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Multi-Soliton Solutions of the Levi Equations
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The multisoliton solutions of the Levi equations are derived with the Hirota method and Wronskian technique

respectively.
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Up to now, there have been many power-
ful methods to find exact solutions for nonlinear
evolution equations, such as the inverse scatter-
ing transformation,!] the Bécklund transformation,?
the Darboux transformation,® the Hirota’s bilinear
method,!*) and the Wronskian technique.>~'3 The
Hirota method can transform certain nonlinear evo-
lution equations into the bilinear forms, which are rel-
atively easy to solve. However, the verification of the
N-soliton solution is very difficult. The Wronskian
technique makes the verification of the N-soliton so-
lution easier by direct substitution because differentia-
tion of a Wronskian determinant can be easily handled
and its derivatives take similar compact forms. Sat-
suma firstly gave the Wronskian representation of the
soliton solution to the KdV equation. Then Freeman
and Nimmo developed the technique. Sirianunpiboon
et al.' generalized the Wronskian technique in or-
der that the Wronskian can generate rational solutions
and their interaction solutions with multi-solitons in
1988. Later, Matveev['®) introduced the generalized
Wronskian to obtain positons for the KdV equation.
In 2005, Ma et al.'% obtained complexitons for the
KdV by assuming that the coefficient matrix of the
Wronskian entries has complex eigenvalues. Recently,
Chen et al.l'l extended the lower triangular matrix
equation satisfied by Wronskian entries to the arbi-
trary matrix equation and obtained the rational so-
lutions, Matveev solutions, complexitons and interac-
tion solutions of the AKNS equations.

In this Letter, we would like to consider the Levi
equations by Hirota method and Wronskian tech-
nique, respectively. By introducing a suitable trans-
formation of the potential function and writing soliton
equations into bilinear from, the 1-soliton, 2-soliton
and 3-soliton of the Levi equations can be derives sim-
ply. Further, N-soliton formula can be conjectured.
Also we give the soliton solutions in double Wronskian
form for the Levi equations.

Considering the Levi equations

Up = —Ugy + 2UlUy + 20,,

UVt = VUgy + 2(“’”)@ (1)

Through the transformation

u=—[In(g/f)],, v=0f)z, (2)

then Eq. (1) can be transformed into the bilinear form
(Di=D3)f -9 =0, (3)

Dif - f =2gh, (4)
DD,f-f=2D,h-g, (5)

where D is the well-known Hirota’s bilinear operator
defined byl

mpng.p— (2 _ 0\ (0 _ 0\
D Dwa.b_<(9t 815’) (83: 890’) alz,?)

b2 1) |oear =ty mym = 0,1, ...

we expand f and g into power series of a small param-
eter € as

f=1+ Zf(zj)52j7 g= Zg(Qj—l)EQj—17
j=1 j=1
h = Z R(2I=1D)2i-1 (6)

Jj=1

substituting Eq. (6) into Egs. (3)—(5) and equating co-
efficients of € yield
gt ==, ot + 9 = (D, — D2)F@ - gV,
a9t + {3 = (Dy = D2)(f@ - g 4 0. g0,
(7)
12 =gWnt,

@ = _Lpeey @y 0pe 4 o0
2 x )

1
f;g;) = _§Di(f(2) . f(4) 4 f(4) . f(Q)) +g(1)h(5)
+ 9(3)h(3) 4 g(5)h(1)7
(8)
ft(j) = th(l) _9(1)’

tr

1
) — —QDtDwf@) D 4D, (R gB) L3 gDy,
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1
0 = —S DD (f® - W 4 f @ f2)
+ D (B - g®) £ 1B L g® L ) )y,
9
Taking

gV =et, hW =em g =kx+wit+ €0,
m =hx+mit —|—77§0), wy = —k3,my =13, (10)
From Egs. (7)-(9), we have
f(2) :efl+771+913, f(ZJ') =0,
g =p@-Y =90  j=23... (11)

where ef1s = L.
(k1+11)
Thus the one-soliton solution for the Levi equations is

" lle§1+n§+913 — kle_ §1+n§+913 SeChfl +m + 913
2 2 ’
k1 +101)? 0
:( 1-2 1) sech2§1 +77;+ 13 (12)

