝑁 + 1; ̂︂𝑀 − 1,𝑀 + 1|
− | ̂︂𝑁 − 1, 𝑁 + 3; ̂︁𝑀 |
+ | ̂︂𝑁 − 1, 𝑁 + 2; ̂︂𝑀 − 1,𝑀 + 1|
− | ̂︂𝑁 − 1, 𝑁 + 1; ̂︂𝑀 − 2,𝑀,𝑀 + 1|
− | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 3|
+ | ̂︀𝑁 ; ̂︂𝑀 − 3,𝑀 − 1,𝑀,𝑀 + 1|
+ | ̂︂𝑁 − 1, 𝑁 + 1; ̂︂𝑀 − 1,𝑀 + 2|

)︀
=

(︀
| ̂︂𝑁 − 1, 𝑁 + 1; ̂︁𝑀 | − | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 1|

)︀
·
(︀
| ̂︂𝑁 − 2, 𝑁,𝑁 + 1; ̂︁𝑀 | − | ̂︂𝑁 − 1, 𝑁 + 2; ̂︁𝑀 |

− | ̂︀𝑁 ; ̂︂𝑀 − 2,𝑀,𝑀 + 1|
+ | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 2|

)︀
, (40)(︀

| ̂︂𝑁 − 1, 𝑁 + 1; ̂︁𝑀 | − | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 1|
)︀

·
(︀
| ̂︀𝑁 ; ̂︂𝑀 − 2,𝑀,𝑀 + 1| − | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 2|

)︀
= | ̂︀𝑁 ; ̂︁𝑀 |

(︀
| ̂︂𝑁 − 1, 𝑁 + 1; ̂︂𝑀 − 2,𝑀,𝑀 + 1|

− | ̂︀𝑁 ; ̂︂𝑀 − 3,𝑀 − 1,𝑀,𝑀 + 1|
− | ̂︂𝑁 − 1, 𝑁 + 1; ̂︂𝑀 − 1,𝑀 + 2|
+ | ̂︀𝑁 ; ̂︂𝑀 − 1,𝑀 + 3|

)︀
. (41)

From Lemma 1, we can find that Eq. (39) is equal
to zero.
Thus we have completed the proof of Theorem 1.
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