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Dynamics of Bright Solitons in Bose—Einstein Condensates with Complicated
Potential *
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We present analytical solutions of the one-dimensional nonlinear Schrodinger equations of Bose—FEinstein conden-
sates in an expulsive parabolic background with a complex potential and gravitational field, by performing the
Darboux transformation from a trivial seed solution. It is shown that under a safe range of parameter, the shape
of bright soliton can be controlled well by adjusting the experimental parameter of the ratio of axial oscillation to
radial oscillation and feeding condensates from a thermal cloud. The gravitational field can change the contrail
of the bright soliton trains without changing their peak and width.
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There has been great interest in studying various
properties of ultra cold atoms with the experimen-
tal realization of trapped Bose-Einstein condensates
(BECs) in alkali atoms.!"?l At very low temperatures,
the dynamics of a BECs can usually be described by
the nonlinear Schrodinger equation with a trap poten-
tial, namely the Gross—Pitaevskii (GP) equation. The
phenomena governed by this nonlinear equation can
be better understood with the help of exact solutions.
For example, they can contribute to select the exper-
imental parameter, to analyze the stability of BECs
and to check numerical analysis of this nonlinear equa-
tion. Therefore, the construction of the exact solution
of the GP equation is one of the most important and
essential tasks. Thus lots of scientists devote them-
selves to solving the nonlinear equation exactly,[>~13!
and in the past few decades, they have proposed many
good methods to exactly solve the GP equation, such
as the inverse scattering technique,!™®! the symmetry
group analysis method,['!] the mapping deformation
method,['? and the Hirota bilinear equation.!”’ Liang
et al. have solved the GP equation with parabolic po-
tential by performing a Darboux transformation from
a nontrivial seed solution.[’] However the identifica-
tion of such nontrivial seed solutions has always been
proved to be a major obstacle in the investigation of
the nonlinear Schrodinger equation. In this Letter, we
construct a series of nontrivial exact solutions from a
trivial seed solution by the Darboux Transformation
method.

Recently, there have been some experimental re-
ports on solitons in the quasi one-dimensional (1D)
system which were observed by magnetically tuning
the atom-atom interaction from repulsive to attrac-
tive. Experimentally for the realization of 1D systems,
one should make the radial frequency much larger
than the axial frequency and strongly confine the ra-
dial motion. The state in this cylindrical harmonic-
oscillator trap represents a nonlinear matter wave.4

The formation and propagation of matter wave soli-
tons are more interesting dynamical feature in Bose—
Einstein condensation, such as dark solitons, 1520
bright solitons,?!=26] and four-wave mixing.[*”} For
atoms in the nK-mK temperature regime, the effect
of the Earth’s gravitational field is by no means negli-
gible especially in the case of magnetic trapping. The
complex potential related to the feeding parameter
from the thermal cloud also plays an important role
in the evolution of solitons.

In this study, we study BECs in an expulsive
parabolic background with a complex potential and
gravitational field. It is shown that the gravitational
field can change the contrail of the bright soliton trains
without changing the peak and width of the soliton
in the parabolic background. We infer that the peak
and width of the bright soliton can be controlled well
by adjusting the experiment parameter of the ratio of
axial oscillation to radial oscillation and feeding con-
densates from thermal cloud. The evolution of soliton
in linear potential is also studied. The dynamics char-
acter of soliton can be used to “atom laser” and the
evolution of direction can be controlled by the gravi-
tational field or the linear potential.

At the mean-field level, the Gross—Pitaevskii equa-
tion governs the evolution of the macroscopic wave
function of Bose—Einstein condensates. The one-
dimensional GP equation with an expulsive parabolic,
linear and complex potential is

i7+7+a(t)|w|2w+ivx2w+kw+iw =0, (1)

where the time ¢ and coordinate x are measured in

and ag =

units % and a,, a, = are

mw | mwo

linear oscillator lengths in the transverse and cigar-
axis directions respectively, w, is the radial oscillation
frequency and wy is the axial oscillation frequency, m
is the atom mass, and |\| = 2% < 1, here the ax-
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ial of cylindrical harmonic trap is along the z direc-
tion which can be either confining or expulsive. v is a
small parameter related to the feeding parameter from
the thermal cloud (y < 0), a(t) = 2goeM*+?* > 0 is
the scattering length dependent on the ratio of oscil-
lation frequency and feeding parameter which can be
adjusted by experiment, and g9 > 0 is the scattering
length at t = 0, kx responds to the gravitational field
or some other linear potentials.
We assume the solution of Eq. (1) as follows:

U = Q(x,t) exp[—idz?/4 — \t/2 — vt —ikx/N]. (2)
Substituting Eq. (2) into Eq. (1), we can obtain
12k
. ik? 9
— 1A= 55 |Q +29|QIQ = 0. (3)

Using a Lax-pair method and the Darboux transfor-
mation theory, we can obtain the exact solution of

Eq. (1),
4o Acexp
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where A., a1, and 31 are the arbitrary real constants.
This solution describes the dynamics of bright solitons
in BECs with time-dependent interaction in an expul-
sive parabolic background with linear potential and
complex potential. It is a new solution which is dif-
ferent from the one provided by Li Biao et al. when
k = 0, and Liang et al. who have discussed the
evolution of bright solitons when v = 0,k = 0.1%!

Density

Fig. 1. Dynamics of bright solitons without gravitational
field: (a) v = 0, there is no gain atoms; (b)y = —0.01,
condensates gain atoms from thermal cloud. The other
coefficients are a1 = 2; 1 = 0.2; A = 0.02; A = 2;
go = 0.25; k= 0.

