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Partial Hermitian Conjugate Separability Criteria for Pure Quantum States *
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We propose a criterion for the separability of quantum pure states using the concept of a partial Hermitian
conjugate. It is equivalent to the usual positive partial transposition criteria, with a simple physical interpretation.
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Entanglement and separability of quantum states
has been an intriguing subject in quantum physics for
a long time and has attracted much attention in re-
cent years.[1−30] Several criteria have been proposed
to examine the separability of quantum states. For
pure states, the Schmidt decomposition[1,2,31] is a rel-
atively simple method to determine the separability.
For mixed states, however, the problem of separability
becomes much more complicated. Bell inequalities[3,4]

are among the earliest criteria able to test separabil-
ity of this kind. They are necessary conditions for
separability of bipartite quantum states. Recently
many other criteria have also been put forward, among
which the PPT criterion[5,6] is the most important
one. This criterion was proved to be necessary and suf-
ficient for separability in any 2×2 and 2×3 systems,[7]

and it is only a necessary condition for systems of
higher dimensions.

In this Letter, we introduce a criterion for the sep-
arability of bipartite pure states, the partial Hermitian
conjugate (PHC) criterion. We then prove it to be a
necessary and sufficient condition of separability for
pure quantum states. The PPT criterion requires a
partial transposition operation onto the density ma-
trix of the system to be made, followed by an examina-
tion of the positivity of the newly acquired matrix. In
our criterion, instead of the partial transposition oper-
ation, we need to make a partial Hermitian operation
onto the density matrix of the system, then we com-
pare the new matrix with the original density matrix.
We prove that the system is separable if and only if
the partial Hermitian conjugated matrix remains the
same as the original density matrix.

First we explain the partial Hermitian conjugate
operation. Suppose that a bipartite quantum system
in a pure state is described by a vector

|𝜓⟩ =
∑︁
𝑖,𝑗

𝑐𝑖𝑗 |𝑖𝑗⟩, (1)

with 𝑖, 𝑗 representing the two sets of bases of the two
subsystems, and 𝑐𝑖𝑗 the coefficient of |𝑖𝑗⟩. If the state
is separable, we can write the coefficients 𝑐𝑖𝑗 = 𝑎𝑖𝑏𝑗 ,
where 𝑎𝑖 and 𝑏𝑗 are the coefficients associated with |𝑖⟩,
|𝑗⟩ respectively. That is,

|𝜓⟩ =
∑︁
𝑖,𝑗

𝑎𝑖𝑏𝑗 |𝑖𝑗⟩. (2)

The density matrix of the entire system can then be
written as

𝜌 = |𝜓⟩⟨𝜓| =
∑︁

𝑖,𝑗,𝑖′𝑗′

𝑎𝑖𝑏𝑗𝑎
*
𝑖′𝑏
*
𝑗′ |𝑖𝑗⟩⟨𝑖′𝑗′|. (3)

We define the partial Hermitian conjugate of 𝜌 as

𝜌PHC =
∑︁

𝑖,𝑗,𝑖′𝑗′

𝑎𝑖𝑏
*
𝑗𝑎
*
𝑖′𝑏𝑗′ |𝑖𝑗′⟩⟨𝑖′𝑗|

=
∑︁

𝑖,𝑗,𝑖′𝑗′

𝑎𝑖𝑏𝑗′𝑎*𝑖′𝑏
*
𝑗 |𝑖𝑗′⟩⟨𝑖′𝑗|. (4)

This means that we take an Hermitian conjugate op-
eration on the second subsystem: exchange the index
of the bases of the second subsystem in |𝜓⟩ and ⟨𝜓|,
then take the conjugate of the coefficients of the sec-
ond subsystem.

The partial Hermitian conjugate criterion: |𝜓⟩ is
separable if and only if 𝜌PHC = 𝜌.

Now we prove this criterion. The necessity is ob-
vious. If |𝜓⟩ is separable, then |𝜓⟩ can be written in
the form

|𝜓⟩ =
∑︁

𝑖

𝑎𝑖|𝑖⟩ ⊗
∑︁

𝑗

𝑏𝑗 |𝑗⟩, (5)

the density matrix

𝜌 = |𝜓⟩⟨𝜓| =
∑︁
𝑖,𝑖′

𝑎𝑖𝑎
*
𝑖′ |𝑖⟩⟨𝑖′| ⊗

∑︁
𝑗,𝑗′

𝑏𝑗𝑏
*
𝑗′ |𝑗⟩⟨𝑗′|

= 𝜌𝑎 ⊗ 𝜌𝑏. (6)
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where 𝜌 can be written as the outer vector product of
the density matrices of the two subsystems 𝜌𝑎 and 𝜌𝑏.
In this case, the partial Hermitian conjugate of 𝜌 is