Similar to the one-soliton solution, if we take

g =t €%, & = kiw + wit + fz@a

wy = — k2, i=1,2, (13)
R =em e s = Lix + mgt + 1",
mp =13, i=1,2, (14)

then
f(g) — efl+771+913 + e§1+772+914
4 e§2+’f]1+923 + 6t§2+772+9247 (15)
g(3) — 6§1+52+771+912+913+923
+ efl+§2+772+012+914+924’ (16)
B3 = g&itmtna+013+014+634

0 2 (4
_|_e€2+771+712+ 23+024+ 34, (17)
f(4) — 1 & tmAn2+0124013+014+025+0244054 (18)
)

f(2j) _ 0’9(2]'—1) _ h(2j—1) =0,j=3,4,---
where ef11 = m, efes mv e

6612 = (kl — k‘z)z, 6634 = (ll — 12)2.
two-soliton solution is obtained,

U= — [ln(gg/fg)h, v = (lnf2>a:a:7

fo=1+ eS1tm+bis + ef1tnz2tb1a

_ 1
T (k2+12)?0
Therefore the

4 eS2tm+b23 4 eS2tn2+b24
+ eb1teetmtn2+012+613+014+023+624+034
b
go = ef1 4 82 4 1 teatm+012+013+023
+ 651 +&2+n2+012+014+024 . (19)

If we take

g =S et e, &=k twit+€”,

wi=—k} i=1,23,
A =em e e =l +mgt + 771(0),
m; =17, i=1,2,3,

we can obtain
f(2) — &1 tmtbis + eSitnztbis + ef1+m3+016
+ eb2tm—+624 4 eS2tn2tb25 + eS2 3026
4 efstm+bas | Eatm2tbss + 6§3+773+036,
(3) = fitéatnzt+bi24015+025 4 b2 €M +025+0244054
E2+E3+n2+023+025+035 E1+E&2+n1+012+014+024
+e +e
+ eb2tE3+m3+023+026+036 + £1+83+m3+013+016+036
5
4 e§1+§3+n2+913+93r+915 + efl+§2+n3+912+916+926
+Ea+m 015401440
+ efl E3t+m 13 14 347
hB) — g&itmtna+01a+016+046
+ e&2tmAn3+024+026+046
4 eSrtmtnztbse+015+0ss | Lstnatns+0s5+036+050
4 efitmetnatis+016+0s6 | L2 tmitnzt024+025+045
4 eEg+?71+772+934+935+945 4 €E3+771+773+934+936+946
123 +025+026+0
4+ 652 N2TN3Tb25T026 567
f(4) — o2& +m+n3+023+046+036+024+026+034
+ e&2 €3 +m2+n3+023+625+026+035+636+056
+ efrEstn2tns+0134015+016+055+056+050
+ eb1 &2 tn2tn3+012+615+016+025+626+056
4 eS2 &+ +n24023+624+025+034+635+045
4 ef1 & +m+n2+013+0144015+034+035 4045
+ eb1tEetmtn2+012+614+015+024+625+045
4 ef1 €3 +Mm+n3+034+013+6014+016+036+046
+ efr‘rﬁz-‘rm +n3+012+014+016+024+026+046
b

5

=

— b1t tEatmtn2+012+013+023

. 6945+924+925+934+935+914+915

4 efrtéetEstmtns+bi2+023+015

A 6946+924+926+934+935+914+916

+ eb1téa+Es+n2+tn3+012+613+023

. 6956+915+025+916+926+935+936’

R — g&it&atmtnatns+0i2+0a5+016+0s0
. 6914+915+916+924+925+926
4 eS1 &M An2+n3+015+045+6016+056
. 6914+915+916+934+935+936
+ e&2 &+ +n24n3+023+045+046+056
. 6024+925+926+934+935+036,

f(ﬁ) = Srtéetlatm+nz+ns+0124015+023+045+046+056

A 6914+915+916+924 40254026 +034+035+036
bl

where €% = (k; — k,)?, eliste = 7(;%._&%)27 (J,p =
1,2,3), efnriste = (1; —1,)2%,(j < p = 2,3). Taking
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f@) = gRi-1) = p(21-1) =0, j =4,5,..., we can get
the three-soliton solution for the Levi equations from
Eq. (2).