If we ignore the effect of the gravitational field,
that is & = 0, we can realize the dynamics of bright
solitons in a parabolic background with or without
complex potential, as shown in Fig. 1. From Fig. 1(a),
we observe that the peak of matter wave density in-
creases with the time evolution (the absolute value of

the scattering length increases) while the number of
condensate atoms is constant (7 = 0). Thus the mat-
ter wave density can be compressed into an assumed
peak by adjusting the scattering length, which is de-
pendent on the experimental parameter of the ratio
of axial oscillation to radial oscillation (A). Compared
Fig. 1(b) with Fig.1(a), it is seen that the peak of
wave density in Fig. 1(b) increases more rapidly due
to the feeding of cold atoms from the thermal cloud
(v < 0) with the same other parameters in Fig. 1(a).
This means that feeding atoms from the thermal cloud
can be helpful in increasing the peak of bright solitons.
However, a(t) = 2goe**27, the scattering length de-
pends on both parameter A and feeding parameter ~,
the number of atoms in condensates changes with time
for a given feeding parameter . In this case, the dy-
namics of soliton become slightly more complicated.
In the following we mainly discuss the influence of the
feeding parameter v and A on the dynamics of bright
soliton in different conditions: (1) v > 0, when A < 0
the peak of soliton decreases and its width broadens
with time, and the width changes more slowly when
the value of A approaches to zero; when 0 < A < 27,
its peak and width both decrease with time evolu-
tion; when \ = 27, its peak is a constant (4a2/g,), as
shown in Fig. 2, while its width is compressed; when
A > 2v, the peak increases and its width is com-
pressed; (2) v < 0, when A < 2v its peak decreases
and its width broadens; when A = 2v the peak is a
constant (4a2/g,) and the width is broadened; when
27 < A < 0, its peak and width both increase with
time evolution; when A > 0, the peak increases and
its width compressed, while the width also changes
more slowly when the value of A approaches to zero.
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Fig. 2. (a) Dynamics of bright solitons with gravitational
field, & = —0.004. (b) The dynamics of bright solitons
without gravitational field, k = 0. The other coefficients
are: a3 = 2; B1 = 0.2; A = 0.02; A, = 2; go = 0.25;
v = 0.01. The peaks evolve stably with time when A\ = 2.

From the above discussion, we know that the dy-
namics of bright soliton can be determined by A and ~.
We find that the condition for a stable peak is A = 2+,
and the peak value equals 4a2/go. The width does
not change with time evolution when A — 0. This
provides us with a good way to control the bright soli-
ton’s shape. It should be noted that A can not equal
to zero in the solution (4). We will discuss the case
that A = 0 in the following.

To study the effects of the gravitational field on
bright soliton in a parabolic background, we show
the evolution of soliton with the gravitational field
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(k = —0.004) in Fig.2(a), the bright soliton without
the gravitational field is shown in Fig.2(b) with the
same other parameters. We observe that the gravita-
tional field could not change the peak and width of
matter wave, while the contrail of the bright soliton
trains has an offset to +z direction with reduction of
the k£ value. By studying the sectional drawing of soli-
ton at given times with different k, we find that the
moving velocity of soliton along the = direction has no
relations with linear potential. If there is no parabolic
potential, what about the effects of linear potential on
dynamics of bright soliton?

If there is no parabolic potential, the evolution of
soliton should satisfy the equation

i5r + g TeB P+ (kr+in)p =0, (5)
where a(t) becomes 2gpe®?*. This equation can be
obtained from Eq. (1) by setting A = 0, but the so-
lution of Eq. (5) can not be reduced from Eq. (4) di-
rectly because A cannot take on the values 0 in Eq. (4).
Therefore we should resolve Eq. (5) exactly again by
performing the Darboux transformation, its analytical
solution can be given as follows:

4o A, exp 6’

v = \/giol—&-Agengo” (6)
where
0 = —2(a —iB)z + ikat + 4i(a — i)t
+ 2kt* (o —iff) — %kjt?’ — A,
' = —dax + 1605t + dakt?,
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Fig.3. (a) Evolution of soliton in a linear potentials

k = 0.4; (b) sectional drawing of soliton at a given time
(t = 20) with k = 0.4 (dashed line) and k& = 0.2 (solid line);
with the other coefficients o = 0.1, 8 = 0.1, go = 0.25,
Ac=1.

From the above solution, we know that the peak
of soliton exponentially increases with time when the

condensates gain atoms from the thermal cloud (y <
0). Here we study the dynamics of the bright solitons
in linear potential, the evolution of bright soliton is
shown in Fig.3(a). It is found that the peak is sta-
ble, and its width is compressed with time evolution.
To study the effects of linear potential, we show a sec-
tional drawing of soliton at a given time with different
linear potentials in Fig.3(b). We find that the shape
of soliton is unchanged by varying the value of k with
the same other coefficients, but its position is changed.
At the given time for different k, it is seen that soliton
moves along the +x direction more quickly when the
value of k increases. This effect is different from the
effect of linear potential on soliton in parabolic back-
ground. Thus we can control the movement of soliton
by linear potential, this character can be used to atom
laser.

In summary, we have solved the 1D Gross—
Pitaevskii (GP) equation analytically which describes
BECs in an expulsive parabolic and complex poten-
tial considering the effects of the gravitational field
or some other linear potentials. It is shown that un-
der a safe range of parameter, there is an explicit way
to control the soliton’s shape by adjusting the exper-
imental parameter of the ratio of axial oscillation to
radial oscillation and feeding condensates from a ther-
mal cloud. The gravitational field changes the contrail
of the bright soliton trains without changing the peak
and width of the soliton in the parabolic background.
We find a good way to control the soliton’s movement
through linear potential without changing its shape,
which can be used to the atom laser.
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