𝜌PHC =
(︂ ∑︁

𝑖

𝑎𝑖|𝑖⟩ ⊗
∑︁
𝑗′

𝑏𝑗′ |𝑗′⟩
)︂

·
(︂ ∑︁

𝑖′

𝑎*𝑖′⟨𝑖′| ⊗
∑︁

𝑗

𝑏*𝑗 ⟨𝑗|
)︂

=
∑︁
𝑖,𝑖′

𝑎𝑖𝑎
*
𝑖′ |𝑖⟩⟨𝑖′| ⊗

∑︁
𝑗′,𝑗

𝑏𝑗′𝑏*𝑗 |𝑗′⟩⟨𝑗|

= 𝜌𝑎 ⊗ 𝜌†𝑏. (7)

As 𝜌𝑏 is a density matrix, we can prove that 𝜌†𝑏 = 𝜌𝑏,
so we have

𝜌PHC = 𝜌. (8)

To show the sufficiency, we must prove that if a
pure state quantum system with density matrix 𝜌 has
the property 𝜌PHC = 𝜌, then the system is separable.
However, for a general bipartite state, it is unclear
how to define the PHC operation. Unlike the partial
transposition operation where only index exchanges
are performed, the PHC also needs complex conju-
gation on the coefficients. This complex conjugate is
not defined uniquely because in the product 𝑐𝑖,𝑗 = 𝑎𝑖𝑏𝑗
one can always shift something to 𝑎𝑖, the first particle,
and then divide it out in 𝑏𝑗 , the second particle. For
instance, 1/2 can be either written as 1/

√
2 × 1/

√
2

or written as 𝑖/
√

2× (−𝑖)/
√

2 or (−𝑖)/
√

2× 𝑖/
√

2. To
overcome this difficulty, we first make a unitary trans-
formation to write the state in the Schmidt basis. In
the Schmidt basis, the PHC is defined clearly. Then
we make the PHC in the Schmidt basis and then trans-
form back to the original basis.

We now define the PHC in the Schmidt basis. Ac-
cording to the theorem of Schmidt decomposition, any
bipartite pure state |𝜓⟩ can be written as

|𝜓𝑆⟩ =
∑︁

𝑖

𝜆𝑖|𝑖𝑖′⟩, (9)

where 𝜆𝑖 are real numbers, |𝑖⟩, |𝑖′⟩ are Schmidt bases
of the two subsystems. Note that 𝑖 and 𝑖′ are not inde-
pendent, therefore the summation is over the 𝑖 index
only. Then the density matrix

𝜌𝑆 =
∑︁
𝑖,𝑗

𝜆𝑖𝜆𝑗 |𝑖𝑖′⟩⟨𝑗𝑗′|, (10)

and its partial Hermitian conjugation is

𝜌PHC
𝑆 =

∑︁
𝑖,𝑗

𝜆𝑖𝜆𝑗 |𝑖𝑗′⟩⟨𝑗𝑖′|, (11)

which is clear and operational.
The sufficiency of the PHC criterion is clear. If

𝜌PHC
𝑆 = 𝜌𝑆 , then∑︁

𝑖,𝑗

𝜆𝑖𝜆𝑗 |𝑖𝑖′⟩⟨𝑗𝑗′| =
∑︁
𝑖,𝑗

𝜆𝑖𝜆𝑗 |𝑖𝑗′⟩⟨𝑗𝑖′|, (12)

i.e. for any 𝑖, 𝑗, if 𝜆𝑖𝜆𝑗 ̸= 0, there must be

|𝑖𝑖′⟩⟨𝑗𝑗′| = |𝑖𝑗′⟩⟨𝑗𝑖′|, (13)

which is impossible for any 𝑖 ̸= 𝑗. Thus the only pos-
sibility is 𝑖 = 𝑗 = 1, the Schmidt decomposition of
|𝜓⟩ has only one non-zero Schmidt coefficient 𝜆1. A
pure state is separable if its Schmidt decomposition
has only one non-zero Schmidt coefficient.[15] There-
fore |𝜓⟩ is separable, it can be written as the outer
vector product of the states of the two subsystem
|𝜓⟩ = 𝜆1|1⟩ ⊗ |1′⟩.

Now that we have proved sufficiency in the
Schmidt bases, if |𝜓𝑆⟩ satisfies 𝜌PHC

𝑆 = 𝜌𝑆 , then it
is separable. We continue to prove it in arbitrary
bases. Suppose a pure state |𝜓𝑆⟩ =

∑︀
𝑖 𝜆𝑖|𝑖⟩ ⊗ |𝑖′⟩

written in the Schmidt decomposition bases satisfies
𝜌PHC

𝑆 = 𝜌𝑆 . 𝑈 is the transformation matrix between
the bases of Schmidt decomposition and any other
bases. Since 𝑈 is a unitary and local transformation,
then we can write 𝑈 as the outer product of the trans-
formation matrices of the two subsystems 𝑈 = 𝑈𝑎⊗𝑈𝑏,
which can be worked out using standard procedure in
the Schmidt decomposition theorem.[1,2,31] In the new
bases, the state is written as

|𝜓⟩ = 𝑈 |𝜓𝑆⟩ =
∑︁

𝑖

𝜆𝑖𝑈𝑎|𝑖⟩ ⊗ 𝑈𝑏|𝑖′⟩, (14)

the density matrix is

𝜌 =𝑈 |𝜓𝑆⟩⟨𝜓𝑆 |𝑈†

=
∑︁
𝑖,𝑗

𝜆𝑖𝜆𝑗𝑈𝑎|𝑖⟩⟨𝑗|𝑈†𝑎 ⊗ 𝑈𝑏|𝑖′⟩⟨𝑗′|𝑈†𝑏 , (15)

the partial Hermitian conjugation is

𝜌PHC =
∑︁
𝑖,𝑗

𝜆𝑖𝜆𝑗𝑈𝑎|𝑖⟩⟨𝑗|𝑈†𝑎 ⊗ 𝑈†𝑏 |𝑗
′⟩⟨𝑖′|𝑈𝑏. (16)