Generally, we have

2n 2n
=" Ai(p)exp (Zﬂjfj + Yy Mjﬂpejp),
j=1

u=0,1 1<j<p
(20)
2n, 2n
g= Z AQ(/,L) exp (Zﬂjfj + Z Mjﬂpejp>7
1=0,1 j=1 1<j<p
(21)
where
0 0
§j=kj:v+wjt+§g(')a Wj:lj$+mjt+’7§)7
(G=1,2,...,n), (22)
wj = —kf-, mj = l?7§n+j =5,
1
9j,”+P P — ] = 1 2 23
(& s \%, y by, 1),
(kj + lp)2 ( ’ ) ( )
v = (kj —k,)?,  erimte = (I;—1,)?,
(j<p:273’...7n), (24)

A1(p) and As(p) take over all possible combinations
of uj =0,1(j =1,2,---,2n) and satisfy the following
condition

Swi =ty D=1+ finyj,  (25)
j=1 j=1 j=1 j=1

respectively.

In the following, we use the abbreviated notion
of Freeman and Nimmol% for the Wronskian and its
derivatives. For convenience of proof, we first give the
following lemmas

Lemma 1.

|Q7 a, b||Q7 C, d| - |Qa a, C‘ |Qa b7 d|
+1Q, a,d||@,b,c| =0, (26)
where @Q is an N x (N — 2) matrix, a, b, ¢ and d repre-
sent N-dimensional column vectors.

Lemma 2.

N

E |Oz1,...,ocj_l,baj,aj+1,...,aN|

J=1

N N
:ij|0é1,0427...,0é1v|:ij|z4|, (27)

Jj=1 j=1

where a;(j = 1,2,...,N) are N column vec-
tors, b = (by,ba,...,by)T and ba; means
(broaj, baagj, ..., byan;)T

Applying the Wronskian technique, we can obtain
Theorem 1. The Levi equations (1) have the double

Wronskian solutions
f=|NiM|, g=2|N+L,M-1],

h=2|N—-1,M+1], (28)

where the entries ¢;,9;(j = 1,2,---, N) enjoy the fol-
lowing conditions

Gjx = Ajbj,
Gjt = —2¢j 20,
respectively.

SubStitUing fu fam fzzv ft7 9,9z, 9zx, Gt thO Eq (3)7
we have

(D = D2)f - g = frg— fgt — foxg + 2f29c — [Gaa
—2|N+ LM —1|(|N=2,N,N+1;M |
+3|N—1,N+2;M |
—2|N—1,N+1;M—1,M+1|
—3|N;M —2,M,M+1|+|N;M—1,M -2]|)
—|N;M|(6|N=1,N+1,,N+2,M —1|
—2|N,N+3M—1|+4|N,N+2;M -2, M |
+2|N+1;M—3,M—1,M |
F6|NF1LM—2,M+1]),
+4(|N,N+25M -1+ | N+1;M—-2,M|)
(IN=1,N+1; M|+ |N; M — 1, M +1). (31)
Noting

2N 2 o o o
(ZAJ-) IN+1;M—1||N; M |
j=1

Vjx = =Ny,
Vit = 20} 4z,

(29)
(30)

2N - . 2N o
SNINFLM =11 X | N;M|
j=1 j=1

2N 2
|N/;1;M/:1(Z>\j> IN;M|.  (32)

j=1

That is,
|N;M | (|N=1,N+1,N+2;M—1|
+|NN+3M—1|-2|N,N+2M—2,M |
FINFLM—3,M—1,M|
FIN+LM—2,M+1])

—(|N,N+2M—1|— | N+ LM —2,M|)
(IN“L,N+1L;M|—|N;M—-1,M+1])

— [N+ LM—1|(|N=2,N,N+1;M |
+N—-1,N+2M|-2|N—1N+1;
M—1,M~+1|+|N;M—2MM-+1|
FINM—1,M+2)). (33)

Utilizing the identity (33), the right of Eq. (31) is re-
duced as

—4IN,N+2:M — 1[N —1,N + 1; M|
— 4N+ 1;M —2,M||N; M —1,M + 1|
+4|N;M||[N =1,N+1,N+2; M — 1|
+ AN M|N + 1;M — 2, M +1]
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FANF LM —1||N—1,N +2; M|
FAIN £ LM —1|M =2, M, M +1].

Using Lemma 1, (34) is equal to zero. So the proof of

(3) is finished.
Similarly
Dif-f—2gh=2fuf —2f; — 2gh
=2[[N = 1; M —1|(|]N —1,N +2; M|
+|N—2,N,N +1; M|
+2AN—L,N+1;M—1,M+1|
+|N;M —1,M +2| + |[N; M — 2, M, M + 1))
—(INS1,N+1; M|+ |N; M —1,M +1))°
—4N+1;M—1||N - 1;M + 1], (35)
using the following identities
IN—=1,N + 1; M|(]N — 1,N +1; M|
— |N: M —1,M))
=|N;M|(|N =2,N,N +1; M|+ |N — 1,N + 2; M|

—~INZ“L,N+1L;M—1,M+1]). (36)
IN; M =1, M +1|(|[N = 1,N + 1; M|
— |N;M = 1,M +1))
=|N;M|x (|[N=1,N+1;M —1,M +1|
— IN; M =2, M, M +1]
— [Ny M =1, M +2)). (37)
We can have
2fuef — 217 — 2gh
=8|N; M||[N —1,N+1;M —1,M +1]
— 8N —1,N+ 1; M||N; M —1,M +1|
— 8N+ 1;M —1||N — 1; M + 1], (38)

according to Lemma 1, (38) is equal to zero.
In the same way,

DiD,f - f —2Dyh g =2(fuuf = fifs = hog + hga)
=4[[N =1;M —1|(JN =3,N —1,N,N + 1; M|
+IN=2,N,N+1;M —1,M +1|
—INZ1,N—3M|—|N—1,N+2;M —1,M +1|
—INZ1L,N+1;M—2,M,M+1]|

— [Ny M —3,M —1,M, M + 1|
+INSLN+1L,M—1,M+2|

+|N;M —1,M+3|)— ([N —1,N + 1; M|

+ Ny M —1,M +1))(|]N =2,N,N + 1; M|
—IN=1,N+2M|—|N;M—2,M,M+1]|
+N;M=1,M+2|)

— 2N+ 1;M —1|(|]N —2,N; M + 1|

(34)

FIN=1;M, M +2)) +2|N —1; M +1]

(N, N+2M =1+ |N+1;M—2,M|)].  (39)

Making use of the following identities which are simi-
lar to Egs. (33),(36) and (37),
IN; M|(IN =3,N —1,N,N +1; M|
—IN=2,N,N+1;M —1,M +1]|
—|N=1,N +3; M|
FINSLN+2M—1,M+1]|
—IN=1,N+1;M —2,M,M +1|
— Ny M =1, M + 3|
+IN; M =3,M—1,M, M +1|
+IN=1L,N+1;M—1,M +2|)
=(IN=1,N+1;M| - |N; M —1,M +1|)
(I[N=2,N,N +1;M| - [N —1,N +2; M|
— |N;M =2, M, M +1|
+|N;M =1, M +2)),
(IN=1,N+1;M| - |N; M —1,M +1|)
(IN; M —2,M,M + 1| — |[N; M — 1, M +2|)
=|N; M|(IN = 1,N +1;M — 2, M, M + 1
— Ny M —3,M —1,M, M + 1|
—INZ1L,N+1L;M—1,M+2|
+|N; M —1,M +3)).

(40)

(41)

From Lemma 1, we can find that Eq. (39) is equal
to zero.
Thus we have completed the proof of Theorem 1.
The authors would like to thank the referees for
their valuable suggestions and comments. The first
author would like to express his sincere thanks to Pro-
fessor Chen D Y for his invaluable guidance and help.
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