Writing 𝑈𝑏 in matrix element form, we have

𝜌 =
∑︁
𝑖,𝑗

𝜆𝑖𝜆𝑗𝑈𝑎|𝑖⟩⟨𝑗|𝑈†𝑎 ⊗
(︂ ∑︁

𝑘,𝑙

𝑢𝑏,𝑘𝑖|𝑘′⟩⟨𝑙′|𝑢*𝑏,𝑙𝑗

)︂
,

(17)
the partial Hermitian conjugation is then

𝜌PHC =
∑︁
𝑖,𝑗

𝜆𝑖𝜆𝑗𝑈𝑎|𝑖⟩⟨𝑗|𝑈†𝑎 ⊗
(︂ ∑︁

𝑘,𝑙

𝑢*𝑏,𝑙𝑗 |𝑘′⟩⟨𝑙′|𝑢𝑏,𝑘𝑖

)︂
.

(18)
Equation (18) is the definition of PHC operation for
an arbitrary bipartite pure state.

Now it is easy to show that under such a defini-
tion, if the state is invariant under PHC, then it is
separable. From the definition of PHC for a general
bipartite pure state, if 𝜌PHC = 𝜌, then we can reach
𝜌PHC

𝑆 = 𝜌𝑆 . Thus from the Schmidt criterion, the
state is separable.
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Therefore, we prove that any pure state which has
𝜌PHC = 𝜌 is separable. Together with the necessity
proved earlier in this study, we prove that 𝜌PHC = 𝜌
is a necessary and sufficient condition of separability
of any pure state. Here we give the PHC for the sec-
ond particle, and the PHC with respect to the first
particle can also be likewise defined. In a pure multi-
partite quantum system, the PHC with respect to a
specific particle can also be similarly worked out by
treating the remaining particles as a single particle.

However, we must notice that this criterion cannot
be generalized to mixed states. Of course, 𝜌PHC = 𝜌 is
always a necessary condition for separability for mixed
state, but it is not a sufficient condition.

Now we give some examples of the application

of the criterion. Suppose the state |𝜓⟩ =
1
2

(|00⟩ +

𝑖|01⟩ + 𝑖|10⟩ − |11⟩); we know that it is separable

|𝜓⟩ =
1
2

(|0⟩+ 𝑖|1⟩)(|0⟩+ 𝑖|1⟩). Its density matrix is

𝜌 =
1
4

⎛⎜⎜⎝
1 −𝑖 −𝑖 −1
𝑖 1 1 −𝑖
𝑖 1 1 −𝑖
−1 𝑖 𝑖 1

⎞⎟⎟⎠ , (19)

and the partial Hermitian conjugate matrix (the Her-
mitian conjugation operation is made on the second
subsystem) is the same, 𝜌PHC = 𝜌.

Consider another pure state |𝜓⟩ =
1
2

(|00⟩+ 𝑖|01⟩+
|10⟩+ |11⟩). The density matrix is

𝜌 =
1
4

⎛⎜⎜⎝
1 −𝑖 1 1
𝑖 1 𝑖 𝑖
1 −𝑖 1 1
1 −𝑖 1 1

⎞⎟⎟⎠ . (20)

Through some calculations, we obtain the partial Her-
mitian conjugate matrix (the operation is made on the
second subsystem)

𝜌PHC =
1
4

⎛⎜⎜⎝
1 −𝑖 𝑖 1
𝑖 1 𝑖 1
−𝑖 −𝑖 1 1
1 1 1 1

⎞⎟⎟⎠ , (21)

so 𝜌PHC ̸= 𝜌, |𝜓⟩ is inseparable.
Operationally, the PHC separability criterion is

equivalent to the Schmidt criterion, because the PHC
operation needs the calculation of Schmidt decomposi-
tion. However, the PHC criterion has a clear physical
interpretation: when a pure quantum state is separa-
ble, a partial Hermitian conjugate on a specific parti-
cle will leave the quantum state unchanged. The PPT

criterion is also a necessary and sufficient condition
for pure quantum states; the physical interpretation
of the PPT criterion is that the partially transposed
density matrix is still a density matrix if the state is
separable. Though the PHC criterion does not lend
us more convenience, it leads us to consider the sep-
arability problem from a different angle. In addition,
the PHC criterion may provide a new tool to quanti-
tatively describe entanglement. For instance, one ap-
plication of the PHC criterion is to use the departure
of the PHC density matrix from its original density
matrix as a measure of entanglement. This is an in-
teresting subject and is under study right now.
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